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Abstract. In this paper we prove that for non effectively hyperbolic oper-
ators with smooth double characteristics with the Hamilton map exhibiting
a Jordan block of size 4 on the double characteristic manifold the Cauchy
problem is well posed in the Gevrey 6 class if the strict Ivrii-Petkov-Hörman-
der condition is satisfied.

1. Introduction. Let

P (x,D) = D2
0 +

∑

|α|≤2,α0<2

aα(x)Dα = P2 + P1 + P0
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be a second order differential operator, defined in an open neighborhood of the
origin of R

n+1, hyperbolic with respect to the x0 direction and with principal sym-
bol p(x, ξ) where x = (x0, x1, . . . , xn), ξ = (ξ0, ξ1, . . . , ξn). Let ρ̄ ∈ T ∗

R
n+1 \ {0}

be a double characteristic of p, that is p(ρ̄) = 0, dp(ρ̄) = 0. Since ρ̄ is a singular
point of the Hamilton vector field Hp of p then we consider the linearization of
Hp at ρ̄ which is called the Hamilton map Fp(ρ̄) of p at ρ̄ defined as (see e.g. [6],
[5])

pρ̄(X,Y ) = σ(X,Fp(ρ̄)Y ), X, Y ∈ T ∗
R

n+1

where pρ̄(X,Y ) is the polar form of the quadratic form pρ̄

pρ̄(x, ξ) =
∑

|α+β|=2

∂2p

∂xα∂ξβ
(ρ̄)xαξβ

and σ =
∑n

j=0 dξj ∧ dxj is the canonical symplectic two form on T ∗
R

n+1. It is
well known that all eigenvalues of Fp(ρ̄) are on the imaginary axis, with a possible
exception of a pair of non zero real eigenvalues ([6], [5]). When all the eigenvalues
of Fp(ρ̄) are on the imaginary axis then p is called non effectively hyperbolic at
ρ̄. We denote by Psub(x, ξ) the subprincipal symbol of P and the positive trace
Tr+Fp(ρ̄) of Fp(ρ̄) is defined by

Tr+Fp(ρ̄) =
∑

µj

where iµj are the eigenvalues of Fp(ρ̄) on the positive imaginary axis repeated
according to their multiplicities.

Theorem 1.1 ([6], [5]). Assume that p is non effectively hyperbolic at ρ̄
then in order that the Cauchy problem is C∞ well posed it is necessary that the

following Ivrii-Petkov-Hörmander condition is verified;

−Tr+Fp(ρ̄) ≤ Psub(ρ̄).

Our aim in this paper is to study the Cauchy problem around non effec-
tively double characteristics under the strict Ivrii-Petkov-Hörmander condition

−Tr+Fp(ρ̄) < Psub(ρ̄).

We now state more precisely our assumptions. We shall assume in the following
that p vanishes exactly of order 2 on a C∞ submanifold Σ on which σ has constant
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rank and p is non effectively hyperbolic; that is we assume that Σ = {(x, ξ) |
p(x, ξ) = 0, dp(x, ξ) = 0} is a C∞ manifold and

Sp(Fp(ρ)) ⊂ iR, ρ ∈ Σ,(1.1)

dimTρΣ = dimKerFp(ρ), ρ ∈ Σ,(1.2)

rankσ = constant, on Σ(1.3)

where Sp(Fp(ρ)) denotes the spectrum of Fp(ρ). In this paper we always assume
(1.1), (1.2) and (1.3). According to the spectral structure of Fp(ρ) two different
possible cases may arise:

KerF 2
p (ρ) ∩ ImF 2

p (ρ) = {0}, KerF 2
p (ρ) ∩ ImF 2

p (ρ) 6= {0}.

In the first case, assuming the strict Ivrii-Petkov-Hörmander condition, the Cau-
chy problem is C∞ well posed ([5], [7]). Note that the Ivrii-Petkov-Hörmander
condition is not enough in general to assure the C∞ well posedness (see [10]).
On the other hand, in the second case, the linear algebraic properties of Fp(ρ)
are not enough by themselves to determine completely the behavior of the null
bicharacteristics of the principal symbol. It can be readily verified that perturbing
the quadratic part of the principal symbol with a suitable term vanishing of order
three on the double manifold Σ may cause the Hamilton system to exhibit null
bicharacteristics landing on Σ. (See model (1.5) below and [11]).

Here let us recall that we say that f(x) ∈ C∞(Rn) belongs to γ(s)(Rn),
the Gevrey space of order s, where s ≥ 1, if for any compact set K ⊂ R

n there
exist C > 0, h > 0 such that

(1.4)
∣

∣∂α
x f(x)

∣

∣ ≤ Ch|α||α|!s, x ∈ K

for every α ∈ N
n. In this paper we prove

Theorem 1.2. Assume KerF 2
p (ρ) ∩ ImF 2

p (ρ) 6= {0}, ρ ∈ Σ and that the

strict Ivrii-Petkov-Hörmander condition is verified everywhere on Σ. Then the

Cauchy problem for P is well posed in the Gevrey 6 class.

We remark that it is proved in [3] that the Cauchy problem is well posed
in the Gevrey 5 class if KerF 2

p (ρ)∩ ImF 2
p (ρ) 6= {0}, ρ ∈ Σ and the Levi condition

is satisfied, that is Psub = 0 everywhere on Σ. We do not know whether the
Gevrey index 6 in Theorem 1.2 is optimal or not. We only show an example
suggesting effects of null bicharacteristics tangent to the doubly characteristic
manifold on the Gevrey well posedness. Consider

(1.5) P = −D2
0 + 2x1D0Dn +D2

1 + x3
1D

2
n
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where the double characteristic manifold is given by Σ = {ξ0 = ξ1 = 0, x1 =
0}. This is a model (canonical) operator such that ImF 2

p (ρ) ∩ KerF 2
p (ρ) 6= {0},

ρ ∈ Σ and admitting a null bicharacteristic with a limit point in the doubly
characteristic set.

We say that the Cauchy problem for P is locally solvable in γ (s) at the
origin if for any Φ = (u0, u1) ∈ (γ(s)(Rn))2, there exists a neighborhood UΦ of
the origin such that the Cauchy problem

{

Pu = 0 in UΦ

Dj
0u(0, x

′) = uj(x
′), j = 0, 1, x ∈ UΦ ∩ {x0 = 0}

has a solution u(x) ∈ C∞(UΦ) (see for example [8]). Then we have

Proposition 1.1 ([3]). The Cauchy problem for P is not locally solvable

at the origin in any Gevrey class of order s > 5.

