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ABSTRACT. Let H be a real Hilbert space and T be a maximal monotone
operator on H.

A well-known algorithm, developed by R. T. Rockafellar [16], for solving
the problem

(P) "To find T € H such that 0 € TZ”

is the proximal point algorithm.

Several generalizations have been considered by several authors: intro-
duction of a perturbation, introduction of a variable metric in the perturbed
algorithm, introduction of a pseudo-metric in place of the classical regular-
ization, ...

We summarize some of these extensions by taking simultaneously into
account a pseudo-metric as regularization and a perturbation in an inexact
version of the algorithm.
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1. Introduction and preliminaries. Let H be a real Hilbert space
with inner product (.,.) and associated norm |.||.

Maximal monotone operators on H have been extensively studied because
of their role in convex analysis. In this context, a fundamental problem consists
in

(P) "To find € H such that 0 € Tz.”

A well-known approach for solving problem (P) is to use the prozimal
point algorithm developed by R. T. Rockafellar [16]. This algorithm generates,
from any starting point yo € H, a sequence (y,) in H, by the scheme

Yn = J)Y\jnynfl + €n, vn S N*7

where ()\,) is a sequence of positive real numbers bounded away from zero,
(en) a sequence in H taking into account a possible inexact computation and

JI = (I+AT)~! the resolvent operator associated with T with parameter A > 0 !,
This is a single-valued nonexpansive mapping defined everywhere on H:

13Xz = Iyl < lle—yll, Ya,yeH,
and such that
lz=7 <+ 0eTzm
In a first time, B. Lemaire [10] studied the perturbation of this algorithm
for T'= 0f, the subdifferential of a proper closed convex function on H.
Inspired by H. Attouch and R. J. B. Wets’ work [2], P. Tossings [17]

introduced the variational metric between two maximal monotone operators 7'!
and T? with parameters A > 0 and p > 0:

a1 %) = sup 7'~ %]
lzll<p

9

and an associated notion of convergence.

Thanks to this notion of convergence, P. Tossings [18] studied a perturbed
version of the proximal point algorithm, which generates, from any starting point
xo € H, a sequence (x,) in H, by the recursive rule

Ty = an Tp_1+ e, VneN-,

the maximal monotone operators T™ approaching 7" in a certain sense tied to the
variational metric.

Another classical algorithm for solving initial problem (P) is the A. Re-
naud and G. Cohen’s Auxiliary Problem Principle [14]. In the symmetric case,

1'We will sometimes call it the “classical” resolvent operator.
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their algorithm generates a sequence (x,) by the iterative scheme
(1) t, = (Vh+2\T) 'Vh(z,_1), ¥neN*,

where h denotes a real-valued strongly convex function, assumed to be Gateaux
differentiable. Using the nonlinear change of coordinates Vhi(z,) = u, (n € N),
the scheme (1) may be rewritten as

-1
(2) up = (I+MT(VR)™Y) wpy, YneN.

At this point, scheme (2) is nothing but the proximal point algorithm
applied to the operator T'(Vh)~!. However, the composition of monotone opera-
tors fails to be monotone, in general. In consequence, the results obtained in the
context of the proximal point algorithm are not directly applicable.

When T is equal to df, the subdifferential of a lower semicontinuous
convex function f, then iteration (1) can be rewritten in the following equivalent

form, studied by S. Kabbadj [9],

: 1 »
(3) a:n:AigGIEm {f(a:)+)\—nDh(x,xn1)}, Vn e N7,
where
(4) Dy(z,y) = h(z) = h(y) = (VA(y),x —y), VYz,ycH.

This equality appears as a generalized proximal rule, based upon a Mo-

reau- Yosida regularization, since
D(ey) = glle—yl* i h@)=glel’,  VaoyeH.

One calls h a Bregman function if it is defined on a nonempty open convex
subset S of H and if it has certain additional properties. In his original paper [3],
Bregman gave a set of axioms describing D-functions and offered (4) as one mean
of constructing them. The term “Bregman function” was coined by Y. Censor
and A. Lent [5].

The aim of this paper is to introduce, for a strongly convex function h
defined on a nonempty open convex subset S of H, an error term and a pertur-
bation, in the symmetric case of A. Renaud and G. Cohen’s rule, i.e.

2 € S, Hxn —(Vh+ )\T”)_1Vh(a:n_1)H <en, VneN,

where (e,,) is a sequence of positive real numbers, introduced to take into account
a possible inexact computation.
This rule is equivalent to

(5) T, €8, 1z, =(Vh+XT")"'Vh(z, 1) +e, VneN,
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where (e,) is a sequence of H satisfying
llenll < en, VmneN.

In the next section, the most important properties of function Dy (x,y)
are presented as well as a definition of the generalized resolvent operator and
his properties. In Section 3, we establish, as a preliminary result, the weak
convergence of the sequence (x,) generated by the nonperturbed rule

2 € S, Hxn —(Vh+ AT)—lw(:cn_l)H <en, VneN,

where (g,,) is a sequence of positive real numbers. As in the nonperturbed case,
this rule takes the equivalent form

(PRh) T = (Vh+ M) 'Vh(z, 1) +e,, VneN.

Finally, Section 4 presents a convergence theory for iterates of the form
(5), analogous to the R. T. Rockafellar’s one for the nonperturbed version.

In Sections 3 and 4, assumptions on the error terms are formulated on
the sequence (e,). Obviously, they can be expressed, more restrictively, in terms
of the sequence (g).

