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Abstract. In this survey article we discuss some recent results concerning
strong spectral estimates for Ruelle transfer operators for contact flows on
basic sets similar to these of Dolgopyat obtained in the case of Anosov flows
with C1 stable and unstable foliations. Some applications of Dolgopyat’s
results and the more recent ones are also described.

1. Introduction. Let M be a C2 complete (not necessarily compact)
Riemann manifold and let φt : M −→ M (t ∈ R) be a C2 contact flow on
M , i.e. there exists a smooth (C2) flow-invariant one-form ω on M such that
ω ∧ (dω)n 6= 0 on M , where dim(M) = 2n + 1. A subset Λ of M is called a
basic set for φt if Λ is a locally maximal compact invariant hyperbolic subset of
M which is not a single closed orbit and φt is transitive on Λ.
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Let ‖ · ‖ be the norm on TxM determined by the Riemann metric on M
and let Eu(x) and Es(x) (x ∈ Λ) be the tangent spaces to the strong unstable
and stable manifolds W u

ε (x) and W s
ε (x), respectively (see Sect. 2).

Let R = {Ri}ki=1 be a Markov family for φt near Λ consisting of rectangles
Ri = [Ui, Si], where Ui (resp. Si) are subsets of Λ ∩ W u

ε (zi) and Λ ∩W s
ε (zi),

respectively, for some zi ∈ Λ and ε > 0 (see Sect. 2 for details). Assuming
that the local stable and unstable laminations over Λ are Lipschitz, the first
return time function τ : R = ∪ki=1Ri −→ [0,∞) and the standard Poincaré map
P : R −→ R are (essentially) Lipschitz. Setting U = ∪ki=1Ui, the shift map
σ : U −→ U is defined by σ = p ◦ P, where p : R −→ U is the projection along
the leaves of local stable manifolds. Given a Lipschitz real-valued function f on
U , set g = f − Pτ , where P ∈ R is the unique number such that the topological
pressure of g with respect to σ is zero (cf. e.g. [37]).

For a, b ∈ R, one defines the Ruelle operator Lg−(a+ib)τ : CLip(U) −→
CLip(U) in the usual way (cf. Sect.2.). Here CLip(U) is the space of Lipschitz
functions g : U −→ C. By Lip(g) we denote the Lipschitz constant of g and by
‖g‖ the standard sup norm of g. Given b ∈ R \ {0}, consider the norm

‖h‖Lip,b = ‖h‖0 +
Lip(h)

|b| ,

on CLip(U).
In his PhD thesis [14] and subsequently in [15] Dmitry Dolgopyat consid-

ered the case of a transitive Anosov flow on a compact manifold (i.e. the case
Λ = M) with C1 jointly non-integrable stable and unstable foliations (see Sect.
2 for the definitions). Instead of CLip(U), Dolgopyat considered the space C1(U)
with the norm ‖h‖1,b = ‖h‖0 +‖dh‖/|b|. The first of his results stated below con-
cerns the potential f = 0 which corresponds to the so called Sinai-Bowen-Ruelle
measure on M (see Sect. 2 for details).

Theorem 1.1 ([15]). Let φt : M −→ M be a transitive Anosov flow on
a compact Riemann manifold with C1 jointly non-integrable stable and unstable
foliations and let g = −P τ (i.e. f = 0). Then for every ε > 0 there exist
constants ρ ∈ (0, 1), a0 ∈ (0, 1) and C > 0 such that for every integer m > 0 and
every h ∈ C1(U), if a, b ∈ R, are such that |a| ≤ a0, |b| ≥ 1/a0, then

‖Lm−(P+a+ib)τh‖1,b ≤ C ρm |b|ε ‖h‖1,b.

In particular, the spectral radius of L−(P+a+ib)τ in C1(U) does not exceed ρ < 1.
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An important case when the assumptions in the above theorem are ful-
filled is that of the geodesic flow on a compact Riemann manifold X whose
sectional curvature is negative and satisfies the so called 1/4-pinching condition,
i.e. the sectional curvature is always in [−k,−k/4) for some constant k > 0. By
a well-known result of Hirsch and Pugh [22], in this case the stable and unstable
foliations are always C1. In fact, when dim(X) = 2 the latter is true without
assuming the 1/4-pinching condition ([22]).

Theorem 1.2 ([14], [15]). Let X be a compact surface of negative cur-
vature and let φt : M = S(X) −→ M be the geodesic flow on its sphere bundle.
For any f ∈ C1(U) and any ε > 0 there exist constants ρ ∈ (0, 1), a0 ∈ (0, 1) and
C > 0 such that for every integer m > 0 and every h ∈ C 1(U), if a, b ∈ R, are
such that |a| ≤ a0, |b| ≥ 1/a0, then

‖Lmf−(P+a+ib)τh‖Lip,b ≤ C ρm |b|ε ‖h‖Lip,b.

In particular, the spectral radius of L−(P+a+ib)τ in C1(U) does not exceed ρ < 1.

As consequences of these results Dolgopyat [14], [15] obtained exponential
decay of correlations for the flow φt : M −→ M ; see Sect. 2 below for details.
In fact, these consequences appear to be the main motivation for the work of
Dolgopayt and are stated as the main results in [14] and [15].

