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ABSTRACT. We treat the oscillatory problem for semilinear wave equation.
The oscillatory initial data are of the type

w(0,z) = h(z) 4 el @/ep (e, x)
ou(0,2) = e%el@/ep (e, x).

By using suitable variants of Strichartz estimate we extend the results from
[6] on a priori estimates of the approximations of geometric optics.The main
improvement is the fact that we can obtain a priori estimates for the case

o =1, while in [6] we could treat only the case o > g —1.
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1. Introduction. We consider the following Cauchy problem for semi-
linear wave equation

(O — A)u(t,x) = F\(u(t,z)) (t,x) € RY™
(1.1) u(0,z) = f(z)
Oyu(0, ) = g(),
where f and g belong to suitable Sobolev spaces, Fy(u) = ulu/*!, n > 2 and

n+3 . . . . .
= 1 is the conformally invariant exponent. In order to obtain a priori

estimate of the solution to this classical equation, among the most important
techniques we recall the standard energy estimate, that gives a control on L?2-
norm of derivatives of the solution, the estimate of Von Wahl, that controles the
L*>-norm of the solution and the Strichartz type estimate, that allows one to
evaluate L%-norm of the solution for a suitable 2 < ¢ < co.

Combining energy type estimate with Sobolev embedding, we studied in
[6] the existence of local solutions to problem (1.1) for the case when

(i) the initial data (u(0,x),0u(0,2)) € H*T(R™) x H*(R") are of oscillatory
type (see (1.2) and (1.3)) and satisfy the minimal regularity assumption
s> g coming from the classical Sobolev embedding;

(i) |F®(u)]| < O + [u])**, for g <k <A

In this paper we apply a suitable generalization of Strichartz type estimate to
control L2-norm of solution to problem (1.1) in the case of oscillatory initial data
of the form

(1.2) f(x) = h(z)+eel@/Ep (e, z)

(1.3) g(@) = 7" ipi(e, ),

with bo, b1 € O(eY) supported in K = {z € R" : |z| < R}, R > 0 (see Section 3).
More precisely, we use the method of geometric optics and construct a solution
of the form

(1.4) ue(t,z) = H(t,z) + a(t, z,0;¢),
o(t, x)

N .
where a(t,z,0;¢) = > " a; (t,z,0)+rn(t, x,0;¢), 0 = and the profiles
=1

J
a;(t, z,0) are smooth and 2m-periodic in 6 (see [13]). Our main goal is to estimate

the smallnest of LZ-norm of the remainder ry (¢, x,60;¢) as ¢ — 0.
A similar problem for ¢ = 2 has been considered by J. L. Joly, G. Métivier
and J. Rauch in [12] in the semilinear dissipative case F' = F(V;ju), for which
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they studied some nonlinear effects of focusing. Nonlinear geometric optics was
applied also by D. Ludwig to construct an asymptotic solution of the reduced
wave equation near a smooth convex caustic and near a cusped caustic ([14]).
Nonlinear phenomena of caustics in geometric optics were studied recently by R.
Carles, which provided a precise description of radial solution of wave equations
for space dimension three (see [3] and [4]). For the case F = F)(u) = u|u/*!

the problem for ¢ = 2 have been studied in [6] under the condition A > g, since
a combination between energy type estimate and classical Sobolev embedding is
used. This restriction is not satisfactory, because implies ¢ > s > g — 1 and this
is far away from the desired value o = 1.

To avoid this complicated restriction we use recent techniques to examine
global existence of solutions based on Strichartz estimate. For this reason below
we give a brief sketch of results in this direction.

In [10] F. John showed that when n = 3 there exists a critical value of A, i.
e. A\er(3) = 14 /2, with the property that global existence of all small solutions
holds if A > A.-(3) but no such result can occur if A < A.-(3). He assumed only
that initial data were sufficiently smooth and compactly supported, but he not
considered the critical case A = A\ (3).

The number 1+ v/2 appeared first in a paper of W. Strauss on scattering
for semilinear Schrodinger equation (cf. [18, 19]). This led him to conjecture that
if n > 2, then global solutions to problem (1.1) with small initial data should
always exist if A > A,(n). Here the critical exponent A..(n) is the positive
solution to the quadratic equation

(1.5) (n =1, — (n+ 1)Aer —2=0.

