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ABSTRACT. By means of a suitable nonsmooth critical point theory for
lower semicontinuous functionals we prove the existence of infinitely many
solutions for a class of quasilinear Dirichlet problems with symmetric non-
linearities having a one-sided growth condition of exponential type.

1. Introduction and main result. The aim of this paper is to get
a multiplicity result for the quasilinear elliptic problem

—Apu = g(x,u) inQ

P
(P) u =0 on 0f,
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where Q is a C' bounded domain of R™ with n > 2, g: QxR — Ris a
function with a suitable exponential growth and A,u = div(|Du|*~2Du) is the
n-Laplacian operator. If, for instance, g is continuous in 2 x R and satisfies the
two-sided growth condition

lg(x,5)] < a(z) 4 b|s|P~el*l”  for every s € R and a.e. z € €,

where a € L"(2) for some r > 1,b>0and 1 <p < Ll’ then the functional
n—

(1.1) flu) = —/ G(z,u)dx
Q
is of class C! on Wol’n(Q), defined G: 2 xR — R as

G(z,s) = /08 g(x,t)dt.

Thus, the given problem is reduced to that of looking for critical points of a
smooth functional by means of classical variational tools (see, e.g., [7, 8] and
references therein). Here, on the contrary, we want to investigate the existence
of solutions of problem (P) when g : Q x R — R is just a Carathéodory function
such that

(1.2) sup |g(-, 8)| € LL.(Q) for every t > 0
|s|<t

and assume that there exists a constant « > 0 such that for every € > 0 there
exists a. € L'(Q) with

G(z,s) < ac(z) + ke®*I"™ for every s € R and a.e. z € Q.

The above assumption gives only a one-sided growth condition so that the func-
tion f in (1.1) is not necessarily finite and is only lower semicontinuous (see
Proposition 3.11); thus, classical variational arguments cannot be applied. How-
ever, problem (P) can be solved in a weak sense (see Theorem 3.14) by using
a nonsmooth machinery developed by Degiovanni and Zani (see [5, 6] and ref-
erences therein both for the abstract framework and applications to semilinear
problems with a one-sided power type growth).

Before stating the main result of this paper, let us recall, in our setting,
the definition of weak solution of the given problem.
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Definition 1.1. A function u € Woln(Q) is a weak solution of (P) if
g(x,u) € Li (Q) and —A,u = g(x,u) in D'(Q), namely

loc

/ |Du|""2Du - Dvdx = / g(x,u)vdx for every v € C°(Q).
Q Q

The next result extends [6, Theorem 6.1] to the case of exponential-type
nonlinearities. More precisely, we have the following result.

Theorem 1.2. Assume that condition (1.2) holds and that there ezist
6 >n, R>0 and a function a € L*(Q) such that

(1.3) [s|] >R = 0<0G(x,s) < sg(x,s) foreveryscR and a.e. x €,
(14) |s|<R = G(z,s) <a(x) foreveryse€ R and a.e. x €.

Furthermore, there exist k1,ko > 0 and 8 > 0 such that for every e > 0 there
exist two functions ae,b. € L1() such that

(1.5) sg(x, ) < ac(x) + k1™ for every s € R and a.e. x € Q,

(1.6) G(x,s) — Bsg(x,s) > be(x) — keI for every s € R and a.e. z € Q.
Then, if g is odd with respect to s, i.e.,

. x,—s) = —g(x,s) foreverys R and a.e. x €
(L.7) g(z,—s) = —g(z,s) [ y s €R and Q,

problem (P) has infinitely many weak solutions.

Remark 1.3. By virtue of Young’s inequality it follows that for every
e>0 B
e|s|n—T

n
g —1
e3lsI" T < e +c. for every s € R,

for a ¢ > 0. Thus, conditions (1.5) and (1.6) imply that for every ¢ > 0 there
exist two functions a., b. € L*(£2) such that

(1.8) sg(x,s) < ac(x) + €™ for every s € R and a.e. z € €,

(1.9) G(z,s) — Bsg(x,s) > be(ax) —ee*!"™  for every s € R and a.e. z € Q.
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Actually, here the functions a. and b, differ by a constant from those of (1.5) and
(1.6). On the other hand, we avoid to change the notations.

Remark 1.4. By conditions (1.3)—(1.5) and Remark 1.3 it follows that
for every € > 0 there exists a suitable function a. € L'(2) such that

(1.10) G(z,5) < ac(z) + eI for every s € R and a.c. z € Q.

If, furthermore, assumption (1.6) holds with 8 = 0, then G satisfies a two-sided
growth condition which implies that f is finite and continuous (see Proposi-
tion 3.11) but not necessarily of class C*.