Dolgopyat’s results on decay of correlations were preceded by these of
Chernov [10] establishing sub-exponential decay of correlations for certain Anosov
flows. Further results in this direction were established by Young [61], [62],
Liverani [31] ond others – see Sect. 3 below for some other references. Liverani
[31] proved exponential decay of correlations for any Hölder continuous potentials
for contact Anosov flows on compact Riemann manifolds. To my knowledge
this has been the strongest and most general result for exponential decay of
correlations for flows so far.

For general information on various types of decay of correlations, the
reader is referred to the survey article of Baladi [3] (cf. also the Addendum by
Dolgopyat and Pollicott [17]).

Unlike the applications of Theorems 1.1 and 1.2 concerning decay of cor-
relations, there are other applications for which it is not known whether they can
be replaced by something else. For example, it has been well known since Dolgo-
pyat’s paper [15] that the strong spectral estimates for Ruelle transfer operators
in Theorems 1.1 and 1.2 lead to deep results concerning zeta functions and re-
lated topics which are difficult to obtain by other means. For example, Theorem
1.1 is fundamental in the works [43] and [45] of Pollicott and Sharp dealing with
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geodesic flows on compact surfaces of negative curvature. These applications are
described in Sect. 3 below.

Sect. 2 contains some basic definitions and terminology. As mentioned
above, Sect. 3 describes some applications of Theorems 1.1 and 1.2. Sect. 4 is
devoted to some more recent results similar to Dolgopyat’s however concerning
flows on basic sets which are not necessarily manifolds. There we first deal with
open billiard flows in R

n \K, where K is a finite disjoint union of strictly convex
compact bodies with smooth boundaries satisfying an additional (no eclipse)
condition. This is followed by a short discussion of the case of geodesic flows
on manifolds of constant negative curvature. Finally, we describe some recently
obtained ([58]) analogue of Theorem 1.1. for contact flows on basic sets satisfying
some additional conditions – this is Theorem 4.4 which is the main point in Sect. 4.

Open billiard flows appear naturally in [41], where a link is established
between the existence of analytic continuations (in certain related regions in the
complex plane) of a zeta function on one side and the cut-off resolvent of the
Dirichlet Laplacian in R

n \K on the other. The main result of [41] is described
in Sect. 5 below. The strong spectral estimates in Theorem 4.4 (applied to open
billiard flows) play a crucial role there.

Sect. 6 contains a sketch of the proof of Theorem 4.4.

2. Markov families and Gibbs measures. Throughout this paper
M denotes a C2 complete (not necessarily compact) Riemann manifold, and
φt : M −→ M (t ∈ R) a C2 flow on M . A φt-invariant closed subset Λ of
M is called hyperbolic if Λ contains no fixed points and there exist constants
C > 0 and 0 < λ < 1 such that there exists a dφt-invariant decomposition
TxM = E0(x) ⊕ Eu(x) ⊕ Es(x) of TxM (x ∈ Λ) into a direct sum of non-zero
linear subspaces, where E0(x) is the one-dimensional subspace determined by the
direction of the flow at x, ‖dφt(u)‖ ≤ C λt ‖u‖ for all u ∈ Es(x) and t ≥ 0, and
‖dφt(u)‖ ≤ C λ−t ‖u‖ for all u ∈ Eu(x) and t ≤ 0.

The flow φt is called an Axiom A flow on M if the non-wandering set of
φt (see e.g. [28]) is a disjoint union of a finite set consisting of fixed hyperbolic
points and a compact hyperbolic subset containing no fixed points in which the
periodic points are dense.

A non-empty compact φt-invariant hyperbolic subset Λ of M which is not
a single closed orbit is called a basic set for φt if φt is transitive on Λ (that is,
φt has a dense orbit in Λ) and Λ is locally maximal, i.e. there exists an open
neighbourhood V of Λ in M such that Λ = ∩t∈Rφt(V ). According to Smale’s
spectral decomposition theorem (see e.g. [28]), if the non-wandering set Ω of an
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Axiom A flow φt is compact and F is the (finite) set of fixed hyperbolic points of
the flow, then Ω \ F is a finite disjoint union of basic sets. If M is compact and
is itself a basic set, then φt is called an Anosov flow.

For x ∈ Λ and a sufficiently small ε > 0 let

W s
ε (x) = {y ∈M : d(φt(x), φt(y)) ≤ ε for all t ≥ 0, d(φt(x), φt(y))→t→∞ 0},

W u
ε (x) = {y ∈M : d(φt(x), φt(y)) ≤ ε for all t ≤ 0, d(φt(x), φt(y))→t→−∞ 0}

be the (strong) stable and unstable manifolds of size ε.

In general W s
ε (x) and W u

ε (x) depend Hölder continuously on x ∈ Λ,
however throughout we always assume that W s

ε (x) and W u
ε (x) are Lispchitz

in x ∈ Λ (which is a consequence of the condition (P) anyway; see [23] or [46]).