R. T. Glassey proved this conjecture for n = 2 by showing that problem (1.1) has
global solution for small data if A > A.(2) (see [9]); the critical value A = A (n)
was studied by J. Shaeffer who proved blow-up for n = 2,3. In [17] T. C. Sideris
generalised the blow-up result of F. John to dimensions n > 4; more precisely
he showed that if A..(n) is the positive root of (1.5), for 1 < A < Az (n) and for
suitable initial data the solution of problem (1.1) blows-up.

In [7] V. Georgiev, H. Lindblad and C. D. Sogge have considered problem
(1.1) with initial data of the form u(0,z) = ef(z), 0u(0,z) = eg(x) and have
determined, for a given n and € > 0 small enough, the sharp range of A for wich
one has global weak solutions. For this purpose a suitable weighted Strichartz
estimate is proposed in [7].

In this work we apply the classical Strichartz estimate combined with
space-time decay results due to I. Segal (cf. [16]) and prove that, under suitable
assumptions on A and F) and in the case of small initial data, the L9-norm of
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the solution to problem (1.1) satisfies
||uHLq(Ri_+") < (6,

n+1

for ¢ = 2 and some constant C' > 0 independent of ¢ (cf. Theorem 2.1).

Here below small initial data condition means that
(16) 17173 gy + 9l 2y <

for some sufficiently small é > 0.

Using the above estimate we avoid the application of energy method by a
combination of Holder and Young inequalities, that yields the following estimate
for the Li-norm of a(t,z,0;¢) = u(t,z) — H(t,x)

||a(.’ ° 07 E)HL‘](R}:—H) S C&U.
Our main goal is to justify the asymptotic expansion (1.4); in particu-
lar, by a standard application of Holder inequality and using local estimates of

Strichartz type in the case of variable coefficients (see [2]) we prove the following

Theorem 1.1.  For any N > 1 the remainder ry(t,x;e) satisfies the
estimate
78 (5 058 La(o.7)x {al < Rty < Cve TV
where the constant Cn > 0 is independent of €.

The plan of the work is the following.

In Section 2 we obtain a global a priori space-time estimate on the solution
to problem (1.1) in the assumption that initial data (f,g) € H%(]R”) x L?(R™)
satisfy (1.6).

In Section 3 we construct an approximate solution to problem (1.1), (1.2),
(1.3) trough the method of geometric optics; see [15] and [20] for a complete
reference on this subject. Then in last section we use the same arguments of
Section 2 to estimate L?-norm of the remainder ry (¢, z,0;¢) as € — 0.

2. Space-time estimate of Strichartz type. We consider solutions
to the following Cauchy problem for semilinear wave equation

(O — Au(t,x) = Fy(u(t,z)) (t,7) € R}jn
(2.1) u(0,z) = f(z)
Oru(0, ) = g(=);

we assume that

(hy) (f.9) € H2(R") x L*(R");
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(ha) Fa(u) = u [u*, with A = & ?
—

We start with the following standard result

Theorem 2.1. Let u(t,x) be the solution to problem (2.1). Suppose the
assumptions (hy) and (he) are satisfied and the initial data satisfy the estimate

17173 gy + I9llz2ary <

where § is sufficiently small. Then

||uHLq(R}r+") < 09,

n
forq=2 and some constant C > 0 independent of 9.

n —

Proof. Using classical Strichartz estimate and its generalization due to
M. Bezard (see [1]) and results of I. Segal about space-time decay for solutions
to wave equation (see [16]), we get for u the following estimate

(2.2) lull o iny < € 1B Loieny + C IFll 4 gy + € llgllzzm

for p = 2n—+3. In particular, by our assumption on initial data, we have
n

(2.3) ||UHLq(R}r+") < CHF)\HLP(an) + Co.

Since Fy(u) = u |u[*~1, the definition of LP-norm yields

1

Ap
_ Ap o A _ A
- (/Rl:n lu| P dt d:z) = IIuHW(an) = ||uHLq(R1++n),

p
because by our choice is Ap = ¢; then

(2.4) el arny < Crllul}g gon, + Cod.

u |u\)‘_1‘p dt dx )

Now we need the following

Lemma 2.2. Letu_q(t,x) =0 and for k =0,1,2,... let ug(t,z) defined
recursively by requiring

(Ok — A)ug = Fx(ug—1),
uk(O,J)) = f(x)a
Opur(0,2) = g(x).
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Set Xy, = Huk\|Lq(R1++n) and Yy, = ||luk — uk,1\|Lq(R1++n). Then

(a) X <2Xy and (b) 2Yp1 <Y fork=0,1,2,...