2. Non effectively hyperbolic characteristics. Without restric-
tions, we may assume that the principal symbol p(x, ξ) of P has the form

(2.1) p(x, ξ) = −ξ2
0 + q(x, ξ′)

where q ≥ 0. As stated in Introduction, we always assume (1.1), (1.2) and (1.3).
We recall

Proposition 2.1 ([3]). Suppose that p vanishes exactly of order 2 on a

C∞ submanifold Σ of T ∗
R

n+1 \ {0} on which the canonical 2 form has constant

rank and such that Sp(Fp(ρ)) ⊂ iR, KerF 2
p (ρ) ∩ ImF 2

p (ρ) 6= 0, ∀ρ ∈ Σ. Then one

can write, near a reference point ρ̄;

p(x, ξ) = −ξ2
0 +

r
∑

j=1

φj(x, ξ
′)2

where Σ is given by {ξ0 = 0, φ1 = · · · = φr = 0} and

(2.2) {ξ0 + φ1, φj} = 0, j = 1, . . . , r, on Σ.

In this proposition it can be concluded {φ1, φ2} 6= 0 on Σ which was
essential in [3], but in this paper we do not need this fact. Let us set

Q =
r

∑

j=2

φj(x, ξ
′)2
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then we have

Lemma 2.1. Let ρ ∈ Σ then we have

Tr+Fp(ρ) = Tr+FQ(ρ).

P r o o f. One can write p = −(ξ0 + φ1)(ξ0 − φ1) +Q(x, ξ′) which gives

pρ = −(ξ0 + dφ1(ρ))(ξ0 − dφ1(ρ)) +Qρ.

By a linear symplectic change of coordinates one may assume that

pρ = −ξ0(ξ0 − 2ξ1) +Qρ(x, ξ
′).

Since {ξ0, Qρ} = 0 one concludes that Qρ is independent of x0 and hence Qρ =
Qρ(x

′, ξ′). Now it is easy to see that

∣

∣λ− Fpρ

∣

∣ = λ2
∣

∣λ− FQρ

∣

∣

which proves that non zero eigenvalues of Fpρ
coincides with those of FQρ

includ-
ing the multiplicities. �

We are working near ρ̄ ∈ Σ. Let us set

ψi(x, ξ
′) =

r
∑

j=2

Oijφj(x, ξ
′), i = 2, . . . , r

where O = (Oij) is an orthogonal matrix. Since ({φi, φj}(ρ̄)) is a real anti-
symmetric then taking into account ({ψi, ψj}(ρ̄)) = O({φi, φj}(ρ̄))O−1 we may
assume that, with a suitable O











{ψ2i−1, ψj}(ρ̄) = δ2i,jµi, 1 ≤ j ≤ 2k + `, 1 ≤ i ≤ k

{ψ2i, ψj}(ρ̄) = −δ2i−1,jµi, 1 ≤ j ≤ 2k + `, 1 ≤ i ≤ k

{ψ2k+j , ψi}(ρ̄) = 0, 1 ≤ j ≤ `, 1 ≤ i ≤ 2k + `

where r = 2k + ` and iµj are the eigenvalues of ({φi, φj}(ρ̄)) on the positive
imaginary axis counting the multiplicities. Here we remark that

(2.3)
k

∑

i=1

µi = Tr+FQ(ρ̄).
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Indeed put

Ξi =
1√
µi
dψ2i−1(x

′, ξ′), Xi =
1√
µi
dψ2i(x

′, ξ′), 1 ≤ i ≤ k,

Xk+j = dψ2k+j(x
′, ξ′), 1 ≤ j ≤ `.

Since Ξi, 1 ≤ i ≤ k, Xi, 1 ≤ i ≤ k+` verifies the canonical commutation relations
and hence these extend to a full symplectic coordinates {Xi,Ξi}n

i=1. It is clear
that

Qρ̄ =

k
∑

i=1

µi(X
2
i + Ξ2

i ) +

k+
∑̀

i=k+1

X2
i .

Since Tr+Qρ̄ is symplectically invariant and then we have (2.3). Therefore by
Lemma 2.1 we have

Tr+Fp(ρ̄) =
k

∑

i=1

µi.

We assume that P satisfies the strict Ivrii-Petkov-Hörmander condition near ρ̄;

−Tr+Fp(ρ) < Psub(ρ), ρ ∈ Σ, ρ near ρ̄.

In particular the condition implies that ImPsub(ρ) = 0 for ρ ∈ Σ, ρ near ρ̄.
Denoting by P s

1 a real valued extension of Psub(x, ξ) outside Σ, we see that
Psub(x, ξ) − P s

1 (x, ξ) vanishes on Σ near ρ̄. Hence we conclude that we may
assume

(2.4) Psub = P s
1 +R, P s

1 (ρ) ≥ −Tr+Fp(ρ) + ε

near ρ̄ with some ε > 0 where R =
∑r

j=0Cj(x, ξ
′)φj(x, ξ

′) with φ0 = ξ0 near ρ̄.

3. A lemma for Weyl calculus in the Gevrey class. In this
section we introduce a class of symbols of pseudodifferential operators which
will be used in section 4 to derive Gevrey a priori estimate for P . For a(x,D)
with a such symbol we prove a composition formula e±φ(D)a(x,D)e∓φ(D) where
φ(D) ∼ (1 + |D|)1/6.

Let

ḡ = 〈µξ〉δ
{

|dx|2 + 〈ξ〉−2
µ |dξ|2

}

, 〈ξ〉µ = (µ−2 + |ξ|2)1/2, (x, ξ) ∈ R
2n,
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be a metric where 0 < δ < 1. δ will eventually take the value 2/3. We say
b(x, ξ, µ) ∈ γ(s)S(m(ξ, µ), ḡ) if b(x, ξ, µ) verifies the following estimates;

|∂α
x ∂

β
ξ b(x, ξ, µ)| ≤ Cβm(ξ, µ)(〈µξ〉−δ/2〈ξ〉µ)−|β|

×A|α||α|!s/2(|α|s/2 + 〈µξ〉δ/2)|α|

for every α, β ∈ N
n. We assume that b(x, ξ, µ) is independent of x for |x| ≥ M

with a large M .

Lemma 3.1 ([3]). Let s ≥ 4. Assume that

|∂α
x ∂

β
ξ f(x, ξ, µ)| ≤ Cβm(ξ, µ)(〈µξ〉−δ/2〈ξ〉µ)−|β|A|α||α|!s

for every α, β ∈ N
n. Then we have

w(x, ξ, µ) =
√

f(x, ξ, µ)2 + 〈µξ〉−δ ∈ γ(s)S(m(ξ, µ), ḡ).