For any A ⊂M and I ⊂ R denote φI(A) = { φt(y) : y ∈ A, t ∈ I }.
It follows from the hyperbolicity of Λ (cf. [28]) that if ε > 0 is sufficiently

small, there exists δ > 0 such that if x, y ∈ Λ and d(x, y) < δ, then W s
ε (x) and

φ[−ε,ε](W
u
ε (y)) intersect at exactly one point [x, y] ∈ Λ. That is, there exists a

unique t ∈ [−ε, ε] such that φt([x, y]) ∈W u
ε (y). Setting ∆(x, y) = t, defines the so

called temporal distance function ([27], [10], [15]). For x, y ∈ Λ with d(x, y) < δ,
define

πy(x) = [x, y] = W s
ε (x) ∩ φ[−ε,ε](W

u
ε (y)).

Thus, for a fixed y ∈ Λ, πy : W −→ φ[−ε,ε](W
u
ε (y)) is the projection along local

stable manifolds defined on a small open neighbourhood W of y in Λ.

The stable and unstable laminations on Λ (or foliations in the case Λ =
M) are called jointly non-integrable if there exists z ∈ Λ such that ∆ is not
constantly zero on (Λ ∩W u

ε (z)) × (Λ ∩W s
ε (z)).

Given A ⊂ Λ we will denote by IntΛ(A) and ∂ΛA the interior and the
boundary of the subset A of Λ in the topology of Λ. We will say that A is an
admissible subset of W u

ε (z) (z ∈ Λ) if A coincides with the closure of its interior
in W u

ε (z). Admissible subsets of W s
ε (z) are defined similarly. Following [15], a

subset R of Λ will be called a rectangle if it has the form R = [U, S] = {[x, y] :
x ∈ U, y ∈ S}, where U and S are admissible subsets of W u

ε (z) and W s
ε (z),

respectively, for some z ∈ Λ. For such R, given ξ = [x, y] ∈ R, we will denote
W u
R(ξ) = {[x′, y] : x′ ∈ U} and W s

R(ξ) = {[x, y′] : y′ ∈ U} ⊂W s
ε′(x).

Let R = {Ri}ki=1 be a family of rectangles with Ri = [Ui, Si], Ui ⊂
W u
ε (zi) ∩ Λ and Si ⊂W s

ε (zi) ∩ Λ, respectively, for some zi ∈ Λ. Set R = ∪ki=1Ri.
The family R is called complete if there exists T > 0 such that for every x ∈ Λ,
φt(x) ∈ R for some t ∈ (0, T ]. Thus, τ(x) > 0 is the smallest positive time with
P(x) = φτ(x)(x) ∈ R, and P : R −→ R is the Poincaré map related to the family
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R. The function τ : R −→ [0,∞) is called the first return time associated with
R. Notice that τ is constant on the set W s

Ri
(x), x ∈ Ri. A complete family

R = {Ri}ki=1 of rectangles in Λ is a Markov family of size χ > 0 for the flow φt
if diam(Ri) ≤ χ for all i and: (a) for any i 6= j and any x ∈ Ri ∩ P−1(Rj) we
have P(W s

Ri
(x)) ⊂ W s

Rj
(P(x)) and P(W u

Ri
(x)) ⊃ W u

Rj
(P(x)); (b) for any i 6= j

at least one of the sets Ri ∩ φ[0,χ](Rj) and Rj ∩ φ[0,χ](Ri) is empty.

The existence of a Markov family R of an arbitrarily small size χ > 0 for
φt follows from the construction of Bowen [6] (cf. also Ratner [48]).

From now on we will assume that R = {Ri}ki=1 is a fixed Markov family
for φt. Set

U = ∪ki=1Ui.

The shift map σ : U −→ U is given by σ = π(U) ◦ P, where π(U) : R −→ U is the
projection along stable leaves.

Denote by Û the core of U , i.e. the set of those x ∈ U such that Pm(x) ∈
IntΛ(R) for all m ∈ Z. It is well-known (see [6]) that Û is a residual subset of
U and has full measure with respect to any Gibbs measure on U . Clearly in
general τ is not continuous on U , however τ is Lipschitz on Û . The same applies
to σ : U −→ U . Throughout we will mainly work with the restrictions of τ and
σ to Û .

Let B(Û) be the space of bounded functions g : Û −→ C with its standard
norm ‖g‖0 = supx∈

�

U |g(x)|. Given a function g ∈ B(Û), the Ruelle operator

Lg : B(Û) −→ B(Û) is defined by

(Lgh)(u) =
∑

σ(v)=u

eg(v)h(v).

If g ∈ B(Û) is Lipschitz on Û , then Lg preserves the space CLip(Û) of Lipschitz

functions g : Û −→ C.

In Theorem 1.2 above and its analogues in Sect. 4 below we assume that
f is a fixed function in C1(U) (or CLip(Û ), respectively) and g = f − P τ ,
where P is the unique real number with Prσ(f − P τ) = 0, where Prσ(h) is the
topological pressure of h with respect to the shift map σ (see e.g. [37]).

The set U described above and the shift map σ provide some kind of
symbolic dynamics for the flow φt on Λ which is naturally related to the clas-
sic symbolic coding provided by the Markov family R. Below we describe this
relationship and define Gibbs measures as well.