Proof. From (2.4) it follows that X; < ClX,i‘_l + C56. Using this, we
can prove inductively that

(C) Xk S 2025

For k = 0 it is obvious. Suppose (c) is true for k—1; then X, < C1(2C56)* + C40.
The inequality X < 2054 is true if C1(2C26)* < Co6, ie. 6271 < T
The proof of (b) is similar; the only difference is to replace (2.4) by

B (k) — F (1) Loy < =ty (ol adhry + o a ) - O
Since up — u in LY(R™), the previous lemma completes the proof of the
Theorem. O

3. Construction of the approximate solution. In this section we
consider problem (2.1) from the oscillatory point of view, i.e. we impose the
following initial data

3.1) fla) = h(z)+7e D p (e, x)

(3.2) g(z) = 7@/ (e, x);

here o0 > 1 is an integer, the amplitudes by, b; are supported in K = {x € R" :
|z] < R} and belong to the class O(¢”), namely are C*([0, g9] x R™) functions, for
some small €g, so that for every compact set M C R™ and for every multiindex «
there is a constant C'(a, M) > 0 such that [02b;(e,z)| < C(a, M)el®l, for every
e € [0,e0] and for each x € M, j = 0,1. Note that in this assumption we have
for b;(e, ) an asymptotic expansion of the form bj(e,x) ~ bjo(z) + ebj1(x) +
e2b;o(x) + - -+, for j = 0,1; moreover we assume that VI # 0 on a neighbourhood
of K.

We look for solutions to problem (2.1) with initial data (3.1) and (3.2) of
the form

(3.3) us(t,x) = H(t,z) + a(t,z,0;¢),

N .
where a(t, z,0;¢) = 3 e Ha; (t,2,0) +ry(t,2,0:¢), 0 = 90(573:)

7j=1
a;j(t,x,0) are smooth and 27-periodic in 6 (see [13]). For u. we compute

(O — D)ue = (O — AV H + 7 ay po(0] — |Vol?) + €7 [20,00" a1 o+

and the profiles
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N
a1,0(0u — D)o + az00(67 — [Ve|P)] + S e [(0n — A)aj + 20,00 aj 41,0+
7j=1

aj11,0(0n — A)p + ajro0(0; — [VoP)] + e 1 (20,00" 1N o+

(3.4) TN 0(On — A)p) + e 2rnoa(p; — Vo) + (O — A)ry,

where a; =01if j #1,...,N. Now we need to compute F(u.); to do this we use
Taylor’s expansion of F \ up to first order around H

F(us) = Fx(H) + F5\(H)(u: — H) + Ry (ue; H).

In particular we can represent the remainder term R; in the integral form and
we obtain

N ) N .
Fyx(ue) = F\(H)+ Y. e""F(H)a;j + F{(H)ry + Y. 2 qja,A
j=1 jk=1,j#k
S N ot L, 2
(3.5) +Z§€ JajA+ Y e ajAry + §ATN,
7=1 J=1
with
A= / (1-— "(H +~va)dy

Therefore (Oy — A)ue = Fy(uc) iff (3.4) and (3.5) coincide; in such way we
obtain an equation in which the coefficients of €? and e+7, j = —1,0,1,..., N -2,
have the following expressions (for o > 0 integer)

(36) & :  (0u—A)H — F\(H);

B7) e aee(e] — IVel);

(38) &7 20,p0"a1g+ a10(0u — A)p + azge(p; — |Vel?);
e (O — A)ay +20,00"aji10 + ajy10(0n — A)p +

N 1
(39) +aji200(0F — V) = F(H)as = 3 anagd — 33,4,
h,k=1,h#k
h+k=j—0oc
N 1
If o > 0 is not integer then there is no term of the form >  apapA — 5(172,114
h,k=1,h#k
h+k=j—0oc

while the terms of order e, with > o0 + N — 1, are given by
gotN-1. EU+N*1[(8“ — A)an_1 +20,p0"ang + ane(On — A)p +
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—F{(H)ay-1] + e *rye0(9? — |Vo|?) +