At the end of this paper, Theorem 16 appears as a particular case of
Theorem 19. However, the technic for proving Theorem 19 consists precisely in
generating an auxiliary sequence satisfying assumptions ensuring the convergence
in the nonperturbed case. Therefore, it appears necessary to establish Theorem
16 in a first time.

The convergence of a sequence (z,) generated by the rule (PRh) has
been studied recently by J. Eckstein [8]. He reduces hypothesis on the auxiliary
function h and assumes that h is “only” strictly convex (and satisfies other sub-
ordinated assumptions) on a nonempty open convex subset S. Nevertheless, he
imposes more conditions on the error sequence (e,) than us. Our formulation
presents, in addition of the perturbation, the great advantage to assume, on the
error sequence (e,), exactly the same hypothesis than in the classical proximal
point algorithm.

2. Pseudo-metric and resolvent operator with nonquadratic ker-
nel. In this section, h will denote a real-valued strongly convex function on S,
with constant a > 0,

h(0z+ (1—0)y) < Oh(z)+ (1—0)h(y) — %9(1 —0)||lz—y|?, Y,y S, 0€0,1],

assumed to be Gateaux differentiable on S, a nonempty open convex subset of H.



Perturbed Proximal Point Algorithm with Nonquadratic Kernel 181

2.1.Pseudo-metric associated with h. Under certain conditions,
Proposition 2.1 below, proved in S. Kabbadj [9, Proposition 1.3.6] shows the
equivalence between the pseudo-metric Dj, defined by (4) on S x S and the norm
associated with the inner product.

Proposition 1.
Q@ _
Di(w,y) = Sllz = yl*, ¥ (2.y) €S xS,
Furthermore, if Vh is Lipschitz continuous with constant M > 0, then

M _
Dh(xay) §7||$_y||27 V(x,y)ESXS

Lemma 2.

Dy(z,b) — Dyp(z,a) + Dy(b,a) = (Vh(a) — Vh(b),z —b), Vz €S, Va,be S.

Definition 3. A mapping P is said to be firmly nonexpansive for Dy, if
its restriction to S takes its values in S and if

Dh(Pa:l,PxQ) + Dh(PxQ,Pl‘l) S Dh(Pl‘l,l‘g) — Dh(le,l‘l)
—i—Dh(Px‘Q,ZCl)—Dh(Pl‘Q,ZCQ), Vi, xo ED(P)QS.

Remark 4.

e The function Dy, defined on H x H, coincides with the half of the square
of the distance associated with the norm when A is the half of the square of the
norm.

e In this case, a firmly nonexpansive mapping for Dy, is a 1-firmly nonex-
pansive mapping for the norm.

Proposition 5. Let f be a real-valued convex function on H, Gateauz
differentiable, whose gradient V f is Lipschitz continuous with constant M > 0.

2 . . _ 2
For allb € }0, i [, (I— be) is c-firmly nonexrpansive with ¢ = L 1.

Moreover, if f is strongly conver with constant o > 0, there is € |0, 1]
such that

(L =bVf)(x) = (I =bV)YI <Bllz—yl, YVz,yeH.
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Proof. The first part of the result is established in B. Lemaire [12,
Lemma 3.2], and gives us

I =6V A)@) ~ (T =0V + (527~ 1) 6V (x) bV )P
< ||z —y||2, Va,y€ H.

For the second part, it suffices to note that the strong monotonicity of Vf and
the Cauchy-Schwarz’ inequality lead to

(I = bV fla— (I =bV )yl* < llz—yl* + (

that is to say the conclusion for

3= \/ 1——b2a2 0

2
g el =y,

Proposition 6. Let T be a mazximal monotone operator on H, S a
nonempty open convex subset of H and h a real-valued convex function on S,
Gateauz differentiable on S, with hemicontinuous gradient. If either

(i) S=H or

(i) SND(T)# O and R (Vh) = H or

(ili) D(T) C S,

then the operator Vh + T is maximal monotone on SN D(T).

Proof. Let A be a monotone operator enclosing Vh. Since S is open
and convex, we prove, as H. Brezis [4, Proposition 2.4] that A and Vh coincide
on S. The conclusion follows immediately for the first hypothesis.

For the second ones, let © € Ax, x ¢ S. The convex separation theorem
ensures the existence of 7 € H satisfying (v, — y) < 0, for all y € S. Since
R (Vh) = H, there is § € S such that (u — VA(y),x —y) < 0. This is not
possible since A is monotone and, so, A = Vh. We conclude by using H. Brezis
[4, Corollary 2.7].

Finally, for the third hypothesis, assume that A is a maximal monotone
operator. H. Brezis [4, Corollary 2.7] involves that A + 7' is maximal monotone
too and so is VA + T over D(T). O

Proposition 7. Let T be a maximal monotone operator on H, S a
nonempty open convex subset of H and h a real-valued function on S, Gateaux
differentiable on S, such that the sum Vh + T is maximal monotone. If either

(i)  h is a strictly convex function and S is bounded or
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(ii) h is a strongly convex function,
then the operator (Vh 4+ T)~! is defined over all H. Moreover, the operator
(Vh+T)"'Vh is a firmly nonexpansive mapping for Dy,

Proof. For (i), Vh+ T is a maximal monotone operator, with bounded
domain. The conclusion follows from H. Brezis [4, Corollary 2.2] and the strict
monotonicity of Vh 4+ T'. For (ii), see H. Brezis [4].