Let A = (Aij)
k
i,j=1 be the matrix given by Aij = 1 if P(IntΛ(Ri)) ∩
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IntΛ(Rj) 6= ∅ and Aij = 0 otherwise. Consider the symbol space

ΣA = {(ij)∞j=−∞ : 1 ≤ ij ≤ k,Aij ij+1 = 1 for all j},

with the product topology and the shift map σA : ΣA −→ ΣA given by σA((ij)) =
((i′j)), where i′j = ij+1 for all j. As in [6] one defines a natural surjection π :
ΣA −→ R such that π ◦ σA = P ◦ π on a residual subset of R. Moreover π
is Lispchitz if ΣA is considered with the metric dθ for some θ ∈ (0, 1), where
dθ(ξ, η) = 0 if ξ = η and dθ(ξ, η) = θm if ξi = ηi for |i| ≤ m and m is maximal
with this property. Notice that τ̂ = τ ◦π defines a Lipschitz function on a residual
subset of ΣA, so it has a Lipschitz extension τ̂ : ΣA −→ R+ ([6]).

Let Λ(A, τ) be the quotient space of

Y = {(ξ, s) : ξ ∈ ΣA, 0 ≤ s ≤ τ̂(ξ)} ⊂ ΣA × R

with respect to the equivalence relation identifying (ξ, τ̂ (ξ)) and (σA(ξ), 0) for all
ξ ∈ ΣA. The suspension flow φ̂t : Λ(A, τ) −→ Λ(A, τ) is defined by φ̂t(ξ, s) =
(ξ, s + t), t ∈ R, and it follows from [6] that π has a continuous extention π :
Λ(A, τ) −→ Λ such that φt ◦ π = π ◦ φ̂t for all t ∈ R.

In a similar way one deals with the one-sided subshift of finite type

Σ+
A = {(ij)∞j=0 : 1 ≤ ij ≤ k,Aij ij+1 = 1 for all j ≥ 0},

where the shift map σA : Σ+
A −→ Σ+

A is defined in a similar way: σA((ij)) = ((i′j)),
where i′j = ij+1 for all j ≥ 0. Notice that τ̂(ξ) = τ(π(ξ)) depends only on the
forward coordinates of ξ ∈ ΣA. Indeed, if ξ+ = η+, where ξ+ = (ξj)

∞
j=0, then for

x = π(ξ) and y = π(η) we have x, y ∈ Ri for i = ξ0 = η0 and Pj(x) and Pj(y)
belong to the same Rij for all j ≥ 0. This implies that x and y belong to the
same local stable fibre in Ri and therefore τ(x) = τ(y). Thus, τ̂(ξ) = τ̂(η). In
particular we can also consider τ̂ as a function on Σ+

A such that τ̂ = τ ◦ π on a
residual subset of Σ+

A.

The space of Lipschitz functions on ΣA with respect to the metric dθ will
be denoted by Cθ(ΣA). In a similar way one defines a metric dθ on Σ+

A and the
space of Lipschitz functions Cθ(Σ

+
A).

If π̂ : ΣA −→ Σ+
A is the natural projection, one shows easily that there

exists a continuous surjection π+ : Σ+
A −→ U such that then π+ ◦ π̂ = π(U) ◦ π.

Moreover, σ ◦ π+ = π+ ◦ σ+
A .

Given F ∈ Fα(Λ) for some α > 0, consider the function F̂ = F ◦ π on
Λ(A, τ). Let µ̂ be the Gibbs measure related to F̂ with respect to the suspended
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flow φ̂t, and let P = Prφ̂t
(F̂ ) be the topological pressure of F̂ with respect to φ̂t

(see e.g. [37]). The function

f̂1(ξ) =

∫ τ̂(ξ)

0
F̂ (ξ, s) ds

is in Cθ(ΣA) for some θ ∈ (0, 1) and f̂1 = f1 ◦ π on a residual subset of ΣA,

where f1(x) =
∫ τ(x)
0 F (φs(x)) ds, x ∈ R. It follows from Sinai’s Lemma (see e.g.

Proposition 1.2 in [37]) that there exist f̂ , f̂2 ∈ Cθ1/2(ΣA) such that

f̂1(ξ) = f̂(ξ) + f̂2(σA(ξ))− f̂2(ξ) , ξ ∈ ΣA,

and f̂(ξ) = f̂(η) whenever ξ+ = η+ (i.e. ξj = ηj for all j ≥ 0). That is,

f̂ can be regarded as a function on Σ+
A. Notice that ξ+ = η+ is equivalent

to π(U)(π(ξ)) = π(U)(π(η)). Thus, there exists a function f on U such that
f(π(U)(π(ξ))) = f̂(ξ) for all ξ ∈ ΣA.

Let ν̂ be the Gibbs measure on Σ+
A determined by the function f̂ − P τ̂ .

Then (cf. [37])

dµ̂(ξ, s) =
1

ν̂(τ̂ )
dν̂(ξ) ds, where ν̂(ĝ) =

∫

Σ+
A

ĝ(ξ) dν̂(ξ).

Moreover, we have PrσA
(f̂ − P τ̂) = 0. The Gibbs measures µ̂ and ν̂ give rise

to measures µ and ν on Λ and U , respectively, via the surjections π and π+.
The measures µ and ν are called the Gibbs measures related to F and f − Pτ ,
respectively. It follows from above that Prφt(F ) = P and Prσ(f − Pτ) = 0.