N 1
(310) . Z EZUJthrkahakA _ —EZUJFQma%,LA
hk=1,h#k 2
h+k=N-1—c

7N TNy — Aay + e H20,00" N + TNp(On — A)p] +

N
1
(3.11) —e" N (H)ay =0 ) &Hﬁ%%%A—§§HW%;A
h,k=1,h#k
h+k=N-—o
N
e (O — Ay —F\(Hyry — Y 2 g aA+
J,k=1,j#k
h+k>N—-1—0
A N j 1. 5
(312) - Z 55 ot ]ajA - Z€U+JajATN + §A’FN;
= =

we remark that in (3.9), (3.10) and (3.11), m is given respectiveli by J ;0,

N—-1—-—0 N-o
2 2
We impose that all the coefficients of different powers of € vanish. To
determine H(t,z) we use the following nonlinear Cauchy problem
(O — A)H = F)\(H),
(3.13) H(0,z) = h(x),
8tH(0, x) =0.

forje{l,...,N}and a,, =0if m#1,...,N.

This particular choice of the initial data in (3.13) is motivated by (3.1) and (3.2)
and for the existence of local solution to (3.13) see results in [17]. In this way we
reduce the initial data (3.1), (3.2) to the case h = 0.

The term (3.7) is zero provided ¢(t, z) satisfies the eikonal equation
(3.14) o7 — |Vol> =0.
The initial data (3.1) hints that we have to impose the following initial condition

(3.15) »(0,2) = l(x).

To solve this Cauchy problem for ¢ we use the classical results for the exis-
tence of solution to first order nonlinear PDE’s (see for istance [20], sec. 15,
Chap. I). More precisely, these results guarantee that there is a 7" > 0 and a
neighborhood U of K so that (3.14) and (3.15) has a unique pair of solutions
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ot (t,x) € C®((0,T) x U), satisfying

pH(0,2) =U(2), O™ (0,2) = £|Vi(2)]
and T (t,x) # 0 for ¢t small enough. We shall choose one of them, for example
o(t,z) = ¢4 (t,x); in such way the terms (3.8), (3.9), (3.10) and (3.10) simplify;
the first one will be zero if a; ¢ satisfies the first transport equation
(3.16) 20,90 a1 9(t,x,0) + a1 9(t,z,0) (0 — A)p =0, for all 6 € [0,27].

The initial data for (3.16) can be deduced from (3.1) and (3.2); more precisely we
have that u.(0,z) = h(z) + et @/eby (e, z) and du.(0,z) = e7e®)/ep, (g, x)
if and only if

H(0,x) 4+ g:lsa+jaj (0,z,l(x)/e) +rn(0,2,l(z)/e;€) =

(3.17) = h(z) + e by o(x)e@/F 4 7 2y 4 ()@ ...
and

0¢H(0,2) +€%a1,9 (0,2,1(x) /) Opp(0, x) + Nglls"ﬂ(aj’t (0,z,l(x)/e) +

+a;i1,0(0,2,01(x)/e) Opp(0,2)) + e Nan (0,2,1(x)/e) + Oprn (0, x,1(x) /g5 )+

(3.18) e 'rnp(0,2,1(x)/e; ) (0, 2) = £7by o() e @/ 4o py () @/E 4.

respectively. If we require that in the previous expressions the coefficients of the
same powers of ¢ of both sides of (3.17) and (3.18) coincide, then we obtain for
a1 ¢ the following initial data

(3.19) a1,0(0,,1(x) /€)1 (0, 2) = by o(z)e@)/e.

Note that by (3.17) we obtain a1 (¢, x, 0)|;—0 = bo o(x)e?; therefore ay 4(0, z, () /e)
= ibg o (x)e®)/2. Moreover, by (3.19) we have the following relation between for
bo@(l‘) and bl,o(l‘)

ibo,o (%)t (0, ) = bio().
From Cauchy problem (3.16), (3.19) for first transport equation we can recover
ai,9; the existence of local solutions to this problem is a well known result (see
[11]). Then it remains to determine ai(t,z,6) from ajg; denote by 9, the
operator of the primitive of a; ¢ that has mean zero (see [13]); namely a; = 0, 1a179
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such that
(3.20) /O T st 2. 6)d8 = 0.
We obtain
ai(t,z,0) = C + /00 a1,(t, z,n)dn,

therefore (3.20) gives

1 2m 0
C = “2r s (/0 al,n(t,an)dn) de.