Lemma 3.2. Let ai(x, ξ, µ) ∈ γ(s)S(mi(ξ, µ), ḡ), i = 1, 2. Then we have

a1(x, ξ, µ)a2(x, ξ, µ) ∈ γ(s)S(m1(ξ, µ)m2(ξ, µ), ḡ).

Note that if

|∂α
x ∂

β
ξ b(x, ξ, µ)| ≤ Cβm(ξ, µ)〈ξ〉−|β|

µ A|α||α|!s, ∀α, β

then it is obvious that b(x, ξ, µ) ∈ γ(s)S(m(ξ, µ), ḡ).

We now consider

eφ(D,µ)bw(x,D, µ)e−φ(D,µ).

Let us denote κ = 1/s. As for φ(ξ, µ) we assume that

(3.1)

{

φ(ξ, µ) ∈ S(〈µξ〉κ, |dx|2 + 〈ξ〉−2
µ |dξ|2),

φ(ξ + η, µ) − φ(ξ − η, µ) ≤ C〈µη〉κ.

Then the following proposition holds.
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Proposition 3.1 ([3]). Let δ+κ ≤ 1 and b(x, ξ, µ) ∈ γ (1/κ)S(m(x, ξ′), ḡ),
1/κ ≥ 4. Assume (3.1). Let eφ(D,µ)bw(x,D, µ)e−φ(D,µ) = cw(x,D, µ) then one

can write

c(x, ξ, µ) =
N−1
∑

j=0

cj(x, ξ, µ) +RN (x, ξ, µ)

where

cj =
∑

|α|=j

1

α!
∂α

η e
φ(ξ+ η

2
,µ)−φ(ξ− η

2
,µ)

∣

∣

∣

η=0
b(α)(x, ξ, µ)

∈ µjS(m(ξ, µ)〈µξ〉−j(1−κ−δ/2), ḡ),

RN (x, ξ, µ) ∈ µNS(m(ξ, µ)〈µξ〉−N(1−κ−δ/2)+nδ/2 , ḡ).

4. A priori estimate in the Gevrey class. In this section we derive
a priori estimates in the Gevrey class assuming that (2.2) and (2.4) are globally
satisfied and then prove Theorem 1.2. Since the routine arguments of partition of
unity allow us to reduce our estimate to a global one, we will skip this standard
step.

4.1. Preparatory lemmas. We start with

p = −(ξ0 + φ1)(ξ0 − φ1) +

r
∑

j=2

φ2
j

where we assume that our assumptions are satisfied globally;

{ξ0 + φ1, φj} =

r
∑

k=1

Cjkφk, j = 1, . . . , r,(4.1)

{φ2i−1, φ2i}(x, ξ′) ≥ (µi − ε1)|ξ′|, i = 1, . . . , k,(4.2)

Psub(x, ξ) = P s
1 (x, ξ′) +R(x, ξ′),(4.3)

P s
1 (x, ξ′) ≥ (−A+ ε2)|ξ′|, R(x, ξ′) =

r
∑

j=0

Cj(x, ξ
′)φj(x, ξ)(4.4)

where Cjk(x, ξ
′), Cj(x, ξ

′) are homogeneous of degree 0 and A = Tr+Fp(ρ̄) =
∑k

i=1 µi and ε2 > 0 is a fixed positive constant while one can take ε1 > 0 as small
as we please.
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We now make a dilation of the variable: x0 → µx0 so that we have

P (x, ξ, µ) = µ2P (µx0, x
′, µ−1ξ0, ξ

′)

= p(µx0, x
′, ξ0, µξ

′) + µP1(µx0, x
′, ξ0, µξ

′) + µ2P0(µx0, x
′)

= p(x, ξ, µ) + P1(x, ξ, µ) + P0(x, ξ, µ)

where

p(x, ξ, µ) = −(ξ0 − φ1(µx0, x
′, µξ′))(ξ0 + φ1(µx0, x

′, µξ′))

+
r

∑

j=2

φj(µx0, x
′, µξ′)2

= −(ξ0 − φ1(x, ξ
′, µ))(ξ0 + φ1(x, ξ

′, µ)) +

r
∑

j=2

φj(x, ξ
′, µ)2.

In what follows sometimes we simply write p(x, ξ, µ), Pj(x, ξ
′, µ) as p(x, ξ),

Pj(x, ξ
′). Then (4.1) and (4.2) become

{ξ0 + φ1, φj} = µ
r

∑

k=1

Cjkφk, j = 1, . . . , r(4.5)

{φ2i−1, φ2i} ≥ (µi − ε1)µ|µξ′|, i = 1, . . . , k

while (4.3) and (4.4) become

Psub(x, ξ, µ) = P s
1 (x, ξ′, µ) +R(x, ξ, µ), R = µ

r
∑

j=0

Cjφj(4.6)

P s
1 (x, ξ, µ) ≥ (−A+ ε2)µ|µξ′|.

Let g0 be the standard S1,0 metric with small parameter µ > 0;

g0 = µ2dx2
0 + |dx′|2 + 〈ξ′〉−2

µ |dξ′|2, 〈ξ′〉µ = (µ−2 + |ξ′|2)1/2.

Let χ(s) be χ(s) = 0 near 0 and identically 1 outside |s| ≥ 2 and cut off a reference
symbol φ(x, ξ′, µ) by χ(µ|ξ′|) so that we consider φ(x, ξ ′, µ)χ(µ|ξ′|). Remark that

Lemma 4.1. Let φ(x, ξ′) be homogeneous of degree k in ξ ′. Then we

have

φ(µx0, x
′, µξ′)χ(µ|ξ′|) ∈ S(〈µξ′〉k, g0).
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P r o o f. Note that φ(x, ξ ′)χ(|ξ′|) ∈ S(〈ξ′〉k, |dx|2 + 〈ξ′〉−2|dξ′|2) and
a(µx0, x

′, µξ′) ∈ S(〈µξ′〉k, g0) if a(x, ξ′) ∈ S(〈ξ′〉k, |dx|2 + 〈ξ′〉−2|dξ′|2). �

Let us set

(4.7) w =
√

〈µξ′〉−2φ2
1 + 〈µξ′〉−2/3, Φ =

√
1 − aw

with some constant a > 0 so that 1 − aw ≥ c > 0. We introduce a metric

g = w−2g0 = w−2
{

µ2dx2
0 + |dx′|2 + 〈ξ′〉−2

µ |dξ′|2
}

which will be used throughout this paper. We also put ḡ = 〈µξ ′〉δg0 as before.
Note that

w ∈ S(w, g), φ1 ∈ S(〈µξ′〉w, g).
We can rewrite p as

(4.8) p = −(ξ0 + φ1Φ)(ξ0 − φ1Φ) +

r
∑

j=2

φ2
j + awφ2

1

because 1 − Φ2 = aw. Remark also that

ξ0 + φ1Φ = ξ0 + φ1 + φ1(Φ − 1) = ξ0 + φ1 − φ1ψ

where
ψ = 1 − Φ =

aw

1 +
√

1 − aw
∈ S(w, g).