Remark 1.5. It is easy to see that, for instance, the previous setting
contains the model exponential nonlinearity g(z,s) = |s[P~2sel*l” for p > 1 any

butp<L.
n—1

The plan of the paper is as follows.
— In Section 2 we recall from [5, 6] some notions of nonsmooth critical point
theory.

— In Section 3 we study the variational setting and we prove that the functional
associated with (P) satisfies some technical properties (i.e., the (PS). and (epi).
conditions).

— In Section 4 we end up the proof of Theorem 1.2.

2. Preliminaries of nonsmooth analysis. First of all, we need to
introduce some abstract notions of nonsmooth analysis. To this aim, let us just
recall the main definitions which extend the classical critical point theory to some
classes of lower semicontinuous functions on metric spaces (for more details, see
[6] and references therein).

Let (X,d) be a metric space and consider the associated metric, still
denoted by d, defined on the product set X x R as

d((u,A), (v, 1)) = V/(d(u,v))? + (A = ).

Taken f: X — R, we can consider the related set

epi(f) = {(u,A) € X x R: f(u) < A}

and the corresponding projection Gy : (u,\) € epi(f) — A € R, which turns out
to be a 1-Lipschitz continuous function.
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Definition 2.1. Let u € X be such that f(u) € R. The weak slope of f
at u is the extended real number |df|(u) defined as

|df|(u) = sup {o € [0,400[: 3§ > 0 and a continuous map
H : (Bs(u, £(u) N epi(F)) x [0.6] — X st
d(H((w, ), 1), w) < t, f(H((w,p),t)) < p—ot
for every ((w, p),t) € (Bs(u, f(u)) Nepi(f)) x [0,d]},

where Bs(u, f(u)) = {(w, 1) € X x R : d((w, p), (u, f(u))) <d}.

Definition 2.2. We say that u € X is a (lower) critical point of f if
f(u) € R and |df|(u) = 0. We say that ¢ € R is a (lower) critical level of f if
there exists a (lower) critical point uw € X such that f(u) = c.

Definition 2.3. Taken c € R, we say that [ satisfies the Palais-Smale
condition at level c, briefly (PS)., if any sequence (up)n, C X, such that f(up) — c
and |df|(up) — 0 as h — +00, admits a converging subsequence.

Definition 2.4. Taken ¢ € R, we say that f satisfies the (epi). condition
if
inf{|dG¢|(u,A) : f(u) <X, [A—¢| <70} >0
for some 9 > 0.

Furthermore, in order to obtain a multiplicity result for even functionals,
the following definition is needed.

Definition 2.5. Let f : X — R be an even function such that f(0) <
+oo. For any A > f(0) the equivariant weak slope in (0, \) is defined as

|dz,G|(0,\) = sup {o € [0,400[: 3§ > 0 and a continuous map
H : (Bs(u, f(u)) Nepi(f)) x [0,] — epi(f),
H = (Hy, H>), s.t.
d(H ((w, p), 1), (w, p)) < t, Ha((w, ), 1)) < p — ot
and Hy((—w, p),t) = —Hi((w, p), 1)
for every ((w, p),t) € (Bs(u, f(u)) Nepi(f)) x [0,0]}.
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From now on, let (X, || -|) be a normed space over R with dual space X*
and dual product (-,-). Since the function we will deal with in the next sections
is the sum of a smooth term 1 and a lower semicontinuous term f, we need the
following results (for more details, see [3], [6, Theorem 2.9]).

Proposition 2.6. If € C'(X,R) then for any (u,\) € epi(f) we have
[dGriyp|(u, A +9(u) =1 <= [dGy|(u,A) = 1.

If, furthermore, both f and v are even and f(0) < 400 then for any X\ > f(0) it
18

dz,Grpl(0,A +4(0)) =1 <= [dz,Gf|(0,A) = 1.

Let us remark that some more information about the weak slope of a
given function can be obtained by means of a kind of subdifferential (for more
details, see [2]).

Definition 2.7. Taken u € X such that f(u) € R, define
Of(u) = {a € X*: {a,v) < fO(u;v) for every v € X},
where
fO(u;v) = sup f7 (u; v),
§>0
with
fjo(u; v) =inf {r € R : 3§ >0 and a continuous map
& - (Ba(u, £(u)) Nepi(£)x10,5] — B;(v) 5.
flw+1t@((w, p),t)) < p+rt

for every ((w, 1), t) € (Bs(u, f(u)) Nepi(f))x]0,4]}.