3. Some applications of Dolgopyat’s result. Let M be a smooth
(i.e. at least C2) compact Riemann manifold and φt : M −→ M be an Anosov
flow on M . We say that the flow is topologically weak-mixing if there do not exist
a non-zero a ∈ C and a non-trivial continuous function F : M −→ C such that
F ◦ φt = ei a t F on M . Let hT denote the topological entropy of φt (see e.g. [37]).

The so called Ruelle (or dynamical) zeta function is defined by

(3.1) ζ(s) =
∏

γ

(1− e−s`(γ))−1,

where γ runs over the set of primitive closed orbits of φt : Λ −→ Λ and `(γ) is
the least period of γ.
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Remark. If Λ is a basic set of an Axiom A flow φt, one defines the
Ruelle zeta function again by (3.1), where γ runs over the set of primitive closed
orbits of φt : Λ −→ Λ. Topological weak-mixing is defined as in the case of
Anosov flows.

For topologically weak-mixing Anosov flows Margulis ([32], [33]) proved
that ζ(s) is analytic in Re(s) > hT and has a meromorphic extension to a neigh-
bourhood of the line Re(s) = hT with a single simple pole at s = hT . Moreover,
Margulis showed that

π(λ) = #{γ : `(γ) ≤ λ} ∼ ehT λ

hT λ

as λ → ∞. Parry and Pollicott [36] extended this result to topologically weak-
mixing Axiom A flows on basic sets.

In the case of a geodesic flow on a compact surface, using Dolgopyat’s
Theorem 1.2, Pollicott and Sharp proved a substantially stronger result.

Theorem 3.1 ([43]). Let X be a compact surface of negative curvature
and let φt be the geodesic flow on its sphere bundle. Then the related zeta function
ζ(s) has an analytic and non-vanishing continuation in a half-plane Re(s) > c0

for some c0 < hT except for a simple pole at s = hT . Moreover, there exists
c ∈ (0, hT ) such that

π(λ) = #{γ ∈ P : `(γ) ≤ λ} = li(ehT λ) +O(ecλ)

as λ→∞.

Here P is the set of all primitive closed geodesics on X, and

li(x) =

∫ x

2

du

log u
∼ x

log x
, as x→∞.

Much more precise asymptotics have been obtained with respect to ho-
mology classes. Given a compact Riemann manifold X of negative curvature and
a fixed homology class α ∈ H1(X,Z), consider the counting function

π(λ, α) = #{γ ∈ P : `(γ) ≤ λ, [γ] = α},

where [γ] denotes the homology class determined by γ. The following was es-
tablished independently by Anantharaman [2] and Pollicott and Sharp [44] using
different methods however both relying heavily on Dolgopyat’s Theorem 1.1.

Theorem 3.2 ([2], [44]). Let X be a compact Riemann manifold of neg-
ative sectional curvature and first Betti number b > 0. Assume that the geodesic
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flow φt on M = S(X) has C1 stable and unstable foliations. Then there exist
constants C0 > 0, C1, C2, . . . such that

π(λ, α) =
ehT λ

λb/2




n∑

j=0

Cj

λj/2
+ o(1/λn/2)


 , λ→∞,

for any integer n ≥ 1.

Let again X be a compact Riemann surface of negative curvature, and
let π1(X) be the fundamental group of X. Fix an arbitrary symmetric set Γ of
generators of π1(X). For g ∈ π1(X)\{1}, denote by |g| the length of the minimal
(shortest) word representing g with elements in Γ. For any real numbers a < b
set

π(n, [a, b]) = #{(γ, γ ′) ∈ P × P : |γ|, |γ ′| ≤ n, a ≤ `(γ)− `(γ ′) ≤ b},

Given a sequence εn → 0 with εn > 0 for all n, an interval [a, b] and z ∈ R, set

In(z) = [z + εn a, z + εn b].

The following very delicate result concerning asymptotics of word lengths
for pairs of closed geodesics on surfaces of negative curvature was obtained by
Pollicott and Sharp making a fundamental use of Dolgopayt’s Theorem 1.2.

Theorem 3.3 ([45]). Let φt be as in Theorem 3.1 above. Then there
exist constants h0 > 0 and σ > 0 such that for any a < b and any sequence {εn}
of positive numbers converging to 0 at a subexponential rate, we have

lim
n→∞

sup
z∈R

[
σ n5/2

εn e2h0n
π(n, In(z))−

(b− a) e2h0

√
2π (eh0 − 1)2

· e−z2/2σ2n

]
= 0

as n→∞. In particular,

π(n, In(z)) ∼
(b− a) e2h0 εn√
2π σ (eh0 − 1)2

e2h0n

n5/2

as n→∞.

As another consequence of Theorems 1.1 and 1.2 and the procedure de-
scribed in [15] (see also [14]) one gets exponential decay of correlations for the
flow φt : M −→M .

Given α > 0, denote by Fα(M) the set of Hölder continuous functions
with Hölder exponent α and by ‖h‖α the Hölder constant of h ∈ Fα(M). Given
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a Hölder continuous function F on M let νF be the Gibbs measure determined
by F on M .