For the firm nonexpansivity of the above-mentioned operator, use the
monotonicity of the operator T" and the Lemma 2. O

Proposition 8. Let P be a firmly nonexpansive mapping for Dy. If Vh
18 Lipschitz continuous with constant M > 0 then

M
|P21 = Paa|| < —ll1 = aaf|,  ¥ay,22 € D(P)N S,

Proof. Three successive applications of Lemma 2 give us, for z1,x0 €
D(P)N S,

Dy(Pxy,x2)— Dp(Pz1,21) = —Dp(x2,21) + (Vh(x1) — Vh(z2), Pr1 — 29),
Dy(Pxo,x1)— Dp(Px2,x2) = —Dp(x1,22) + (Vh(x2) — Vh(21), Pra — 271)
and

Dy(x2,x1) + Dp(z1,22) = (Vh(z2) — VRh(21), 22 — 21).
So, we can rewrite the firm nonexpansivity of the mapping P for Dy, as
Dy (Pxy, Pxo) + Dp(Pxo, Pxy) < (Vh(z1) — Vh(x2), Pr1 — Pxo).
The inequality

(6) 2(a,b) < v[al® + %HbHQ, Va,be H,Vyel0,+o0],
written with v = a1, joined to Proposition 1, implies
Dy(Pzy, Pxy) + Dp(Pxo, Pxy) < MFQHM —25||%, Va,20 € D(P)NS.
The conclusion arises by applying Proposition 1 again. O

2.2. Resolvent operator with nonquadratic kernel.

Definition 9. Let T be a mazximal monotone operator on H and )\ a
positive number. If one condition of Proposition 6 is satisfied, we can define the
resolvent operator with nonquadratic kernel associated with T, with parameters
h, A or, more simply, generalized resolvent operator associated with T, with
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parameters h, X\, by
ST = (Vh+ XT) 7'V,
and

BT, Vh(z) — Vh(J3 ")
A

the corresponding Yosida approximation.

Consequently, the immediate following properties state.

Proposition 10.
(i) J)}\Z’T and AQ’T are single-valued operators that satisfy

TesSNTH0) < JPTz=7 ¥vA>0 &  AlTz=0, vA>0
and
ATy e T(J/}\L’Tx), VresS, V> O0.

(ii)
-1
Vh(z) — Vh(J " z) e (I +Vh T%) Vh(z), YzeS, VXI>O0.

(iii)

hT 3T
Jy x—Ju 3

EVh(z)+ 0T - %w(JQ’Tx)} , Yz eS VA u>0.

2.3. Variational metric associated with h

Convention. From now on, S denotes a nonempty open convex subset
of H and h a real valued strongly convex function, with positive constant o on S,
Gateauz differentiable on S, with Lispchitz and weakly continuous gradient Vh,
with positive constant M > 0.

Moreover, T and T™ (n € N*) denote mazimal monotone operators on H,
satisfying T~1(0) # @, D(T) C S and one of the following conditions:

(i) S=4,
(i) SN D(T") # O and R(Vh) = H,
(iii) D(T™) C S.
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Remark 11.

e In finite dimension, the weak continuity of the gradient Vi is ensured
by the Lipschitz property.

e The hypothesis imposed on h are apparently more restrictive than those
imposed by Bregman, for example. Nevertheless, an appropriate choice of the
function h and the associated parameters allows us to work over any bounded
domain and so to cover the optimal set of any practical problem.

Compared with those realized with the classical proximal point algorithm,
our numerical tests show clearly a significant improvement both in the number
of iterations and in the precision on the obtained solution.

Moreover, in some cases, optimal point, lying on the boundary of the
domain of h, are attained with a surprising facility. This fact recalls us that the
given theoretical conditions are sufficient but not necessary and open the door to
future researches.

Definition 12. Let T' and T? be two mazimal monotone operators on
H, X\> 0 and p > 0. The variational metric between T and T2, associated with

h, with parameters A, p is the semi-distance?
1 2
5§7p(T1,T2) = sup HJ;}’T T — J;\Z’T xH .
z€S,||z||<p

Proposition 10 (iii), allows us to compare this new metric to the classical
one.
Proposition 13. Let T' and T? be two mazimal monotone operators
on H and p > 0. If X*;u > 0 satisfy % < %, then there is a constant C > 0
such that, for all A > \*,
SN (T, T?) < C X 8o (T, T?),
for all

po > [%M + (%M + 1)%} p+ (%M +1) (%Hx*u o S

where x* is some point of S.
Moreover, if T has at least one zero x*, then the minimal value imposed
on po can be replaced by

(o 20 1 2 (i

2We simply say generalized variational metric.
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Proof. Proposition 10 (iii), involves

S ,(T",T%) < sup

I EVh() + 7 - %Vh(Jf’Tlx)]

zes,al<pll * LA
— T [%Vh(:v) 4T - %Vh(J/]\l’Tlx)] H
+ sup | {%Vh(x) 4T — gw(vaTlx)}
zes,al<p

— g [%Vh(:v) 4T %Vh(J/}\L’Wx)] H .

For the first term of the overestimation, we have, by Proposition 8,

HHVh(ac) + Jf’Tlac - %Vh(Jf’Tlx)‘

)
H K M H M * R, «

< [XM+ (XM+1)E] ] + (XM+1) (Eux |+ ]|l ),

SO
sup JEl [%Vh(m) + Jf’TlfL‘ - %Vh(Jf’Tlm)}
zeS,lz|<p
2 [ h, T w h, T

—JT [XVh(x) + e = SVA(, x)}H

(7)

S 5”)170 (Tl’ T2)7
for all pg such that

po > [%M + (%M + 1)%} p+ (%M +1) (%Hx*u + 3"

).