Lemma 4.2. We have

φ1ψ ∈ S(w2〈µξ′〉, g), φ1(1 + ψ) ∈ S(w〈µξ′〉, g),

∂α
x ∂

β
ξ (φ1Φ) ∈ µ|β|S(〈µξ′〉1−|β|, g), |α+ β| = 2.

P r o o f. The first two assertions are clear. To check the third one it
suffices to note that ∂α

x ∂
β
ξ Φ ∈ µ|β|S(〈µξ′〉−|β|, g) for |α+ β| = 1. �

In what follows κ and δ are fixed as

κ = 1/6, δ = 2/3

and assume that a = 1 without restrictions. Since w ≥ 〈µξ ′〉−δ/2 and hence
w−1/2 ≤ 〈µξ′〉δ/4 = 〈µξ′〉1/6 = 〈µξ′〉κ so that w−1/2 ∈ S(〈µξ′〉κ, g).

Lemma 4.3. Let a ∈ S(m1, g) and b ∈ S(m2, g0). Then (see e.g. Theo-
rem 18.5.5 in [4]) we have



On the Cauchy problem for non effectively hyperbolic operators. . . 165

(i) a#a− a2 ∈ µ2S(m2
1w

−4〈µξ′〉−2, g)

(ii) a#b− b#a− 1
i {a, b} ∈ µ3S(m1m2w

−3〈µξ′〉−3, g)

(iii) a#b+ b#a− 2ab ∈ µ2S(m1m2w
−2〈µξ′〉−2, g).

Corollary 4.1. Let a ∈ S(m1, g) and b ∈ S(m2, g0) be real. Then we

have

([ab]wu, u) = Re (bwu, awu) + (Twu, u)

with T ∈ µ2S(m1m2w
−2〈µξ′〉−2, g).

Lemma 4.4 ([3]). Let a ∈ µS(1, g). Then we have

Re ([aφ2
1w]wu, u) ≤ CµRe ([φ2

1w]wu, u) + Cµ3‖〈µD′〉κu‖2,

Re ([aφ2
j ]

wu, u) ≤ CµRe ([φ2
j ]

wu, u) + Cµ3‖〈µD′〉2κu‖2, j ≥ 2.

Let a ∈ µS(〈µξ′〉κ, g). Then we have

Re ([aφ2
1w]wu, u) ≤ CµRe ([〈µξ′〉κφ2

1w]wu, u) + Cµ3‖〈µD′〉3κ/2u‖2,

Re ([aφ2
j ]

wu, u) ≤ CµRe ([φ2
j 〈µξ′〉κ]wu, u) + Cµ3‖〈µD′〉5κ/2u‖2, j ≥ 2.

Let a ∈ µS(1, g) then we have

‖[a〈µξ′〉κ/2φj ]
wu‖2 ≤ Cµ2

Re ([〈µξ′〉κφ2
j ]

wu, u) + Cµ4‖〈µD′〉5κ/2u‖2,

‖[a〈µξ′〉κ/2√wφ1]
wu‖2 ≤ Cµ2

Re ([〈µξ′〉κwφ2
1]

wu, u) + Cµ4‖〈µD′〉3κ/2u‖2, j ≥ 2.

Lemma 4.5 ([3]). Let j 6= 1 and a ∈ µS(1, g). Then

Re ([aφ1φj ]
wu, u) ≤ CµRe ([φ2

j 〈µξ′〉κ]wu, u)

+CµRe ([φ2
1w〈µξ′〉κ]wu, u) + Cµ3‖〈µD′〉3κ/2u‖2.

Lemma 4.6. Let a ∈ µS(〈µξ ′〉w, g). Then for j 6= 1 we have

Re ([aφj ]
wu, u) ≤ Cµ1/2

Re ([φ2
j 〈µξ′〉κ]wu, u) + Cµ1/2

Re ([φ2
1w〈µξ′〉κ]wu, u)

+Cµ3/2‖〈µD′〉7κ/2u‖2 + Cµ7/2‖〈µD′〉3κ/2u‖2.
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P r o o f. Let us write

aφj = Re (µ1/4〈µξ′〉κ/2φj#µ
−1/4〈µξ′〉−κ/2a) + µ3S(〈µξ′〉2κ, g)

and hence

Re ([aφj ]
wu, u) ≤ µ1/2‖[〈µξ′〉κ/2φj]

wu‖2

+µ−1/2‖[〈µξ′〉−κ/2a]wu‖2 + Cµ3‖〈µD′〉κu‖2.

Note that 〈µξ′〉−κ/2a#〈µξ′〉−κ/2a = 〈µξ′〉−κa2 + µ4S(〈µξ′〉3κ, g) and write

〈µξ′〉−κa2 = (w−2a2〈µξ′〉−2)w2〈µξ′〉2−κ

= b(〈µξ′〉−2φ2
1 + 〈µξ′〉−δ)〈µξ′〉2−κ

= b〈µξ′〉−2κw−1(φ2
1w〈µξ′〉κ) + b〈µξ′〉2−δ−κ

where b = w−2a2〈µξ′〉−2 ∈ µ2S(1, g). Since 2 − δ − κ = 7κ thanks to Lemma 4.4
we get

µ−1/2‖[〈µξ′〉−κ/2a]wu‖2 ≤ Cµ3/2
Re ([φ2

1w〈µξ′〉κ]wu, u)

+Cµ7/2‖〈µD′〉3κ/2u‖2 + Cµ3/2‖〈µD′〉7κ/2u‖2.

Then we get the assertion. �

We now estimate {ξ0 + φ1Φ, φ
2
j}, {ξ0 + φ1Φ, wφ

2
1}. Recall that

ξ0 + φ1Φ = ξ0 + φ1 − φ1ψ.