Theorem 3.4 ([15]). Under the assumptions in Theorem 1.1, let F = 0
and under the assumptions of Theorem 1.2 let F be an arbitrary Hölder con-
tinuous function on M . Assume in addition that the manifold M and the flow
φt are C5. Then, in each of these cases, for every α > 0 there exist constants
C = C(α) > 0 and c = c(α) > 0 such that

∣∣∣∣
∫

M
A(x)B(φt(x)) dνF (x)−

(∫

M
A(x) dνF (x)

) (∫

M
B(x) dνF (x)

)∣∣∣∣
≤ Ce−ct‖A‖α ‖B‖α

for any two functions A,B ∈ Fα(M).

There has been a considerable activity in recent times to establish ex-
ponential and other types of decay of correlations for various kinds of systems.
Apart from the works referred to in Sect. 1, one should also mention [16], [5],
[19], [18], [34]; see also the references there and Sect. 4 below.

4. Some recent results.

4.1. Eventually contracting Ruelle transfer operators. In this
section we describe some recent results similar to Dolgopyat’s Theorem 1.1 and
1.2 stated in Sect. 1.

Let M be a C2 complete (not necessarily compact) Riemann manifold,
let φt : M −→M be a C2 flow on M , and let Λ be a basic set for φt.

As in Sect. 1, let R = {Ri}ki=1 be a Markov family for φt near Λ consisting
of rectangles Ri = [Ui, Si] of arbitrarily small size ε > 0. Consider again U =
∪ki=1Ui, the shift map σ : U −→ U , the first return function τ , and the core Û of

U . Given a Lipschitz real-valued function f on Û , set g = f − Pτ , where P ∈ R

is the unique number such that the topological pressure of g with respect to σ is
zero, and consider the Ruelle transfer operators Lg−(a+ib)τ (a, b ∈ R) on CLip(Û).

Definition. We will say that the Ruelle (transfer) operators related to
φt : Λ −→ Λ and the potential g on Û are eventually contracting if for every ε > 0
there exist constants ρ ∈ (0, 1), a0 ∈ (0, 1) and C > 0 such that for every integer
m > 0 and every h ∈ CLip(Û), if a, b ∈ R, are such that |a| ≤ a0, |b| ≥ 1/a0,
then

(4.1) ‖Lmf−(P+a+ib)τh‖Lip,b ≤ C ρm |b|ε ‖h‖Lip,b.
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As before, (4.1) implies that the spectral radius of the operator
Lf−(P+a+ib)τ on CLip(Û) does not exceed ρ < 1. Moreover, it follows from the
arguments in [43] and the procedure described in [15] (see also [14]) that flows
on basic sets as in the above definition have the following general properties.

General Properties 4.1. Let φt : Λ −→ Λ be the restriction of an
Axiom A flow to a basic set Λ and U be defined by means of a Markov family R
as above.

(a) Assume that the Ruelle transfer operators related to φt : Λ −→ Λ and
the potential f = 0 on Û (then g = −P τ) are eventually contracting. Then the
zeta function ζ(s) determined by φt : Λ −→ Λ has an analytic and non-vanishing
continuation in a half-plane Re(s) > c0 for some c0 < hT except for a simple pole
at s = hT . Moreover, there exists c ∈ (0, hT ) such that

π(λ) = #{γ ∈ P : `(γ) ≤ λ} = li(ehT λ) +O(ecλ), λ→∞.

(b) Assume that the manifold M and the flow φt are C5 and the Ruelle
transfer operators related to φt : Λ −→ Λ and any Lipschitz potential f on Û
are eventually contracting. Then for any Hölder continuous function F on Λ and
any α > 0 there exist constants C = C(α) > 0 and c = c(α) > 0 such that

(4.2)

∣∣∣∣
∫

Λ
A(x)B(φt(x)) dνF (x)−

(∫

Λ
A(x) dνF (x)

) (∫

Λ
B(x) dνF (x)

)∣∣∣∣
≤ Ce−ct‖A‖α ‖B‖α

for any two functions A,B ∈ Fα(Λ), where νF is the Gibbs measure determined
by F on Λ.

4.2. Open billiard flows. Let K be a subset of R
n of the form K =

K1 ∪K2 ∪ . . . ∪Kk0 , where Ki are compact strictly convex disjoint domains in
R
n with Cp (p ≥ 2) boundaries ∂Ki and k0 ≥ 3. Set Ω = Rn \K.

We will assume that K satisfies the following no-eclipse condition: for
every pair Ki, Kj of different connected components of K the convex hull of
Ki∪Kj has no common points with any other connected component of K. With
this condition, the billiard generated in the exterior of K is sometimes called an
open billiard.

As usual, we will denote by T (Ω) the tangent bundle of Ω and by S(Ω)
its sphere bundle. The billiard flow φt (also known as the broken geodesic flow) is
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defined on S(Ω) (and more generally on T (Ω)\{0}) in the standard way. Clearly
this flow has singularities, however its restriction to the non-wandering set Λ
only has simple discontinuities at reflection points. Moreover, Λ is compact, φt
is hyperbolic and transitive on Λ, and it follows from [55] that φt is non-lattice
and therefore by a result of Bowen [6], it is topologically weak-mixing on Λ. It
is well-known (and not difficult to see) that the cross-sections of Λ transversal to
the flow are Cantor sets.

The following was established using a modification of Dolgopyat’s method
in [15].