For the second term, the resolvent operator’s nonexpansivity and Propo-
sition 5 imply

21 , 1 7 , 1 o b 7 5 u 7 2
T[S Vh@ T e SV a) | = SV h@)+ Iy T 2= SV ATy Tx)}H

1 2
<] 7
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for

Consequently, inequalities (7) and (8) give
1

o (T, T?) < 1-3

5#4’0 (Tl ) T2)7
for all py such that

o= [Sar+ (Sar+ 1) 2] oo (Bar ) (S + |47

A A Q A
where the definition of J allows us to write
1 1+
= <
L0 (1 2 e =
-1+ - 3) e
for
2
C=—F——.
Maz(i _ ﬂ)
M A*

187

For the particular case, since z* € (T1)~1(0) N S if and only if J)}\Z’Tlx* =

x*, we get, from Proposition 8,

2™l < el + (5 + 1) el

M
o= e < Sl = 2l
o

and, finally,

for all x € S.
The conclusion follows immediately. O

Proposition 14. Let T" (n € N*) and T' be mazimal monotone opera-

tors on H. If 0 < A< \,, Vn € N* and

n1—1>I—|I—1<>o 5>\n7P(Tn’T) =0, Vp=0,
then

. W™ ART | _
(P) nl_l}I_?’(_lOO HA/\n r— Ay :L‘H 0, Vxzelbs

In particular

lim HA?;THEH =0, VZ€H such that 0 € Tx.

n—-+o0o
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Proof. The assumption made on 5?7“ , and the Lipschitz continuity of
Vh lead us to

lim HVh(Jf;Tnx) - Vh(J;f;lTa:)H =0, VzeSs,

n—-+00
and so to the first part of the result, thanks to hypothesis 0 < A < A, and
Definition 9.
The particular case results from Proposition 10 (i). O

3. Proximal point algorithm with nonquadratic kernel. For prov-
ing weak convergence of the sequence () generated by the rule (PRh), we recall
the following technical lemma proved by B. Polyak [13].

Lemma 15.  Let (z,), (e4) and (Cy,), n € N*, be three sequences of
nonnegative numbers such that

+00 I
Z en < 400 and Z C, < +oo.
n=1

n=1

If there is a range M € N* from which
(9) z2n < (14 Ch)zn—1+ n,

then (z,) is convergent.

Theorem 16. Assume that problem (P) has at least one solution and
(i) 0<A< A, VneN,

+o00o
(ii) Z llen|l < +oo.
n=1

Then the sequence (xy) generated by the rule (PRh) weakly converges to some
solution of (P) and satisfies
nErfOO |z = &n—1]| = 0.
Proof. Let T € S be a zero of T. We know that
T=J0""7, VneN.
By another way, we can write

Ty = Up +e€n, VneN
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where
Up = J/}\L;ZT:vn_l, Vn e N*.

From this, the proof will be separated into four parts.
The sequence (x,) is bounded.

The firm nonexpansivity of J)f\LT’LT for Dy, Lemma 2 and the positivity of
Dy, imply

(10) Dp(m,xn) < Dp(T,xn—1) + (Vh(uy) — Vh(zy), T — z,), Vne N
The inequality (6), written with

ol
1+ [lenl|”
and Proposition 1 lead us to
M2
(1) Du(@an) < (1+ Jenl) Da(E@ 20 1) + = lleall, ¥ >N,

where N € N* is chosen to have
len] <V2—-1, ¥Yn>N.

Lemma 15 ensures therefore the convergence of (Dy (T, x,)) and so the
boundedness of (z;,).
Subsequently, we will denote, for T solution of (P),

() = lim_Dy(F ).

The sequence (x,,) satisfies

nllg—loo [#n — zn_1] = 0.

Lemma 2, the positivity of Dj and formula (10) involve
Dh(fa wn) + Dh(xna wn—l) < Dh(ja wn—l)

+(Vh(up) — Vh(xn), T — xn) + (Vh(xpn—1) — Vh(2y), unp — ),

where, from assumption (ii) and the Lipschitz continuity of Vh, the two inner
products and the positive sequence Dy (x,,z,—1) converge to zero.

3Remark that, if ||e,|| = 0, then the inner product is also equal to zero and inequality (11)
stays true.
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Every weak cluster point of (x,) is a solution of (P) and so is a point
of S.

Let 2* be such a point and (z, ) a subsequence of (z,,) weakly convergent
to x*. For all w,z € H such that z € T'(w), the monotonicity of T implies

Vh(zp,—1) — Vh(uy,)
Ang,
Assumption (i), joined to |2 | and the Lipschitz continuity of Vh, provides
Vh(zp,—1) — Vh(zy,)
Ay,
and, passing to the limit for £ — +oo,

(w—1z* z) > 0.

<w—xnk—|—enk,z— >20, VEeN.

20 when k— 400,

The maximality of T" leads in turn to 0 € T'(z*).
The sequence (xy,) is weakly convergent to a solution of (P).

Assume that (z,) has two weak cluster points z7 and z% and write, ac-
cording to the convention taken in ,

l(x]) = lirf Dp(z7,zn,) and I(x3) = lirf Dy (x5, ).

If (zy,) is a subsequence of (z,) weakly convergent to x3, we get, from
the definition of Dy,
i(e}) —Ux) = lim [h(z]) = h(z5) — (Vh(zn,), 2} - z3)]

l—+o00
= Dy (1‘; 505),
the last equality following from the weak continuity of Vh.
Reversing the roles of 27 and z3, we obtain

Dy (a1, 23) + Dp(23,27) =0
and so the conclusion, by using Proposition 1.