We first estimate {ξ0 +φ1, φ
2
j} and {ξ0 +φ1, wφ

2
1}. From the assumption we have

{ξ0 + φ1, φ
2
j} = 2{ξ0 + φ1, φj}φj =

r
∑

k=1

Cjkφkφj

where Cjk ∈ µS(1, g0). Note that for j, k ≥ 2

Re ([Cjkφkφj ]
wu, u) ≤ CµRe ([φ2

k]
wu, u)

+CµRe ([φ2
j ]

wu, u) + Cµ3‖u‖2.

For Cj1φ1φj we apply Lemma 4.5 to get

Re ([Cj1φ1φj]
wu, u) ≤ CµRe ([φ2

j 〈µξ′〉κ]wu, u)

+CµRe ([φ2
1w〈µξ′〉κ]wu, u) + Cµ3‖〈µD′〉5κ/2u‖2.
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We turn to consider

{ξ0 + φ1, wφ
2
1} = 2{ξ0 + φ1, φ1}φ1w + {ξ0 + φ1, w}φ2

1.

For the first term of the right-hand side we remark that

{ξ0 + φ1, φ1} =

r
∑

k=1

C1kφk

and apply Lemma 4.5 and Lemma 4.4. Recalling w =
√

φ2
1〈µξ′〉−2 + 〈µξ′〉−δ we

have

{ξ0 + φ1, w} =
1

2
w−1{ξ0 + φ1, 〈µξ′〉−2φ2

1 + 〈µξ′〉−δ}

=
1

2
w−1{φ1, 〈µξ′〉−2}φ2

1 + w−1{ξ0 + φ1, φ1}φ1〈µξ′〉−2

+
1

2
w−1{φ1, 〈µξ′〉−δ}.

Note that w−1{φ1, 〈µξ′〉−2}φ2
1, w

−1{φ1, 〈µξ′〉−δ} ∈ µS(w, g) and apply Lemma
4.4 to w−1{φ1, 〈µξ′〉−2}φ4

1 and w−1{φ1, 〈µξ′〉−δ}φ2
1. Note that

w−1{ξ0 + φ1, φ1}φ3
1〈µξ′〉−2 =

r
∑

k=1

Tkφkφ1

with Tk ∈ µS(w, g) and apply Lemma 4.5 and Lemma 4.4.

We next estimate {φ1ψ, φ
2
j} and {φ1ψ,wφ

2
1}. Let us consider for j ≥ 2

{φ1ψ, φ
2
j} = 2{φ1, φj}φjψ + 2{ψ, φj}φjφ1.

Write

{φ1, φj}φjψ = Re (〈µξ′〉κ/2φj#{φ1, φj}ψ〈µξ′〉−κ/2) + µ3S(〈µξ′〉2κ, g)

and note that

{φ1, φj}2ψ2〈µξ′〉−κ = ({φ1, φj}2ψ2〈µξ′〉−2w−2)w2〈µξ′〉2−κ

= Tw2〈µξ′〉2−κ = T (〈µξ′〉−2φ2
1 + 〈µξ′〉−δ)〈µξ′〉2−κ

= (Tw−1〈µξ′〉−2κ)w〈µξ′〉κφ2
1 + T 〈µξ′〉2−δ−κ
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with T = {φ1, φj}2ψ2〈µξ′〉−2w−2 ∈ µ2S(1, g) and hence we have Tw−1〈µξ′〉−2κ ∈
µ2S(1, g), T 〈µξ′〉2−δ−κ ∈ µ2S(〈µξ′〉7κ, g). We now apply Lemma 4.5. We turn to
consider

{φ1ψ, φ
2
1w} = {φ1, w}φ2

1ψ + {ψ,w}φ3
1 + 2{ψ, φ1}φ2

1w.

Note that {φ1, w}, {ψ, φ1} ∈ µS(1, g) , {ψ,w}φ1 ∈ µS(w, g) and apply Lemma
4.4. We summarize

Proposition 4.1. We have

|Re ({ξ0 + φ1Φ, φ
2
j}wu, u)|, |Re ({ξ0 + φ1Φ, wφ

2
1}wu, u)|

≤ Cµ







r
∑

j=2

Re ([〈µξ′〉κφ2
j ]

wu, u) + Re ([w〈µξ′〉κφ2
1]

wu, u)







+Cµ2‖〈µD′〉7κ/2u‖2.

4.2. Energy inequality (proof of Theorem 1.2.). Let us consider

P = −MΛ +BΛ +Q

where

Λ = D0 − i〈µD′〉κ − λ.

Proposition 4.2 ([3]). We have

2Im (Pv,Λv) =
d

dx0
(||Λv||2 + (ReQv, v))

+2||〈µD′〉κ/2Λv|| + 2Re (〈µD′〉κReQv, v)

+2(ImBΛv,Λv) + 2(ImmΛv,Λv) + 2Re (Λv, ImQv)

+Im ([D0 − Reλ,ReQ]v, v) + 2Re (ReQv, Im λv).

Let us denote Λ = (ξ0 + φ1Φ)w = D0 − λw, M = (ξ0 −φ1Φ)w = D0 −mw

then thanks to Lemma 4.2 we see that

(ξ0 − φ1Φ)#(ξ0 + φ1Φ) = ξ2
0 − φ2

1Φ
2 +

1

2i
{ξ0 − φ1Φ, ξ0 + φ1Φ} + µ2S(1, g)
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and from (4.5) it follows that {ξ0, φ1} = µ
∑r

j=1Cjφj and hence

{ξ0 − φ1Φ, ξ0 + φ1Φ} = µ

r
∑

j=1

Cjφj , Cj ∈ S(1, g).

Noting that P = (p+ Psub)
w + µ2S(1, g0) and (4.6) one can write

P = −MΛ +





r
∑

j=2

φ2
j + wφ2

1 + P s
1 +R





w

+ µ2S(1, g)

where R = µ
∑r

j=0Cjφj , Cj ∈ S(1, g). We rewrite C0φ0 = C0ξ0 as

C0ξ0 = C0#(ξ0 + φ1Φ) −C0Φφ1 + µ2S(〈µξ′〉2κ, ḡ)

which gives

P = −MΛ +BΛ +Q,(4.9)

Q =





r
∑

j=2

φ2
j + wφ2

1 + P s
1 +R





w

+ µ2S(〈µξ′〉2κ, ḡ)

where B ∈ µS(1, g) and

(4.10) R =

r
∑

j=1

cjφj, cj ∈ µS(1, g).

Here we note that by Lemma 3.1 with f(x, ξ ′, µ) = φ1(x, ξ
′, µ)〈µξ′〉−1 we have

w ∈ γ(1/κ)S(1, ḡ). We now conjugate e−x0〈µD′〉κ = eφ to P ;

eφPe−φ = −eφMe−φeφΛe−φ + eφBe−φeφΛe−φ + eφQe−φ.