Proposition 2.8. Ifu € X is such that f(u) € R, then
A7) < +oo = Of(u) £,

|df|(u) < +o0 = |df|(u) > min{|la] : a € Of(u)}.
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Moreover, if ¥ : X — R is a C' functional it is
O(f + ) (u) = 0f (w) + d(u) and dp(u) = {¢'(v)}.

At last, we can set the abstract theorem which is a nonsmooth version of
the classical Ambrosetti-Rabinowitz theorem (see [1] for smooth functionals and
[6, 9] for nonsmooth ones).

Theorem 2.9. Let (X, ||]|) be a Banach space and F : X — RU{+o0} an
even lower semicontinuous function. Assume that there exists a sequence (Vi) of
finite dimensional subspaces of X such that Vi, C V41 for every h € N. Suppose
that there exist two constants o > 0 and n > 0 such that

(a) there exists a closed subspace Z of X such that X = Vo & Z and

weZ, |ul|=0 = F(u) >n;

(b) there exists a sequence (Rp)n Clo,+00[ such that
u€Vh, |ul| >Ry = F(u) < F(0);

(c) for every c > n the function F satisfies both (PS). and (epi).;
(d) for any X\ > n it is |dz,GF|(0,\) # 0.

Then, there exists a sequence (up)p of critical points of F in X such that
F(uh) — —+o00.

3. Variational setting and Palais-Smale condition. In order to
introduce the nonsmooth variational setting for our problem, let us consider the

Sobolev space Woln(Q) equipped with the standard norm |[ull{,, = / |Du|™ dx.
Q

Definition 3.1. Fized u € W2™(Q), define the set

loc
Ve ={ve Wy (Q)NLE(Q): ue L%({z € Q:v(z) #0})},
where v € L2°(Q) means v € L*°(Q) and v(z) =0 a.e. outside a compact subset
of Q.
Arguing as in [5] the following results can be proved:

Proposition 3.2. Assume that (1.2) holds. Then, taken u € W™(Q),

loc
we have:



322 Anna Maria Candela and Marco Squassina

(a) if v € Vy then g(z,u)v € LY (Q);
(b) Vi is a dense linear subspace of Wol’n(Q);
(c) ifv e Woln(Q) and (g(x,u)v)t € L1 (Q) then there exists a sequence (vp,)y C

Vu such that —v~(x) < vp(z) < vt (x) for a.e. x € Q, every h € N, and
. 1,n
vy, — v strongly in Wy (82),

lim/g(m,u)vhdx:/g(x,u)vdx.
hJa Q

Definition 3.3. Taken u € W2 (Q), we say g(z,u) € W17 (Q) if

loc

sup{/ glx,u)vdr : v € Wol’"(Q), |lvllin <1, glz,u)v € LI(Q)} < 400.
Q

Remark 3.4. If (1.2) holds, then taken u € VV&)?(Q) by Proposition 3.2
it follows that

sup {/ g(x,u)vdr: v € Wol’n(Q), lvllin <1, glz,u)v € LI(Q)}
Q

= sup {/ gz, u)vdr - veVy,, |||, < 1}.
Q
Hence, if g(z,u) € W17 (Q), it results that

vEVuH/g(az,u)UER
Q

is a linear continuous function which has a unique linear continuous extension on
VVO1 "(Q). Clearly, such a map is in the (classical) dual space of VVO1 "(Q) and it
can be still named g(x,u). At last, arguing as in [5, Theorem 2.5] it is g(z,u) =0
a.e. in Q if and only if g(z,u) = 0 in W~17(Q).

By Remark 3.4 it follows that the set W~1"'(Q) in Definition 3.3 is the
classical dual space of VVO1 "(£2), so it is endowed by its norm || - || 1, while (-, -)
is the scalar product in the duality W17 (Q), Woln(Q)

As in [5, Theorem 2.8|, we have:

Proposition 3.5. Assume that (1.2) holds and let u € VVI}):(Q) be such

that g(z,u) € W=7 (Q). Ifv e Woln(Q) is such that (g(z,u)v)*t € LY(Q) then
g(x,u)v € LY(Q).
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In order to apply Propositions 3.2 and 3.5, we need some a priori estimates
which allow to prove that (g(z,u)v)™ € LY(Q) for a function v € Woln(Q) To
this aim, we need hypothesis (1.5) and the following Moser-Trudinger inequality
(for more details, cf. [10, 11]).