Remark 17. Under assumptions (i) and (ii) of Theorem 16, the follow-
ing assertions are equivalent:
(a) problem (P) has at least one solution;
(b) the sequence (z,) generated by the rule (PRh) is bounded.

Remark 18. In the exact algorithm, we can weaken assumptions on
Vh, supposing it Lipschitz continuous on bounded sets only.
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4. Perturbed proximal point algorithm with nonquadratic ker-
nel. Now, we can establish convergence theorems for the sequence generated by
the scheme

Ty €8, H:L‘n — J;\Z;LT xn_lu <é&n, VneN

where (g,,) is a sequence of positive real numbers.
This rule takes the equivalent form

(PPRh) wn €8, tp=Jv" tp1+e, VneN
The proofs of these theorems being rather technical, we give, in this section, their
main ideas and, in the appendix, the complete one’s.

Theorem 19. Assume that problem (P) has at least one solution and

M
() 0<ZA<A <A, YneN,

—+00
(i) Y lleall < +oo,
n=1

+oo
(ili) Y Anba,(T™,T) < +00, ¥V p > 0.

n=1
Then the sequence (x,) generated by the rule (PPRh) weakly converges to some
solution of (P) and satisfies

nErfOO |#n = &n—1]| = 0.

Proof. In a first time, we prove that (Dy(T, x,)) is a convergent sequence
and so that the sequence (x,) is bounded.
Then, we define the auxiliary sequence

To = %o

~ h,T

Tn = Jy  Tpa
and show that this sequence is generated by a rule (PRh) and satisfies assump-
tions of Theorem 16. O

Remark 20. Once more, under assumptions of Theorem 19, the two
following assertions are equivalent:
(a) problem (P) has at least one solution;
(b) the sequence (x,) generated by the rule (PPRh) is bounded.

Lemma 21. Under the assumptions of Theorem 19, the sequence ()
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generated by the rule (PPRh) satisfies

. h,T"
lim HA T T H =0.
n— 400 An n-l

Proof. The definitions of A};’nTn and (z,,) imply

Vi(zp-1) = VRIS 21)
An
Vh(zp—1) — Vh(z, —ep)

= . , VneN*,

h,T™
A)\n Tpn—1 —

M
and, since Vh is Lipschitz continuous and A, > 73, Vn e N*,

[ A7 0] < S01m = 2l + llenl).

We can conclude immediately, thanks to theorem 19 and assumption (ii). O

Theorem 22. Assume that
M
(i) O<73</\*§/\n,Vn€N*,

(ii) the sequence (xy) generated by the rule (PPRh) is bounded,

+o00
(iii) [len|| < Onllzn — xn-1|], Vn € N*, with Z 0, < +oo,
n=1
“+oo
(iv) Z )‘n‘sé,p(Tn7T) < 400, Vp >0,
n=1

(v) the operators (T™)~1' are uniformly locally Lipschitz continuous at 0, i.e.
there are two constants a > 0 and T > 0 such that, for all n € N*,

lw |l w2l <7 = [|21 — 22| <al|w1 — w2,

Vo € (T (wr), V2o € (T™) " (ws).

Then problem (P) has a unique solution T and the sequence (x,) generated by
the rule (PPRh) strongly converges to T. More precisely, there are two constants
n €10,1[, C > 0 and a range N € N* from which

a)?
D(@,2p) + g5 llon — 7
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2

al
(12) <0 | D@ 2n1) + oy lon = || + OOy (T, T).

Proof. The uniqueness of the solution of problem (P) results from Theo-
rem 19 and P. Tossings [18, proof of Theorem 3.7]. The idea of the proof consists
in showing that the sequence

Dy(Z, xn) + @Hx” -7

is decreasing by using, notably, the firm nonexpansivity of the mapping J)}\:Tn for
Dy, Lemma 2 and Proposition 1. O

Remark 23. The Lipschitz condition imposed in the previous theorem
is satisfied if the operators (7™)~! (n € N*) are uniformly globally Lipschitz
continuous, what holds when the operators (T") (n € N*) are uniformly strongly
monotone.

Remark 24. Property (12) could be rewritten more weakly (see Propo-
sition 13): there are a range N € N* and a real p* > 0 such that

lzn —Z|| < nl|lzpn—1 —Z|| + CApp = (T",T), Vn>N,

where 0 <7 <1 and C > 0.
This formulation has the advantage to present the well-known variational
metrics 0y (7", T) with a fixed parameter A in place of \,.

The following theorem gives us, in the nonperturbed ezact context, a
finite convergence result similar to R.T. Rockafellar’s one [16].

Theorem 25. Assume that

. M
(i) O<73</\*§/\n,VneN*,

+o0
(i) D llenll < +oo,
n=1

+o0
(i) Y Andr (T, T) < +00, V p > 0,

n=1
(iv) there is T € H such that 0 € int TT.