Theorem 4.2 ([56]). Let n = 2, K be as above, and let φt : Λ −→ Λ be
the restriction of the billiard flow to the non-wandering set Λ. If U is defined by
means of a Markov family R as above, then the Ruelle transfer operators related
to φt : Λ −→ Λ and any potential f on Û are eventually contracting.

A similar result for open billiard flows in R
n with n > 2 follows from

Theorem 4.4 below, however under some additional assumptions.

It follows from Theorem 4.2 that the open billiard flows in the plane have
the properties (a) and (b) in 4.1. Apart from this, using Theorem 4.2 and some
techniques developed in [45], a result similar to Theorem 3.3 above was proved
in [42] for open billiard flows in the plane.

The motivation for Theorem 4.2 comes from investigations on scattering
resonances. In this area two particular types of chaotic systems have been studied
extensively – geodesic flows on manifolds of constant negative curvature and open
billiard flows. The latter arises in scattering by an obstacle which is a finite union
of strictly convex bodies with smooth boundaries (cf. [24], [39], [40]), while the
former relates to studies on the distribution of resonances for convex co-compact
hyperbolic surfaces or higher dimensional Schottky manifolds (see e.g. [63]), [20],
[21]).

Theorem 4.2 and its multidimensional analogue, which follows from The-
orem 4.4. below, have been recently used in [41] to prove a link between the
existence of analytic continuations (in certain related regions in the complex
plane) of a zeta function (defined by means of the billiard flow on Λ) on one side
and the cut-off resolvent of the Dirichlet Laplacian in R

n \K on the other. See
Sect. 5 below for more details.

What concerns various types of decay of correlations for billiards, it seems
most of the results in this direction concern the corresponding discrete dynamical
system (generated by the billiard ball map from boundary to boundary). The
first of these appears to be that of Bunimovich, Sinai and Chernov [8], where they
established subexponential decay of correlations for a very large class of dispersing
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billiards. More recently, exponential decay of correlations for the billiard ball map
was derived for some classes of dispersing billiards in the plane and on the two-
dimensional torus by Young [61] and Chernov [11] as consequences of their more
general arguments. See also the survey article [13].

Theorem 4.2 above (together with 4.1 (b)) provides a non-trivial class of
billiard flows with exponential decay of correlations for any Hölder continuous po-
tential. To our best knowledge this is the only result of this kind obtained so far.
Very recently Melbourne [34] established rapid decay of correlations for generic
dispersing billiard flows, while Chernov [12] proved subexponential decay of cor-
relations for open billiard flows with finite horizon on the two-dimensional torus.
By rapid decay we mean a decay in (4.2) faster than C t−m ‖A‖α ‖B‖α for any

integer m ≥ 1, while a subexponential decay means a decay ≤ C e−c
√
t ‖A‖α ‖B‖α.

4.3. Geodesic flows on manifolds of constant negative curvature.

Let X be a complete (not necessarily compact) connected Riemann manifold of
constant curvature K = −1 and dimension dim(X) = n + 1, n ≥ 1, and let
φt : M = S(X) −→ M be the geodesic flow on the unit sphere bundle of X.
According to a classical result of Killing and Hopf (cf. e.g. Corollary 2.4.10 in
[60]), any such X is a hyperbolic manifold, i.e. X is isometric to H

n+1/Γ, where
H
n+1 = {(x1, . . . , x1) ∈ R

n+1 : x1 > 0} is the upper half-space in R
n+1 with

the Poincaré metric ds2(x) = 1
x2
1
(dx2

1 + . . . + dx2
1) and Γ is a discrete group of

isometries (Möbius transformations) of H
n+1 acting freely and discontinuously

on H
n+1. Moreover, H

n+1 is isometric to the universal covering of X. See e.g.
[47] for basic information on hyperbolic manifolds. Given a hyperbolic manifold
X = H

n+1/Γ, the limit set L(Γ) is defined as the set of accumulation points of
all Γ orbits in ∂Hn+1, the topological closure of ∂H

n+1 = {0} ×R
n including ∞.

The non-wandering set Λ of φt : M −→ M is the image in M of the set of all
points of S(Hn+1) generating geodesics with end points in L(Γ). In what follows
we will assume that Λ is compact and non-trivial, i.e. L(Γ) has more than two
points and L(Γ) 6= ∂Hn+1; then L(Γ) is a closed non-empty nowhere dense subset
of ∂Hn+1 without isolated points (see e.g. Sect. 12.1 in [47]). The compactness
of Λ is present when Γ is convex cocompact (see e.g. [59]).

Using the method of Dolgopyat [15] and some ideas from [56] to deal
with Cantor sets, Naud [35] showed that on convex cocompact surfaces H

2/Γ the
Ruelle (transfer) operators related to the geodesic flow on the non-wandering set
Λ for the special potential f = 0 (this is the case when g = −P τ , where again the
topological pressure of −P τ is zero) are eventually contracting. (In fact, Naud
considered Ruelle operators on a space of the form C 1(I), where I is a finite
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disjoint union of intervals.)
For convex cocompact hyperbolic manifolds X = H

n+1/Γ of arbitrary
dimension a more general fact was proved in [57] as a consequence of a general
procedure.