Let us denote eφMe−φ, eφΛe−φ, eφBe−φ, eφQe−φ by M , Λ, B, Q again. We first
study

M = eφ(D0 −mw)e−φ = D0 − i〈µD′〉κ − eφmwe−φ.

Since m ∈ S(w〈µξ′〉, g) we apply Proposition 3.1 for Weyl calculus with δ =
2/3 = 4κ. Then we have

(4.11) eφmwe−φ = −[m0 +m1 +m2]
w, m0 = −φ1Φ
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where m1 ∈ µS(〈µξ′〉κ, g) is pure imaginary and m2 ∈ µ2S(〈µξ′〉−κ, ḡ) by Propo-
sition 3.1 where we recall ḡ = 〈µξ ′〉4κg0. Let us consider

Λ = eφ(D0 − λw)e−φ = D0 − i〈µD′〉κ − eφλwe−φ.

Since λ ∈ S(w〈µξ′〉, g) repeating the same arguments we have

(4.12) eφλwe−φ = −[λ0 + λ1 + λ2]
w, λ0 = φ1Φ

where λ1 ∈ µS(〈µξ′〉κ, g) is pure imaginary and λ2 ∈ µ2S(〈µξ′〉−κ, ḡ). An imme-
diate consequence of Proposition 3.1 is B ∈ µS(1, ḡ).

We now consider eφQe−φ. Note that

eφ[φ2
j ]

we−φ = [φ2
j + ajφj + rj]

w

where aj ∈ µS(〈µξ′〉κ, g) is pure imaginary and rj ∈ µ2S(〈µξ′〉2κ, ḡ). We next
consider

eφ[wφ2
1]

we−φ = [wφ2
1 + a1wφ1 + r1]

w

where a1 ∈ µS(〈µξ′〉κ, g) is pure imaginary and r1 ∈ µ2S(w〈µξ′〉2κ, ḡ). Since
P s

1 ∈ µS(〈µξ′〉, g0) we have eφ[P s
1 ]we−φ = [P s

1 + r2]
w where r2 ∈ µ2S(〈µξ′〉κ, ḡ)

and

eφRe−φ =





r
∑

j=1

cjφj + r̃





w

where cj ∈ µS(1, ḡ) and r̃ ∈ µ2S(〈µξ′〉3κ, ḡ). One can write

(4.13) eφQe−φ =





r
∑

j=2

φ2
j + wφ2

1 + P s
1 +

r
∑

j=2

ajφj + a1wφ1 +

r
∑

j=1

cjφj + r





w

where aj ∈ µS(〈µξ′〉κ, g) are pure imaginary and r ∈ µ2S(〈µξ′〉3κ, ḡ). Let us put

q =

r
∑

j=2

φ2
j + wφ2

1 + P s
1 = q0 + P s

1 , q1 =

r
∑

j=2

ajφj + a1wφ1, q2 =

r
∑

j=1

cjφj.

We summarize

Proposition 4.3. We can write

eφPe−φ = −MΛ +BΛ +Q
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with B ∈ µS(1, ḡ) and

M = D0 − i〈µD′〉κ + [m0 +m1 +m2]
w = D0 − i〈µD′〉κ −mw,

Λ = D0 − i〈µD′〉κ + [λ0 + λ1 + λ2]
w = D0 − i〈µD′〉κ − λw

where m1, λ1 ∈ µS(〈µξ′〉κ, g) are pure imaginary and m2, λ2 ∈ µ2S(〈µξ′〉−κ, ḡ).
As for Q we have

Q = [q + q1 + q2 + r]w, q =

r
∑

j=2

φ2
j + wφ2

1 + P s
1 = q0 + P s

1 ,

q1 =

r
∑

j=2

ajφj + a1wφ1, q2 =

r
∑

j=1

cjφj

where aj ∈ µS(〈µξ′〉κ, g) are pure imaginary, cj ∈ µS(1, ḡ), r ∈ µ2S(〈µξ′〉3κ, ḡ).

Here we note

−2Im (Λw,w) =
d

dx0
‖w‖2 + 2‖〈µD′〉κ/2w‖2 + 2(Im λw,w)

and from this it follows that

α−1‖〈µD′〉−κ/2Λ〈µD′〉κw‖2 ≥ d

dx0
‖〈µD′〉κw‖2(4.14)

+(2 − α)‖〈µD′〉3κ/2w‖2 + 2(Im λ〈µD′〉κw, 〈µD′〉κw)

with a small 0 < α (< 2). Since Im λ ∈ µS(〈µξ ′〉κ, g) one sees that

α−1‖〈µD′〉−κ/2Λ〈µD′〉κu‖2 ≥ d

dx0
‖〈µD′〉κu‖2 + (2 − α− Cµ)‖〈µD′〉3κ/2u‖2.

Since
〈µD′〉−κ/2Λ〈µD′〉κ = 〈µD′〉κ/2Λ + 〈µD′〉−κ/2[Λ, 〈µD′〉κ]

and noting λ0 ∈ S(w〈µξ′〉, g) and hence [Λ, 〈µD′〉κ] ∈ µS(〈µξ′〉κ, ḡ) we have

‖〈µD′〉−κ/2[Λ, 〈µD′〉κ]u‖2 ≤ Cµ‖〈µD′〉κ/2u‖2.

Then we have

Lemma 4.7. We have

(4.15) ‖〈µD′〉κ/2Λu‖2 ≥ d

dx0
‖〈µD′〉κu‖2 + (1 −Cµ)‖〈µD′〉3κ/2u‖2.
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Since Imm ∈ µS(〈µξ′〉κ, ḡ) it follows that

(4.16) |2(ImmΛu,Λu)| ≤ Cµ‖〈µD′〉κ/2Λu‖2.

Let us study 2Re (Λu, ImQu). Note that |2Re (Λu, ImQu)| ≤ µ‖〈µD ′〉κ/2Λu‖2 +
µ−1‖〈µD′〉−κ/2

ImQu‖2. Recall that ImQ = [q1+Im q2+r1]
w with r1 ∈ µ2S(〈µξ′〉3κ,

ḡ). Remark that with q′2 = Im q2

〈µξ′〉−κ/2#(q1 + q′2 + r1) = 〈µξ′〉−κ/2(q1 + q′2) + µ2S(〈µξ′〉5κ/2, ḡ)

because q1 ∈ µS(〈µξ′〉1+κ, g). Here we remark that

〈µξ′〉−κ/2c1φ1 =
(

c1〈µξ′〉−κw−1/2
)(

〈µξ′〉κ/2w1/2φ1

)

where c1〈µξ′〉−κw−1/2 ∈ µS(1, g). Applying Lemma 4.4 to ‖[〈µξ ′〉−κ/2(q1 +
q′2)]

wu‖2 to get

Lemma 4.8. We have

|2Re (Λu, ImQu)| ≤ µ‖〈µD′〉κ/2Λu‖2 + Cµ
{

r
∑

j=2

Re ([〈µξ′〉κφ2
j ]

wu, u)

+Re ([〈µξ′〉κwφ2
1]

wu, u)
}

+ Cµ3‖〈µD′〉5κ/2u‖2.