Then problem (P) has a unique solution T, the sequence (xy) generated by the
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rule (PPRh) is bounded and there is a range N € N* from which
lzn — 2| < 0%, (T, T) + llenll,
nop
where p = sup, ey ||Znl|-

Proof. The assumptions of theorem 19 being satisfied, the sequence ()
is bounded and such that

(13) lim |z, — zp—1] = 0.

n—-+o0o

Set
p = sup ||z, ||
neN

and define (Z,) by

o = 2o,
Zn = J0 a1, VneN-
We get
(14) |20 = Znl < 6%, (T, T) + |leal, VneN*
Since Vh is Lipschitz continuous, (13) and (14) lead us to
’Vh(xn_l) — Vh(Zy,)
An
Moreover, the definition of (Z,) implies
Vh(zp—1) — VR(Z,)
An
and assumption (iv) ensures the existence of a neighbourhood of the origin where

T—! takes the unique value T (see R.T. Rockafellar [16, Theorem 3]).
So the conclusion arises. O

lim
n—-+o0o

-0,

€ T#,, VYneN,

Remark 26. In the optimization context, an estimation of the varia-
tional metric for the most useful penalty functions, i.e. classical or exact exterior
one or yet exponential one, is well known. In this context, assumption (iii) may
be expressed in terms of conditions on the penalty parameters.

Remark 27. Like in Theorem 22, the thesis of Theorem 25 can be
rewritten more weakly, with only the metrics 0y ,(T",T) (p > 0), i.e. () is
bounded and there are a range N € N*, a real p* and a constant C > 0 such that

20 — F|| < CAudy (T T) + |len]l, ¥n > N.

Like in R. T. Rockafellar’s [16] and P. Alexandre’s [1], we achieve with a
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super-linear convergence result.
Theorem 28. Assume that
(i) 1<\, Vn e N*, with lim )\, = +o0,

n—-+o0o

(ii) the sequence (x,) generated by the rule (PPRh) is bounded,

+o00
(i) [lenll < Onlln — anall, Vn € N*, with Y 6, < 400,
n=1
“+oo
(iv) Z )‘n‘sé,p(Tn7T) < 400, Vp >0,
n=1

(v) the operators (T™)~1 are uniformly differentiable at the origin, i.e. there are
a point T of H, a real 7 > 0 and a sequence of linear applications (A,,) such
that

(T™)710) = {7}, VneN,

Jwll < 7= [(T") "} (w) =7 - Ayw| Cof|w])B, VneN,

sup ||An|l < +oo.
neN*

Then T is the unique solution of problem (P) and the sequence () generated by
the rule (PPRh) strongly converges to this solution.

Furthermore, there is a sequence (n,) converging to zero and a range
N € N* such that

Hxn -7 < 77nH33n—1 —z|, Yn>N.

Proof. We first remark that assumptions of Theorem 19 are satisfied
and so we get

nl{r_‘r}oo [#n — zn_1] = 0.

We deduce then the existence of a sequence (3,) going to zero such that
IVh(Zn) = VIT)| < Bullen—1 —anll, V1= No,
where the auxiliary sequence (Z,,) is defined by

~ h,T™
Tp=Jy" Tp-1, Vne N*.
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The conclusion follows for

_ Mb,+ 5, -
T T (M, + B)

A. Appendix.

Proof of Theorem 19. Let T be a solution of (P) and choose n € N*.

On the one hand, two applications of Lemma 2 and the positivity of Dy
lead to

Dy(@,xn) + Dp(20,T) < Dp(JyT T, I8 wp1) + DI oy, I T)

+<Vh(Jf;zT"a:n_1) ~ Vh(z), ]\ T~ §>
(VRN w0 1) = Vh(2a), 7 20)

+(VRINT'E) = Vh@), N 201 - 7)
+H{(Vh(@) = Vh(wa), N w01 = an).

On the other hand, the firm nonexpansivity of Jii’lTn for Dy, and Lemma 2,
applied a last time to
h,T™ _ _ hT™_ _
Dyp(J\" wp-1,T) — Dp(2n,T)  and  Dp(J\" T, 2n-1) — Dp(T, Tn-1)
give

Dh(f7 xn) < Dh(ja xnfl)

(T, VA 1)~ Vh(:cn)> (Vh(@)=Vh(zn), 3 w1 =)
+<Vh (I 2 1) = Vhi(wa), o 57 )+(Vh(z,)-Vh(@), 3 7-7)
5) +(I0T wn 1=, VAL D)=V h(E) )+ (20T, VAL T) - Vh(T) )
+{(Vh(@)=Vh(za), on = 20 1)

+{(Vh(wn) V(N 20 1), 20— I3 w0 1)



Perturbed Proximal Point Algorithm with Nonquadratic Kernel 197

H(Vh(n1)=Vh(@), 21" ) +(VA@) VA T), 70 ).

Applying now the inequality (6) to the ten inner products of (15) and
taking for v the following values

AL — o llenl A2 = L71
61 e T - ) MET
_ h,T"_ — KT
s Llr=a a_a  m-aTal
M2 e tOAMP Ly ey + Iz - T T
W =M, Vo = My,
T = Yoo T = llenll;
a — h,T"_
T = srglenll + 17 =200z, 7" = M2 lenllvs,
2M
we get, thanks to the Lipschitz continuity of VA and Proposition 1,
1 M2 9
-2 nl] | D) < 14 Of"] Di(T, 1)
173 1
(16) += [— + 295 + MPA5 + —] llen?
22 " ol
11 2 M?* 1 1 n
+= —3+—4 —5+_9+M277110+T ||E—J)}\L’T EHQ
21% n n Vi "

The coefficients of Dy,(Z, x,) and Dy (T, z,_1) are respectively equal to

2+ |leall + 7 = Ty, 7| 1 T
e and S[2+4 e + 7 - 3]
2(1+ llenll + Iz = Ty, =)

and so, formula (16) can be rewritten as

Du(@,2n) < |1+ [leall + 7 = I3 Z]| D@, 20 1)

_ h,T™—
L+ lenll + 7 =37 7|
N
2+ [lenll + [l — J3," =l

3 1
[—2 Loyl M2 —8} leall?
Tn Tn

1+||en||+\|f—J§;lT"f||l1 2 M?