Theorem 3.6. For every a > 0 we have

eClul™=T Ll(Q) for every u € W()Ln(Q)

1
Moreover, there exists a constant cyar > 0 such that for every 0 < a < nwﬁj

we have
ue Wy (), / |Du|"dr <1 = / ™ da < eru|9,
Q Q

where wy_1 is the (n — 1)-dimensional surface of the unit sphere R™ and Q] is
the Lebesque measure of 2 C R™.

Since useful in the following, first of all, we point out an easy consequence
of the Trudinger-Moser inequality.

Lemma 3.7. If (vp)n C Woln(Q) 18 a bounded sequence, there exists
go > 0 such that

/ ™ dr < (erar +1)Q| for every h € N and ¢ € [0, ).
Q

Proof. Since (vp);, is bounded in WOI”(Q) there exists g9 > 0 so small
that

1

n—1
n—1

EothHﬁ? < nw for every h € N,

with wy,_1 as in Theorem 3.6. Then, taken any 0 < e < g, it is either
lonllin =0 —s / 0T gy — Q)
Q

or ||vp||1,n # 0 which implies by Theorem 3.6 that

n n
n n—1 n—1
ET ellvnlly eollvnlly
/esh’h" dm:/e " de < [ e "
Q Q Q

1
< / enw::ll
- Ja

which concludes the proof. O

n—1

vy, n—1
dx

Tepliym

Yh
loplit,n

_n_
vy, n—1

lopll1,n

dz < erim|€,



324 Anna Maria Candela and Marco Squassina

Moreover, by virtue of Proposition 3.5, if hypothesis (1.5) holds, Theo-
rem 3.6 implies the following corollaries.

Corollary 3.8. Suppose that (1.2) and (1.5) hold. If u € VVI}):(Q) is
such that g(z,u) € W=1"(Q), then it is g(x,u) € LL (Q) and g(x,u)u € LL (Q).

loc loc

Corollary 3.9. Suppose that (1.2) and (1.5) hold. Assume u € Woln(Q)
is such that g(z,u) € W=7 (Q). Then g(x,u)u € L'(Q).

Whence, the previous Definition 3.3 allows also to redefine the concept of
weak solution (for more details, see [6]).

Lemma 3.10. If (1.2) and (1.5) hold, a function u € Wol’n(Q) is a weak
solution of problem (P) if g(z,u) € W1 (Q) and the equation in (P) is satisfied
in W=17'(Q).

Now, let us define the functional F : W, (2) — R such that
1
F(u) = —/ | Du|"™ dx — / G(z,u)d.
nJo Q
Notice that, if (1.10) holds, then Theorem 3.6 implies
/ G(z,u)t dr < +00, whence, F(u) € RU {+o0} for every u € Woln(Q)
Q
Furthermore, let
1
Y(u) = —/ |Du|*dx and f(u) = —/ G(z,u)dx.
nJja Q
It is well known that ¢ is a C'' functional with
Y (u)[v] = / |Du|""2Du - Dvdx for every u,v € WOI”(Q)
Q

On the contrary, in general, f is not smooth, so that also F' is not smooth
. 1n
in W, (Q).

Proposition 3.11. If (1.10) holds, then f is lower semicontinuous in
Wol’n(Q). If, furthermore, (1.9) holds with 3 = 0 then f is finite and continuous
. 1,n
in Wy ().
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Proof. It is enough to prove that fixed any u € WOI”(Q) and (up)p C
Wa(9) such that u, — u in W"™(€) then

(3.11) limsup/ G(z,up)dx < / G(z,u)dx.
h Q Q
By (1.10), fixed any ¢ > 0, for a suitable a. € L*(Q) it is

Gz, up) — ee ™™ < q () for a.e. z € Q and every h € N.

Therefore, by Fatou’s Lemma, it is

limsup/ (G(a:,uh) —Eesuh|n—r> dx S/ <G(az,u) —Ees|un—r> dx,
h Q Q

which yields

3.12 limsup [ G(z,up)dxr < | G(x,u)dxr + elimsup elun ™t o
( )
h Q Q h Q

On the other hand, the converging sequence (uy,), has to be bounded in Wol’n(Q),
so Lemma 3.7 applies and, if ¢ — 0, inequality (3.11) follows from (3.12). Assume
now that it is § = 0 in (1.9). Thus, (1.9), (1.10) and Theorem 3.6 imply the

finiteness of f in VVO1 ™(Q). Furthermore, we claim that if u;, — u in VVO1 Q)
then not only (3.11) holds but also

/G(a:,u)da;ﬁliminf/ G(z,up) dz.
Q hJa

In fact, by (1.9) and Fatou’s Lemma for every ¢ > 0 it is

/ Gz, u) < liminf/ G(z,up) dz —i—Elimsup/ eelunl ™1 1.
Q h Q ¥ 0

Hence, the required inequality follows from Lemma 3.7 if e — 0. O

Corollary 3.12. If condition (1.10) holds, then the functional F is lower
semicontinuous in Wol’n(Q). Furthermore, if also (1.9) holds with 8 = 0 then F
is finite and continuous in VVO1 Q).