Let us consider Re (ReQu, Im λu). From Proposition 4.3 we have

ReQ =
r

∑

j=2

φ2
j + wφ2

1 + µS(〈µξ′〉, ḡ) = q0 + µS(〈µξ′〉, ḡ)

and Imλ ∈ µS(〈µξ′〉κ, ḡ) hence it is clear that it suffices to study Re ([q0]
wu, Im λu)

modulo µ2‖〈µD′〉7κ/2u‖2 because 1 + κ = 7κ. Since one can write

Im λ = λ1 + µNS(〈µξ′〉1−3Nκ+2nκ, ḡ), λ1 ∈ µS(〈µξ′〉κ, g)

for any N we may assume Im λ = λ1 ∈ µS(〈µξ′〉κ, g) modulo µ2‖〈µD′〉7κ/2u‖2.
Note that

Re (λ1#q0) = λ1q0 + µ3S(〈µξ′〉5κ, g).

Applying Lemma 4.4 we get
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Lemma 4.9. We have

|2Re (ReQu, Im λu)| ≤ Cµ
{

r
∑

j=2

Re ([〈µξ′〉κφ2
j ]

wu, u)

+Re ([〈µξ′〉κwφ2
1]

wu, u)
}

+ Cµ2‖〈µD′〉7κ/2u‖2.

We now estimate Im ([D0 − Reλ,ReQ]u, u). Note that one can write

ReQ = q + q′′2 + r + µNS(〈µξ′〉2−3Nκ+2nκ, ḡ), r ∈ µ2S(〈µξ′〉3κ, g),

Reλ = −λ0 − λ2 + µNS(〈µξ′〉1−3Nκ+2nκ, ḡ), λ2 ∈ µ2S(〈µξ′〉−κ, g)

where q′′2 = Re q2. This proves that |Im ([D0 − Reλ,ReQ]u, u)| = |Re ({ξ0 −
Reλ,ReQ}wu, u)| modulo µ3‖〈µD′〉2κu‖2. Note that

{ξ0 − Reλ,ReQ} = {ξ0 − λ0, q + q′′2} − {λ2, q} + µ3S(〈µξ′〉5κ, ḡ).

Since one can write {λ2, q} =
∑r

j=2 aj〈µξ′〉κφj + a1〈µξ′〉κwφ1 + µ3S(〈µξ′〉κ, ḡ)
with aj ∈ µ3S(1, g) and {ξ0 − λ0, q

′′
2} =

∑r
j=1 cjφj + µ2S(〈µξ′〉, ḡ) with cj ∈

µ2S(w−1, g) ⊂ µ2S(〈µξ′〉2κ, ḡ) and {ξ0−λ0, P
s
1 } ∈ µ2S(〈µξ′〉, ḡ) we have, recalling

q = q0 + P s
1 and 3κ = 1/2

|Im ([D0 − Reλ,ReQ]u, u)| ≤ |Re ({ξ0 − λ0, q0}wu, u)|

+Cµ2
{

r
∑

j=2

‖[φj ]
wu‖2 + ‖[

√
wφ1]

wu‖2 + ‖〈µD′〉1/2u‖2
}

≤ |Re ({ξ0 − λ0, q0}wu, u)|

+Cµ2
{

r
∑

j=2

Re ([φ2
j ]

wu, u) + Re ([wφ2
1]

wu, u) + ‖〈µD′〉1/2u‖2
}

.

Thanks to Proposition 4.1 we conclude that (note that 1/2 < 7κ/2)

Lemma 4.10. We have

|Im ([D0 − Re λ,ReQ]u, u)| ≤ Cµ
{

r
∑

j=2

Re ([〈µξ′〉κφ2
j ]

wu, u)

+Re ([w〈µξ′〉κφ2
1]

wu, u)
}

+ Cµ2‖〈µD′〉7κ/2u‖2.
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It remains to estimate Re (〈µD′〉κReQu, u). We first note that

|Re (〈µD′〉κ[q′′2 ]wu, u)| ≤ Cµ
{

r
∑

j=2

‖[φj ]
wu‖2

+‖[
√
w〈µξ′〉κ/2φ1]

wu‖2 + µ‖〈µD′〉3κ/2u‖2
}

and hence it is enough to estimate Re (〈µD ′〉κqwu, u) modulo µ‖〈µD′〉3κ/2u‖2.
Note that

Re (〈µξ′〉κ#φ2
j) = 〈µξ′〉κφ2

j + µ2S(〈µξ′〉κ, g)

= 〈µξ′〉κ/2φj#〈µξ′〉κ/2φj + µ2S(〈µξ′〉κ, g),

Re (〈µξ′〉κ#wφ2
1) = 〈µξ′〉κwφ2

1 + µ2S(w〈µξ′〉κ, g)

and hence

Re (〈µD′〉κqw
0 u, u) ≥

r
∑

j=2

‖[〈µξ′〉κ/2φj ]
wu‖2

+Re ([〈µξ′〉κwφ2
1]

wu, u) − Cµ2‖〈µD′〉κ/2u‖2.

With ψi = 〈µξ′〉κ/2φi note that 2Im (ψw
2i−1u, ψ

w
2iu) = −i([ψw

2i, ψ
w
2i−1]u, u) and

−i[ψw
2i, ψ

w
2i−1] = {ψ2i−1, ψ2i}w + µ3S(〈µξ′〉κ−1, g0).

Recall that {ψ2i−1, ψ2i} = {φ2i−1, φ2i}〈µξ′〉κ + c1φ2i−1 + c2φ2i where
cj ∈ µS(〈µξ′〉κ, g0), i = 1, . . . , k and {φ2i−1, φ2i} ≥ (µi − ε1)µ〈µξ′〉. Thus we
have

Re ([{φ2i−1, φ2i}〈µξ′〉κ]wu, u) ≤ ‖ψw
2i−1u‖2 + ‖ψw

2iu‖2

+Cµ{‖ψw
2iu‖2 + ‖ψw

2i−1u‖2 + ‖〈µD′〉κ/2u‖2}.