In such way, we get for a; the following expression
1 2 6 0

(3.21) ay(t,z,0) = —— / aiy,(t,xz,n)dn | do —I—/ aiy(t,z,n)dn.
2m Jo o o

In general, the term (3.9) vanishes provided a;; ¢ is solution to the following
(j + 1)—th transport equation

28Hg08“aj+1,9 + (Ij+179(8tt - A)QO = _(8tt - A)(IJ + F)/\(H)(IJ —
1
(3.22) - >, aparA— §a72nA
h,k=1,h#k
h+k=j—0o
for m = j;U,j = 1,...,N — 1; note that the last two terms in the above

equation disappear if the conditions h+k =j— 0o, m = FTU e{l,....7+1}
are not satisfied for any j,k = 1,..., N. Having in mind (3.18) we impose to this
equation the following initial data

(323)  aji10(0,2,1(x)/e)@i (0,2) = by j(2)e@/E — a; (0, 2,1(x)/e).

Again, for the existence of local solution a;4q¢ for these Cauchy problems for
higher order transport equations we recall results in [11]; with the same argument
discussed for a; we determine a;y; from aj;yq9. Moreover, by (3.17) we obtain
a;j+1(0,2,1(z)/e) = boj(2)e®)/e. Therefore, if we combine this identity with
(3.23), we deduce to the following compatibility condition for by ;(x) and by ;(x)

ibo,j(fb‘)eﬂ(x)/sw(oﬁ) = bl,j(ﬂ«“)eil(x)/s —aj(0,2,1(x)/¢).

4. Justification of the oscillatory expansion. Using results in Section
2 we want to justify the asymptotic expansion in the previous Section 3.

By Theorem 2.1, in the assumption ||hHH b &n) < C, we derive for H the
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following estimate

(41) ||H||Lq(Ri+n) S CH,

n+1
with ¢ = 2%; moreover note that a(t, z, ;) solves the following problem
n —_—

(O — A)a = FX\(H +a) — F\(H)
(4.2) a(0,z,0; ) = et e @)/epg (g, 1)

01a(0,x,0;¢) = %€t ®)/ep (e, x)
and the initial data for a(t, x, 0; €) satisfy the assumptions of Theorem 2.1. There-
fore the same argument of this theorem leads to the proof of the following

Corollary 4.1.  Let a(t,x,0;¢) be the solution to problem (4.2). Then
there exists a constant C > 0 independent of € such that

la(s - 03| Loqginy < C &

n—+1
n—1

forq=2

Proof. In this proof we denote [la(-, -, 0;€)|| 14 g1+n) simply by [lal| g gi+n)-
+ +
We observe that

FA(H +0) — (1) < Cla] (P~ + 1HP)

then
[FA(H +a) — F)\(H)HLP(R1++”‘) <
< Cllallagareny (el pagureny + IHP | oggren,)
< CllalaP |y ey + Cllall oy | ey
(4.3) < Clallyyggny + Cllal o NP o sy

1 1
here we used the fact that Ap = ¢ and we applied Holder inequality with — + — =
roq

1
—. Moreover by (4.1) we have
p
A— A1 A-1 A1
B gy = I oy = I gy < O

now we can use Young inequality to estimate the term ||al| ,, (R1+n)cg—1; we obtain
+
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that
> Cy)' > <C C
lal3, gy (€) 5 < € (llall o) +Cr)

and this implies that

(4.4) Ha||Lq(R1++")(CH)>\_1 < CHGHE‘I(RE”) + CCI);I-

Then by (4.3) and (4.4) we conclude that

IFA(H +0) = FA(H) |y gty < Cllaldy gy +C:

Finally we observe that
la (0, iz)/es ) 3

then with the same argument of Theorem 2.1 we conclude the proof. 0O

Rn) + Hata(oy .’l(x)/E;E)HLQ(]R") < 0507

At this point we must estimate the remainder ry (¢, x,6;¢) in the above
approximation (3.3). We start with the simplest case N = 1, then we shall
generalize the result for N > 1.