Now, we want to state a suitable variational principle which allows to
reduce our problem to the study of (lower) critical points of functional F' in
Wol’n(Q). To this aim, we remark that, arguing as in [6, Theorem 3.1] with —G
in the place of G, the following results can be proved.
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Proposition 3.13. Assume that (1.2) holds. If u € Woln(Q) is such that
f(u) € R and 8f (u) # 0, then g(z,u) € WL (Q) and of (u) = {—g(x,u)}.

Whence, by Lemma 3.10 and Propositions 2.8 and 3.13, we have the
following Variational Principle.

Theorem 3.14. Assume (1.2) and (1.5) hold. If u € Woln(Q) is a
(lower) critical point of F' then it is a weak solution of the given problem (P).

Thus, we want to look for (lower) critical points of F in W& () by means
of the abstract Theorem 2.9. In order to study the Palais-Smale condition let
us point out that its direct proof is not easy to manage. So, we introduce the
following auxiliary definition.

Definition 3.15. Taken ¢ € R, we say that F satisfies the concrete
Palais-Smale condition at level ¢, briefly (CPS)., if every sequence (up), C
Wol’n(Q) such that

(3.13) g(z,up) € W(Q)  for every h € N,

(3.14) Flup) — ¢, —Apup, —g(z,up) — 0 in WH"(Q) as h — +oo

admits a converging subsequence in Woln(Q)
It is quite easy to see that Propositions 2.8 and 3.13 imply the following
result.

Proposition 3.16. Assume that (1.2) holds. Then, fixred any c € R, F
satisfies (PS)¢ in Woln(Q) if it satisfies (CPS)e.

Proposition 3.17. If (1.2), (1.3), (1.4), (1.7) and (1.8) hold, then for
every ¢ € R the functional F satisfies the (CPS). condition.

Proof. Let ¢ € Rand let (up), C WOI”(Q) be a sequence such that (3.13)
and (3.14) hold. We set wy, = —Apup — g(z,up), so that wy, — 0 in W17(Q).
We divide the proof into two steps.

STEP 1. First of all, let us prove that (up)p, is bounded in Woln(Q) Being 6 > n,

let 0 <6 < nn and define the continuous cut-function v : R — R given by
(s if [s|] <R
—0s+0R+ R ifR<s§R+?
S) =
M= s sr— R it R <5< R
0 it s| > R4+ 2.

0
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By applying (1.8) with ¢ =1, (1.3) and (1.7) imply

g(x,up)y(up) < ayr(zx) + 5B for ae. 2 € Q and every h € N

for some a; € L'(Q) and b € R. Then, by Theorem 3.6 and Proposition 3.5, for
every h € N it follows g(z,us)y(up) € L1(2) and (3.14) and Young’s inequality
imply the existence of a constant C such that

/ \Duh\”da:—é/ | Dup|™ dx
{lun|<R} {R<[un|<R+5}

:/ mmme+/ g, un)y(un) dez + (wp, y(up))
{|un|<R} {R<|up|<R+2}

s/ g, un)up dz + Cy + Jewnl| g0 7 (un) 10
{lun|<R}

< / g(x,up)up dr + C1 + de||wp| fn/
{lun|<R}

+e€ / \Duh\"daz-i-én/ | Dup,|™ dx | .
{lun|<R} {R<|up|<R+%}

Hence, fixed ¢ sufficiently small, there exists a positive constant Cy (independent
of h) such that

/ 9(, un)up dv = —Cp — 26 |Dup|" dz > —Cy — 25/ |Dup|" dx.
{lun|<R} Q

{lun|>R}

Notice also that, by virtue of (1.3) and (1.4), it is

/ g(x, up)up de > / 0G (z,up,) dz
{lun|>R} {lun|>R}

>9/QG(J:,uh)da:—9/Q\a(x)|dx

:9/ |Duh|”dx—90—9/ la(z)| dz + o(1)
n.Jjo Q
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where o(1) — 0 as h — 4o00. Thus, by the previous inequalities it follows

0
/ g(xz,up)up de > (ﬁ - 2(5> lun Y, —Cs for every h € N
Q

for a suitable constant C3 > 0. On the other hand, (3.14) implies

(3.15) [ 1Dunl"do = [ gt un)undo + Gun, )
Q Q

whence,

0
(2 =25 1) ki < Cat sl

which implies that (up)p is bounded in WO1 () for the chosen §.