Let us denote a = {φ2i−1, φ2i}〈µξ′〉κ−(µi−ε1)µ〈µξ′〉7κ. Since 0 ≤ a ∈ µS(〈µξ′〉7κ,
g0), noting that 〈ξ′〉µ = µ−1〈µξ′〉, 7κ− 1 = κ we see

0 ≤ b = µ−2〈µξ′〉1−7κa ∈ S(〈ξ′〉µ, g0),

a = µ〈µξ′〉κ/2#b#µ〈µξ′〉κ/2 + µ3S(〈µξ′〉−5κ, g0).
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Thus from the sharp G̊arding inequality (e.g. Theorem 18.6.7 in [4]) it follows
that

Re (awu, u) ≥ Re (bwµ〈µD′〉κ/2u, µ〈µD′〉κ/2u)

−Cµ3‖〈µD′〉−5κ/2u‖2 ≥ −Cµ2‖〈µD′〉κ/2u‖2

and this shows

Re ([{φ2i−1, φ2i}〈µξ′〉κ]wu, u) ≥ µ(µi − ε1)‖〈µD′〉7κ/2u‖2(4.17)

−Cµ2‖〈µD′〉κ/2u‖2.

Summing over i and taking another ε1 we obtain

(

k
∑

i=1

µi − ε1
)

µ‖〈µD′〉7κ/2u‖2 ≤ (1 + Cµ)Re (〈µD′〉κqw
0 u, u)

+Cµ‖〈µD′〉κ/2u‖2.

We turn to Re (〈µD′〉κ[P s
1 ]wu, u). Note that Re 〈µξ′〉κ#P s

1 = 〈µξ′〉κP s
1 +

µ3S(〈µξ′〉−5κ, g0) and 〈µξ′〉κP s
1 ≥ −(

∑k
i=1 µi − ε2)µ〈µξ′〉7κ. Repeating the same

arguments deriving (4.17) we have

Re (〈µD′〉κ[P s
1 ]wu, u) ≥ −(

k
∑

i=1

µi − ε2)µ‖〈µD′〉7κ/2u‖2 − Cµ2‖〈µD′〉κ/2u‖2.

Then we have

Re (〈µD′〉κqwu, u) ≥ (1 − δ)Re (〈µD′〉κqw
0 u, u) + Re (〈µD′〉κ[P s

1 ]wu, u)

+δRe (〈µD′〉qw
0 u, u) ≥ (1 − δ)(1 + Cµ)−1(

k
∑

i=1

µi − ε1)µ‖〈µD′〉7κ/2u‖2

−(

k
∑

i=1

µi − ε2)µ‖〈µD′〉7κ/2u‖2 + δ
{

r
∑

j=2

Re ([〈µξ′〉κφ2
j ]

wu, u)

+Re ([〈µξ′〉κwφ2
1]

wu, u)
}

−Cµ‖〈µD′〉κ/2u‖2.

We take ε1, δ so that (1− δ)(1 +Cµ)−1(
∑k

i=1 µi − ε1) > (
∑k

i=1 µi − ε2) for small
0 < µ ≤ µ0 and hence
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Lemma 4.11. We have

Re (〈µD′〉κReQu, u) ≥ c1µ‖〈µD′〉7κ/2u‖2

+c2

{

r
∑

j=2

Re ([〈µξ′〉κφ2
j ]

wu, u) + Re ([〈µξ′〉κwφ2
1]

wu, u)
}

−Cµ‖〈µD′〉3κ/2u‖2

with some positive ci > 0 for 0 < µ ≤ µ0.

From Lemmas 4.7, 4.8, 4.9, 4.10, 4.11 and (4.16) we have

Proposition 4.4. There exist µ0 > 0, C > 0, c > 0 such that we have

C‖〈µD′〉−κ/2Pu‖2 ≥ d

dx0

{

‖Λu‖2 + (ReQu, u) + ‖〈µD′〉κu‖2
}

+c‖〈µD′〉κ/2Λu‖2 + c
{

r
∑

j=2

Re([φ2
j 〈µξ′〉κ]wu, u) + Re ([φ2

1w〈µξ′〉κ]wu, u)
}

+c‖〈µD′〉3κ/2u‖2 + cµ‖〈µD′〉7κ/2u‖2

for 0 < µ < µ0.

Taking into account that φ2
j 〈µξ′〉κ = φj〈µξ′〉κ/2#φj〈µξ′〉κ/2 +µ2S(〈µξ′〉κ,

g0), φ
2
1w〈µξ′〉κ =

√
wφ1〈µξ′〉κ/2#

√
wφ1〈µξ′〉κ/2 + µ2S(〈µξ′〉3κ, g) it is easy to see

r
∑

j=2

Re ([φ2
j 〈µξ′〉κ]wu, u) + Re ([φ2

1w〈µξ′〉κ]wu, u)

≥ −Cµ2‖〈µD′〉3κ/2u‖2.

The same argument shows that

(ReQu, u) ≥ −Cµ2‖〈µD′〉κu‖2.

Integrating the inequality in Proposition 4.4 from −∞ to t with respect to x0 we
get

C

∫ t

−∞
‖〈µD′〉−κ/2Pu‖2dx0 ≥

{

‖Λu(t, ·)‖2 + c‖〈µD′〉κu(t, ·)‖2
}

+c

∫ t

−∞

{

‖〈µD′〉κ/2Λu‖2 + ‖〈µD′〉3κ/2u‖2 + µ‖〈µD′〉7κ/2u‖2
}

dx0
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for 0 < µ < µ0. Returning to the original P = −MΛ +BΛ +Q and replacing u
by e−x0〈µD′〉κu we obtain

Proposition 4.5. We have

C

∫ t

−∞
‖〈µD′〉−κ/2e−x0〈µD′〉κPu‖2dx0

≥
{

‖e−t〈µD′〉κΛu(t, ·)‖2 + c‖〈µD′〉κe−t〈µD′〉κu(t, ·)‖2
}

+c

∫ t

−∞

{

‖〈µD′〉κ/2e−x0〈µD′〉κΛu‖2 + ‖〈µD′〉3κ/2e−x0〈µD′〉κu‖2

+µ‖〈µD′〉7κ/2e−x0〈µD′〉κu‖2
}

dx0

for 0 < µ < µ0.

Since we have the same a priori estimate for P ∗, applying the standard
duality arguments we can prove Theorem 1.2.
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