— | st =
2+ lenll + 7 — T2 [ w o
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1 210 112 T
5+ MPY + |l — Iy
g/ Th

n

Now, there is a range N € N* from which
_ BT
L+ llenll + [z — J3)" ||
— BT
2+ [lenll + Iz = Jy, 7l

— h,T"_
lenll <1,z =Jy" 7 <1

and two constants C7 and Co > 0, depending only on o and M, such that
N %
L+ llenll + 7 — J3." |

3 1
[—2 NS VO —8} leal® < Cillenll

2+ |len|| + [ — I ""z|| LA g
and
— h,T"_ 9
Lt lenl[ +lz =gy = | 1 2 M 1
AT |3 T AT s T
| T L B
M2+ o5 | I = 13 < Calle — 73,
n
for all n > N.
That leads finally, by using Proposition 13, to rewrite formula (17) in the
form

Dy(@, ) < [L+ lleall + 7 = 3T Z|| Du(@,2u-1) + Cilen|
+ChAa0x po (T, T), ¥n >N,
where C > 0 and

MY
po > |5+6—1| |7
«

So, taking into account assumptions and Lemma 15, the sequence
(Dy(Z,z,,)) appears to be convergent.

Therefore, the sequence (z,) is bounded and we can write
p = sup|zn]]
Let us define the auxiliary sequence
Ty = o,
{ Zn = JyTano, VYneNY

We have, on the one hand,

(18) 20 = Zall < 0%, (T T) + llenll, VneEN,
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and, on the other hand,
= Iy By + &, V€N
where, from Proposition 8,

. _ M _
(19)  fEnll = 13 w01 = I3 Enca|| € — -y = Fnall, ¥n €N

Inequalities (18) and (19) and Proposition 13 imply that the sequence
(Z,,) is generated by a rule (PRh) and satisfies assumptions of Theorem 16: it
weakly converges to a solution of (P) with

nkrf [#n — Zn-1] = 0.

The conclusion follows immediately thanks to assumptions (ii), (iii) and
inequality (18). O

Proof of Theorem 22. The uniqueness of the solution of problem
(P) results from Theorem 19 and P. Tossings [18, proof of Theorem 3.7].

Let T be this unique solution. Proposition 14 and Lemma 21 ensure the
existence of a range N; € N* from which

h,T"— h,T™
HA)\’H :L‘H <7 and HAA;L xn_lu <T.
Since
ATz e (Jf;LT E) and  AYTz, €T (Jf;LT xn,l),

assumption (v) and Definition 9 involve

n n 2 2a2M? n 12 n 2

h,T™_ h,T — h,T" h, T

HJ)\H x—J)\n xn,lu < 2 Ha:—J)\n JJH +Hl‘n,1 —J)\n xn,lH ,
n

for all n 2 N7, and finally, using assumption (i),
hT"_  h,T"
(20) 525 HJ B

for all n > Nj.

Moreover, Proposition 1 and the firm nonexpansivity of Ji’lTn for Dy, lead

2 8] n 2
—  thT"— h,T
< gle= a4 g fana = |

us to
Dh(Jf;Tnxn—la Jil;z ) + Dh(J)\ Tz J xn 1) < Dh(J;\Z’Tn.’L'n 1’_)
21)  +D(IYT T, ) — : HJ;:T P x”*H _a H Jhn H '

Working as in the proof of Theorem 19 for obtaining inequality (15), we
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get
Dh(jvxn) < Dh(fv xn—l)

+(T = 0, VR @0 1) = Vh(20) ) + (VR(E) = Vh(2a), 0 201 = 20
(VRN 20 1) = Vh(za), U7 = 7) + (Vh(za) = VR(@), J5:"7 - 7)
(0T w1 = 2, VR E) = VR(@)) + (20 — 7, VAL 7) = Vh(Z))
+<Vh — Vh(zn), Tn — JQ;LT"%,Q
+(Vh(an) = VA 2 1), an = I3 w01 )

(

H(h(rn) = VA7 = BT+ (Vh(E) — VAT )7 = 1)
I N e e

Using the well-known formula
HJL‘ - bH2 - H.T - aH2 + Hb - aH2 = 2<a - b,.l‘ - b>7 Vx,a,b € H’
inequalities (21) and (22) involve

a)?
Pz(zn) < Pz(zn-1) — %a = lzn—1 — 7|

(T = 20, VAT 20 1) = Vi) Y+(VAE) = Vi), 3 201 = 20 )

+ Vh(J/I\l;zTna:n,l) Vh(zy),J 7’1 x—a:> +(Vh(z ),J/@Tnf—f>

(VA
(o =7, VR(L 2) = Vh(D))

+(Vh(en) = VA(@),7 = 3 2)+(Vh@) - VAL D)7 - 3 T)

{
{
+<Vh(Jf;TnE) - Vh(z), 3 >
{
+{

VA(T) — Vh(zy), o0 — J;\:Tnxn_1>
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+(Vh(@n) = VAN w0 1), 20 = I3 w0 1)

+ZTA22<E — T, J,}\L;Tnan — mn>+%§<3 T — J;\Z;Tn§>

2
(23) 424 <J’“Tn:c L=, I T — §>
4&2 An n— ny Y\, )

where the auxiliary function ®z is defined by

_ OZA2 —_n2
‘Pf(l‘):Dh(l‘,.T)—F@HJ)—xH , Vxeb.