STEP II. By Step I, up to a subsequence, (up), converges to some u weakly in
Woln(Q) First of all, by (1.8) and arguing as in the proof of Proposition 3.11
it is

(3.16) limsup/g(x,uh)uhda:</g(x,u)udx,
h Q Q

where (3.13) and Corollary 3.9 imply g(x,up)u, € LY(Q). Now, fixed p > 0,
let us consider a test function ¥, € Cg°(R) such that its support is in [—2p, 2p],
¥, = 1in [—p, p] and |9),(s)| < 2/p for every s € R. Then, taken any h € N for
every v € V,, we have

/ 9 (up)| Dup|" 2 Duy, - Dv dz + / v|Dup |2 Duy, - DY, (uy,) dz
Q Q

— | gt un)d,un)o da = (a9, un)o).
Clearly, there exists C' > 0 (independent of v, h and p) such that

‘/ v| Dup|" "2 Duy, - DY ,(up,) dx
Q

2 C
< ;Hv\looIIUhll’{‘,n < ;Ilvlloo-
Therefore, if h — 400 and p — +o00, by the previous equality it follows that

/ |Du|"?Du - Dvdx = / g(z,u)vdx for every v € V.
Q Q
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This last result and Remark 3.4 imply that g(z,u) € W17 (Q); hence, by Corol-
lary 3.9 it follows g(z,u)u € L*(Q) while (c) of Proposition 3.2 gives

(3.17) /Q|Du\"da::/ﬂg(a:,u)uda:.

By combining (3.15), (3.16) and (3.17), it results

1imsup/ | Dup,|™ dx zlimsup/ g(x, up)up, de + Hm(wp, up)
h Q h Q h

</g(a:,u)udx:/ | Du|" dx,
Q Q

namely u, — u strongly in Woln(Q) O

At last, some information about the (epi). condition and the equivariant
weak slope of f can be stated. To this aim, the following lemma needs.

Lemma 3.18. Suppose (1.9) is satisfied with 3 > 0 and (1.10) holds. If
w e Wy (Q) is such that g(z, u)u € LY(Q), then f(u) € R and for every A > f(u)
there exist 6, o > 0 such that

1
/ /g(a:,w+7z)(w—|—7z)da:d7</g(x,u)udx—a
0 Ja

Q

for any w, z € WOI”(Q) such that |lw —ulj1n, <9, ||2|l1n <6 and

1
//G(J;,w+7z)dxd7<—)\+5.
0 JQ

Proof. Since g(z,u)u € L}(Q), (1.9) and (1.10) imply G(z,u) € LY(Q);
whence, f(u) € R. On the other hand, arguing by contradiction, there exist two
sequences (wp)p, (zn)n in W&"(Q) such that wp, — w and z, — 0 strongly in
W, ™ (Q) while

1
(3.18) lim sup/ / G(z,wp + T2p) dedr < =),
h 0 JQ

1
(3.19) limhinf/ / g(x, wp + 721) (W + T23) dedT > / g(x,u)ude,
0 JQ Q
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where being 5 > 0 in (1.9), by (1.10) and Theorem 3.6 it follows

1
/ / g(x, wp + 721)(wp + 72) dedr < +oo for every h € N.
0o Ja

Thus, simple calculations, (1.9) and Fatou’s Lemma allow to prove that
1 _n_
/(G($,u) — Bg(z,u)u) dr < Elimsup/ / Slont o™t o dr
Q h 0o Jo

1
+ limhinf/ / (G(x,wp + 721) — Bg(x, wp, + T2p) (Wh + T2R)) dxdrT,
Q

where, since (||wp, + 72p|1,n)p is bounded uniformly with respect to 7 € [0, 1], by
Lemma 3.7 it is

1 _n_
<slimsup/ / eflontmzanl ™t qrdr — 0 if e — 0.

Hence, (3.18) and (3.19) give

/Gmuda:<ﬁ/ (z,u)udz

1
+ limhinf/ /(G(az, wp, + T72p) — Bg(x, wp + Tzp) (W, + T2p)) dedT
0 JOQ
1
< ﬂ/ g(z,u)udzr + lim sup/ / G(z,wp, + T2zp) dxdr
Q h 0 JOQ

1
— ﬂlimhinf/ / g(x, wp + T2p)(wp, + T2p) dedT < =X
0 JQ

in contradiction with f(u) < A. O

Proposition 3.19. Assume that hypotheses (1.2), (1.9) and (1.10) hold.
Then for every (u,\) € epi(f) such that f(u) < X it is |[dGf|(u,\) = 1. Fur-
thermore, if also (1.7) holds then for every A > f(0) it is |dz,G¢|(0,A) = 1.