For N =1 the approximation (3.3) takes the form
ue(t,x) = H(t,z) + e lay (t,2,0) +ri(t,z,0;¢);
from (3.4) and (3.5) we obtain
(O — A)H + €7 Lay g9 (0 — [Vol?) + 720,00 ar,0 +
+a1,0(0n — A)] + €7 (0 — A)ar + e Pr100 (07 — [Vol*) +
5_1[28ug08“r179 + 710000 — A)p] + (O — A)ry =

1 1
(4.5) = F(H)+ e F'(H)ay, + F'(H)ry + 552"+2a§A +2¢7 T ay Ary + §Ar%,

1
A= [ (=P + 0
0

note that in the previous expression the term 7 is of order e+2. If we require
that in (4.5) the terms of order €°+2 are zero, then, having in mind (3.13), (3.14)
and (3.16), we obtain for r g the following equation

n
(4.6) Oeri — Z,ujaggjrw +uvrig = f,
j=1
Oy, —A
JSO’ V= O —B)¢p and f = —e""2(9y — A)ay + 2 F'(H)ay.
28tg0 28tg0

with p; =
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Moreover, if we impose that in (3.18) the terms of order €' must be equal, we
get for r1 ¢ the following initial condition

l .
(4.7) r1,6(0,z, %; e)p(0,z) = E"”bl,l(x)e”(x)/s.

The existence of local solution to problem (4.6), (4.7) is well known (see
[11]); to determine r; from r; y we use the same argument discussed above for a;.

At this point we note that if we set B = Z 0y, then (4.6) can be
i
written as follows

(48) 8tr179 = B’I”Lg —Vvrye + f
By differentiating with respect to ¢ both sides of (4.8) we obtain
(4.9) Ourip — B2r1,g = (1/2 —Bv—vB+ 0B —-0w)rip+ (B—v+0)f;

n
note that B2 = Y fj O ;Ory, and for p = (1, ..., i) by eikonal equation we
7,k=1

1

h = —.

e Il = 55| = 3
For the initial data we impose in addition to (4.9) the condition (4.7) and

by (4.8) we require that

(4.10) (0¢r1,0) lt=0= (Br1i,g —vri9+ f) |i=0 -

Since the operator v? — 2Bv 4 0;B — Oyv is bounded, by local estimates
of Strichartz type in the case of variable coefficients (cf. [2]) we obtain for r; g
the following inequality

1,6 (5 05 )| Lao,1)x {2 <rtty) < C(R, DB — v+ ) f e (0,7 x{|2]< R+t}) T+

00 1@)/25) | 3 gy + 107100, 1@V /) oy

Note that for any z € K and for any 6 € [0,27] there exists € = (z) > 0 such
that 71 9(0,2,0;¢) = 11 9(0,2,l(x)/e;€); then by our assumptions on by and ¢ we
deduce from (4.7) that

(1) lrae(0, - 1=@) /e 8)l gy oy Ir0 (0 W) /&5 €] g gy < Ce7*2,

2
Similarly, from (4.10) and (4.11) we obtain
1961600, -, K(z)/E38)l 1 3 oy 1947160, -, L(@) [ ) 12 (RT) < Ce7*2,

Therefore our next step is to estimate the local LP-norm of (B — v + 0)f; for
simplicity, here below we write L? instead of LP([0,T] x {|z| < R+ t}). Note

loc
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that
1Bfllp < CeP|ValF (H)ay) |z +Ce™ Va0 — Aar)p ;

in particular

IVa(F (H)a)ll = CIVL(HP2Ha)llyy <

< CIVLHIHP2|ly Nlaallgz + CIHIHP2||L; [Veallze

loc loc

1 1
with — + — = —. Applying again Holder inequality, we get
roq
A— A—
IVeHIH 2y, < IVaH]lgg [HI7 0 ),
loc
1 1 1 . . ..
where — + — = —; this gives r9(A — 2) = ¢, since Ap = ¢. Similarly,
ro q T

A— A—
VP25, < g, 120 = 12
loc

therefore we have
IVo(F'(H)a)llp < ClIVaHllzg [IH|} 2Ha1IILq + C|H|} 2IIVacallqu <

< ClIVoHllgs llarllzs +ClVaarlls -

Since H is the solution to (3.13), we conclude that V,H satisfies the following
problem

(O — A)(VoH) = ClHP 2V, H
V.H(0,2) = V;h(x)
(Vo H)(0,z) = 0;
therefore we derive from Theorem 2.1 the following estimate
IVoHlp <C.
Now it remains to estimate L?O ~norm of a; and Vyay. First, recall that

we can recover aj using (3.21); therefore we have Poincaré inequality for the
periodic in € function a;(-, -, 6)

(4.12) laillze < sup Jlare(:,-,0)lze -
%€ 0<60<L2

loc
SaT

With the same notations and the same argument discussed above for ry g, differ-
entiating with respect to ¢ (3.16), we obtain for a; ¢ the following second order
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Cauchy problem
(O — B)ayg = (v? —vB - Bv — Ov)ay g
(4.13) a1,6(0,2,1(2) /)t (0, ) = by o(z)e®)/e
(Ora1,9)(0,2,1(x)/e) = (Baiy — vaip) |i=o;
therefore as for ry g we have the following estimate

lavellzy, < Cllaze(0, @)/l 4 gy + CllOa1p(0, - U(z)/E)ll12 < C.