201

Applying the inequality (6) to the thirteen inner products of (23) and

taking for v the following values

’Y?% = Enu ’Y?% = W’Yna
_ BT
3 _ 1 H — H 4 200 5
Tn = W 977, ) Tn = 77n>
1 0
5+ n 6 _ py2~4
AT
7771 = 2971%%? 7781 = H - J)\n T
1
’Y?% = W’Yh ’Y%O = ‘9n7
4a® 4a*M? ,
Tl = 2 e = 2
=,

we get, thanks to the Lipschitz continuity of Vh, Proposition 1 and relations

between 7,

a)?
Pz(rn) < Pp(wn-1) — 8—;2”%4 —z|?
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M2 7
(24) + i

l#n—1 =22 + [29% + 0n3} | o — 7

3M2 Oé2)\4 M2 3 a/\2 3 1 M2 10 1
+ T+ Tn 22 dny — Ty e
2y,  32ay, 2 8a 272 2 27,
Sl a)’ LM 3a%)\!
293 8a?yd 460,73 64a*M26,73
M2~y M*H I R S P

Now, there is a range No > Nj from which
0<6,<1 and 0< |7 z-3| <1

and so, the explicit values of constants 7, and assumption (iii) ensure the exis-
tence of three constants C7, Co and C3 > 0 such that

Pr(wn) < %mn—é%fnxn1—f||2+[czewH——Jf;T”f\H o — 3P

(25)+ [C1n + |7 = TN 3| lzns — 22 + Cs |7 = I3, vz N

Moreover, assumptions (ii) and (iv) ensure the existence of a range N3 >
N5 such that

0<6, < 8i02 ot 0< HJQ;ZT%—EH < %,

and so, Proposition 1 and the definition of function ®z lead us to
Ox(wn) < [1+Cobhy+Cy |07 — 7| (1)

a)?
8a?

where Cy and C';y are two positive constants.

|#n_1 — Z||* + 2C3 HJQ;LT% —-z

5 VTLZNP,,

On the one hand, Proposition 1 and the definition of function ®z imply

M o)
(26) Cr(zp-1) < |5 + Sf;Q] 17 — 1]
On the other hand, choosing finally a range Ny > N3 from which
o<, < | M, 0 Tl
=" 2 8a? Cy 32a?
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and

0< HJQT’LTnE—EH <

M+oz_32 A
2 8a?

2 Cj32a2’

it follows that
a)? _ T
Pr(en) < a(wn1) — gyl — 7P + 205 || 0F -7
and so the announced result using inequality (26), assumption (iv) and Proposi-
tion 13.

This establishes the announced result. O

Proof of theorem 28. First, remark that assumption (v) and the
Lipschitz continuity of Vh ensure the existence of a constant C' > 0 such that

[VR((T™) ™ (W) = VA@) = Agw| < Cllwl, Vwe H,|lwl| < 7.
Then, note that assumption (iv) involving the graph-convergence of (7™)

to T, the hypothesis (T7)71(0) = {Z}, Vn € N*, leads to 0 € T7.
Applying Theorem 19, we get therefore

(27) lim |z, — xp—1] = 0.

n—-+oo
Now, define the auxiliary sequence

Zn =0 w0y, VneN©
Proposition 10 (ii) implies

1

Vh(in) € <Vh(T”)—1A > [Vh(xn,l) - Vh(gzn)}, VneN*

n

and, consequently, the mappings A,, being linear,

Vh(zn) — VA(T) € (Vh(T”)l/\in) [Vh(@a1) — Vh(En)|

1
~Vh(®) — Ay [Vh(zn1) = Vh(zn)]
S €
An An

One the one hand, assumption (iii), relation (27) and the Lipschitz con-
tinuity of Vh ensure the existence of a range Ny € N* from which

A | Vh(@n 1) = Vh(2n)| + = An[Vh(za) = Vh(Z,)] .

-
0,<1 — Ty 1] < —
n > 1, Hwn Tn 1||f2M
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and
[Vh(zn-1) = VR(Zn)|| < M(1 + 0p)||lzn — Tp-1],

giving in turn

)\in(Vh(x"_l) ~ Vh(,)) H < IVh(zp_1) — Vh(En)||, ¥ne N~

It results from assumption (v) that

[Vh(T”) [An

o Ainnwl(xn ) = Vh(in ||) B

Co(|ltn — xn-1l)) B, VYn> No.
On the other hand, set

v = sup || A and En = LM, Vn e N*.
neN* )\n

Obviously €, goes to zero and

1

540 [Vh(@01) = Fh(en)]| < callons = zall, ¥ne N
1
A | V() = Vh(E,)| H < enbhlltn-1 — zall, ¥n N,

what implies

Vh(Z,) — VR(Z) € o(||xn-1 — znl| + 2en||zn—1 — zn||) B

In other words, there is a sequence ([3,) going to zero for which

IVh(Zn) = VA(T)| < Bullzn-1 — zall, Vn=No.
Finally, since Vh is strongly monotone, we get
oz, =7 < [[Vh(zn) — VAR(T)]|
< M|y — nll + Bulln-1 — zn
< (MO + Bp)([len— —Z[ + (|7 — zn),

where

n—-+o0o
and the conclusion arises for
B M6, + G,
= (MO, + B

(Vh(za-1)=Fh(@)) |- Vh(@)~An 5 (Vhan1)-Th(zn))]|
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