Proof. The proof can be obtained by arguing as in [6, Theorem 3.4],
with —G in place of G. Anyway, for completeness, in the Appendix (Section 5)
we outline the main differences between the two proofs. O
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4. Proof of the main result. Assume that all the hypotheses of
Theorem 1.2 are satisfied. Clearly, Remarks 1.3 and 1.4 imply that (1.8), (1.9),
(1.10) hold too. We already know that F' : Woln(Q) — R U {+0o0} is an even
lower semicontinuous function (continuous and finite if 5 = 0) which satisfies
(PS), for every ¢ € R (see (1.7), Corollary 3.12 and Propositions 3.16, 3.17).
Moreover, as (1.6) and (1.10) imply f(0) € R, by Propositions 2.6, 3.19 it follows
that F' satisfies (epi). for every ¢ € R and that |dz,Gr|(0,\) = 1 for every
A > f(0). Thus, in order to apply Theorem 2.9 we only need to prove the
geometric assumptions (a) and (b).

Firstly, let us recall the following useful result (see [9, Lemma 3.8]):

Proposition 4.1. There exist a strictly increasing sequence (Wy)y, of fi-
nite dimensional subspaces of Wol’n(Q)ﬂLoo(Q) and a strictly decreasing sequence
(Zn)n of closed subspaces of L™ () such that

L"(Q) =W, & Zy, for every h € N, m Zp = {0}.
h=0

Fixed h € N, let W}, and Z;, be the subspaces given by Proposition 4.1. We have
Wy ™(Q) = Wy, @ Z),, where Zy, = Z;, N Wy (Q) for every h € N.

Let € > 0 and define the maps Ggl), Gg) QxR —Ras
GW(z,s) = min{G(x, s),a-(x)} for every s € R and a.e. x € Q,
Gg) (z,s) = G(z,s) — Ggl)(a:, s) for every s € R and a.e. x € ,

where a. € L'(Q) is the function given by the inequality (1.10) (without loss
of generality, we may assume that a-(z) > 0 for a.e. € Q). Then, it results

Ggl)(a:,O) =G¥ (,0) =0 for a.e. z € §2. Moreover, we have

GW(z,s) < ac(x), GP(z,s)< Eeds‘% for every s € R and a.e. x € ().
Thus, by Theorem 3.6, for every g > 0 there exist € > 0 and « > 0 such that
(4.20) we W™ (), llullin =0 = %/Q|Du\"da;— /QG?)(J:,U) dz > 2a.
Then, it follows that

lim inf {inf {F(v) : v e Zn, 101 = 0}} > o
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Indeed, assume by contradiction that there exists a sequence v; € Zhj such that

llvill1,n = o, 1im$up F(vj) < a.
J

Up to a subsequence we have v; — z in Woln(Q) and v; — z strongly in L™(Q2).
Since

[ee] - o

z € ﬂ Zy C ﬂ Zn,

h=0 h=0

it follows that z = 0 and Fatou’s Lemma implies that
limsup/ Ggl)(a:,vj)da: <0.
J Q

Therefore,

1
limsup{—/ |va|"da:—/G£2)(x,vj)dx} <a,
J nJa Q

which contradicts (4.20). Thus, assumption (a) of Theorem 2.9 is satisfied with
Z = Z for h large enough. Now, let R > 0 be as in (1.3). It results

G(z,s) > R7°G(z,R)|s|’ — G(x, R) —|s| sup |g(x,t)| for s € R and a.e. z € Q.
[tI<R

Notice also that G(z, R) € L*(); so we can define a norm || - || by setting

ulle = (/Q G(z, R)Jul’ da:> 1/6.

Fixed any h € N, since W}, is finite dimensional, there exist C7 > 0 and Cy > 0
such that

Yu€ Wy F(u) < Cillullg — R™°|lullg; + Callullc.