Recall that also for a; g, for any € K and for any 0 € [0, 27| we have a; (0, z,0) =
a1,9(0,z,1l(z)/e) for some ¢ = e(x) > 0; therefore (4.12) in combination with the
last inequality leads to the following estimate for aq

||a1('7 y G)HL?DC S C

From (4.13) we compute that V,a, ¢ satisfies the following Cauchy prob-

lem
( (8tt - A)(vxalﬁ) = (8tB — Bv —vB — 8tl/ + V2)(vxa179)+
+ (V$(BQ + 8tB — Bv —vB — 8157/ + VQ)) a1 g
(@.14){ Verro(0:2,0@)/e)p(0,2) = Ve (by o ()l @/%)
by O(x)eil($)/5
- vx 07 _ 7
A0 0w

L 0t (Vaaig) |i=o= (BVysa19+ VeBaig — vVia19 — Vavaig) |i—o -
Again, by results in [2] we derive for Va1 ¢ the following estimate
Vearsl )z, < V21,000, 1)/ g g+
+ Cll0:Vear,6(0, -, 1(x) /)| L2 (rmy;
then by initial data in (4.14) and by our assumptions on by, ¢ and | we have
IVaaro(s 0l < C.
As for r1 and aq, from this last inequality we derive the following estimate for
v$a1,
IVaar, (- 6)s < C.
Recalling all these inequalities we conclude that
IVa(F (H)ar) gy < C.

p

lOC—IlOI'Hl

Exactly the same arguments allow us to get analogous results for the L
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of V. ((0y — A)ay); therefore we obtain that
1Bfllgy < Cem2,

for some costant C' independent of ¢.

The following estimate of the L} -norm of the term (9; — v)f is proved
with the same tools

10 = v)fllpp < Ce™*2,
therefore, if we combine all these results we get for ry ¢ the following estimate
(- 05€)llps < Ce™2.

Since as for a;, we can recover 1 from ry ¢ by the formula

1 21 6 6
Tl(t,l‘,G;E) = (/ rlﬂ](tvwvn;é—)dn) do +/ rlﬂ](tvwvn;é—)dnv
0 0

27'(' 0
we have

1 (5 058 La (o, {Ja| < R+1}) < o 1,605 03€)l| La(fo,1)x {e| < R+1})

< C(R,T)e 2.

In general, for N > 1 the remainder ry ¢ satisfies the following Cauchy
problem

n
N — ZﬂjaijN,e +vryg =9,

7=1
5717"]\[79(0, €, l(l‘)/&, €)§0t (07 :L‘) = €U+Nb1’N(m)eil(I)/5’

where p1; and v are as before and

— _gotN+1 (O — A)an €a+N+1F/(H)a_N

g
24 2t

2
apa 1 a
g20+1+h+k hk 4 _ ~20+142m Om 4

h,k=1,h#k 2S0t 2 28015

h+k=N-—o

With the same argument discussed above for r1 g we derive for ry ¢ the following
second order Cauchy problem

(0n — B*)ryg = (v* — Bv —vB+ 0,B — 0w)ryg + (B — v+ )y,
rno(0,2,1(x)/e56)0 (0, ) = 7TV H1by () ®)/e,

0rn,0(0,2,l(x)/ese) = (Brng —vrne + g) |i=o -
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Since again
I(B—v+d)glly < CemN,
we can state in general the following

Theorem 4.2.  For any N > 1 the remainder rn(t,x;¢) satisfies the
estimate

75 (25 05) | Lao,1)x (o <) < Cne? TN

where the constant Cn > 0 is independent of €.
Remark 4.3. In the previous corollary we have just local estimate since
the Cauchy problems for eikonal equation and for transport equations have only

local solutions (see [20]); in order to obtain global estimate on ry it is necessary
that p(t,z) and a;(t,z,0) should be defined for every t > 0.
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