Since 6 > n, it results that

lim  F(u) = —o0,
l[ullg—o0
ueWyp,

which implies that condition (b) of Theorem 2.9 holds with Vj, = Wg_,.
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Taking into account Theorem 3.14, the proof of Theorem 1.2 is com-
plete. O

5. Appendix: proof of Proposition 3.19. Take (u,\) € epi(f)
such that f(u) < A. If 8 = 0, by Proposition 3.11 f is finite and continuous in
Wol’n(Q), so [4, Proposition 2.3] applies. Now, let 5 > 0. Thus, (1.9) and (1.10)
imply (1.8). As a first step, let us suppose g(z,u)u € L*(9); hence, Lemma 3.18
holds and we can consider the corresponding constants d, ¢ > 0. Fixed € > 0
with € < 4, by (c¢) of Proposition 3.2 there exist v € V,, and p > 0 large enough
(i-e.; p > [[ull Lo (fos0y)) such that [v| < [ul a.e. in Q, [|¥,(u)v — ull1n < e and

g

(5.21) /g(m,u)'ﬁp(u)v dx > / g(x,u)udr — —,

Q Q 4
where ¥, € C2°(R) has the support in [-2p,2p], ¥, = 1 in [~p, p] and [J),(s)| <
2/p for s € R (whence, J,(u)v = v a.e. in ). Take d; €]0,0] such that 6 < 1
and, for simplicity, if w € Bj,(u) and t € [0,01], define z = t(J,(w)v — w).
Since [|9,(w)v — Fp(w)v]j1,, — 0 if w — u in W(}’n(Q), 91 can be chosen so that
[0p(w)v — w||1,n < € for every w € Bs, (u). Whence, if t € [0,61] it is ||z][1,n <&,
too. Moreover, let us remark that

w) — f(w+ z !
f(w) {( + ):/O /Ql—thg(x’w—i_TZ)ﬁp(w)vdade

1
_ /0 /Q . itTtg(x, w~+ 72)(w + 72) dedr

1
—/ /g(a:,w +72)(w + 72) dxdr.
0o Ja

We claim that if §; is small enough then

! 1
(5.22) / / g(z, w + 72)0,(w)v dedr > / g(x,u)udr — g,
0 0 1—7t 9] 4
! Tt o
(5.23) / / ——g(z,w+72)(w + 72) drdr < —,
0 0 1—7t 4
! o
(5.24) / / gz, w+ 72)(w + 72) dedr < / g(z,u)udr + 3
0 JQ Q
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In fact, arguing by contradiction, suppose that at least one of the previous in-
equalities is not true. Then, there exist (wp)p and (t3)p such that wp — u in
W, ™(Q), t, — 0T and, if (5.22) does not hold, it is

! 1
/ / gz, wy, + 721)0,(wp)v dedr < / g(z,w)udr — 7
0o Jol—"Tty O 4

for every h € N, with zj, = t5,(9,(wp)v — wy). Thus, up to subsequences, it is

T gz, wp+721)0 p(wh)v — g(z,u)V,(u)v for every 7 € [0,1] and a.e. = € €,
Tty

so (1.2) and Lebesgue Theorem imply
o

gz, ), (wvde < | gla,uyuds — 2
/ / :

Q

in contradiction with (5.21). On the contrary, if (5.23) does not hold it is

/1/ Tt
0o Jal—"Tty

for every h € N. But this is impossible since, up to subsequences, it is

g(x, wp + 721)(wp, + T2p) dedT >

e~ Q

Tth

T g(x,wp, + 7zp)(wp, + 725) — 0 for every 7 € [0,1] and a.e. z € §,
—rty

and (1.8), Fatou’s Lemma and Lemma 3.7 imply

1

t

limsup/ / Tt g(x, wp + 72p)(wh + T21) dedT = 0.
ho Jo Jal—Tty

At last, if (5.24) does not hold it is

1
/ / g(x,wp, + 72p) (wh + T21) dedT > / g(x,u)udr + %
0o Jo Q

for every h € N. But this cannot be true since, up to subsequences, it is
g(x,wp, + 72p)(wp, + T721) — g(z,u)u  for every 7 € [0,1] and a.e. x €

so by (1.8), Fatou’s Lemma and Lemma 3.7 it follows

1
limsup/ /g(a:,wh + 72p)(wh + T2p) dedr < / g(z,uw)udr.
h 0 JQ Q
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Now, if ((w, u),t) € (Bs, (u, A) Nepi(f)) x [0,01] let us define
H((w,p),t) = (Hy(w,t), p — %t), with Hy(w,t) = w + t(J,(w)v — w).

Arguing as in the proof of [6, Theorem 3.4], Lemma 3.18 and the previous in-
equalities imply H((w, ut),t) € epi(f); whence, |[dG¢|(u, ) = 1. At last, similar
arguments and the comments in the proof of [6, Theorem 3.4] allow to complete
the proof in the case g(z,u)u € L'(2) and to prove the second assertion when
(1.7) holds. O
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