Theorem 4.3 ([57]). Let X = H
n+1/Γ be a convex cocompact hyperbolic

manifold, and let φt : Λ −→ Λ be the restriction of the geodesic flow of X to
the non-wandering set Λ ⊂ S(X). If U is defined by means of a Markov family
R, then the Ruelle transfer operators related to φt : Λ −→ Λ and any Lipschitz
potential f on Û are eventually contracting.

The general result proved in [57] is rather technical and we are not going
to discuss it here.

4.4. Contact flows on basic sets. Let again M be a C 2 complete (not
necessarily compact) Riemann manifold and let φt : M −→M be a C2 flow on M .
In this subsection we assume in addition that φt is a contact flow on M , i.e. there
exists a smooth (C2) flow-invariant one-form ω on M such that ω∧ (dω)n 6= 0 on
M , where dim(M) = 2n+ 1.

Consider the following pinching condition for φt on Λ:
(P): There exist constants C > 0 and 0 < α ≤ β such that for every x ∈ Λ we
have

1

C
eαx t ‖u‖ ≤ ‖dφt(x) · u‖ ≤ C eβx t ‖u‖ , u ∈ Eu(x) , t > 0,

for some constants αx, βx > 0 depending on x but independent of u with α ≤
αx ≤ βx ≤ β and 2αx − βx ≥ α for all x ∈ Λ.

Notice that when n = 1 this condition is always satisfied. We should
also remark that, as shown in [22], the 1/4-pinching condition for the sectional
curvature over a basic set for the geodesic flow on a Riemann manifold of negative
curvature implies (P).

A vector b ∈ Eu(z) \ {0} will be called tangent to Λ at z if there exist
infinite sequences {v(m)} ⊂ Eu(z) and {tm} ⊂ R \ {0} such that expuz (tm v

(m)) ∈
Λ ∩W u

ε (z) for all m, v(m) → b and tm → 0 as m → ∞. It is easy to see that a
non-zero vector b ∈ Eu(z)\ is tangent to Λ at z iff there exists a C1 curve z(s),
0 ≤ s ≤ δ, on W u

ε0(z) for some δ > 0 such that z(s) ∈ Λ for arbitrarily small
s > 0 and ż(0) = b.

In the main results below we impose two additional conditions φt and Λ.
The first of these is the following non-flatness condition:
(NF): For every x ∈ Λ there exists εx > 0 such that there is no C1 submanifold
X of W u

εx(x) of positive codimension with Λ ∩W u
εx(x) ⊂ X.
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The following condition says that dω is in some sense non-degenerate on
the ‘tangent space’ of Λ near some its points:

(ND): There exist z0 ∈ Λ, ε > 0 and µ0 > 0 such that for any ẑ ∈ Λ∩W u
ε (z0) and

any unit vector b ∈ Eu(ẑ) tangent to Λ at ẑ there exist z̃ ∈ Λ∩W u
ε (z0) arbitrarily

close to ẑ and a unit vector a ∈ Es(z̃) tangent to Λ at z̃ with |dωz̃(a, bz̃)| ≥ µ0,
where bz̃ is the parallel translate of b along the geodesic in W u

ε (z0) from ẑ to z̃.

Clearly both conditions (NF) and (ND) are always satisfied if n = 1 or
Λ = M . The latter means that M is compact and φt is an Anosov flow on M .

The following result was proved very recently by further developing Dol-
gopyat’s method in [15].

Theorem 4.4 ([58]). Let φt : M −→ M be a contact flow on a C2

complete Riemann manifold and let Λ be a basic set for φt. Assume that Λ
satisfies the conditions (P), (NF) and (ND). If U is defined by means of a Markov
family R, then the Ruelle transfer operators related to φt : Λ −→ Λ and any
potential f on Û are eventually contracting.

In fact the main result in [58] concerns more general Axiom A flows on
basic sets, however for the sake of simplicity here we state it only in the case of
contact flows.

As a consequence one obtains again that the properties (a) and (b) in 4.1
hold for φt : Λ −→ Λ as in Theorem 4.4.

Notice that, as mentioned above, when n = 1 the conditions (P), (NF)
and (ND) are always satisfied, so one gets the following immediate consequence.

Corollary 4.5. Let φt : M −→ M be a contact flow on a C2 complete
Riemann manifold with dim(M) = 3, and let Λ be a basic set for φt. If U
is defined by means of a Markov family R, then the Ruelle transfer operators
related to φt : Λ −→ Λ and any potential f on Û are eventually contracting.

5. Analytic continuation of the resolvent of the Laplacian in

the exterior of several convex bodies. Let K be a subset of R
N (N ≥ 2) of

the form K = K1 ∪K2 ∪ . . .∪Kk0 , where Ki are compact strictly convex disjoint

domains in R
N with smooth (C∞) boundaries ∂Ki and k0 ≥ 3. Set Ω = RN \K.

We assume again that K satisfies the no-eclipse condition stated in Subsection
4.2. Moreover we assume that the billiard flow φt and the non-wandering set Λ
satisfies the conditions (P), (NF) and (ND). Thus, the conclusions of Theorem
4.4 above and therefore the properties (a) and (b) in 4.1 hold for φt : Λ −→ Λ.

Given a periodic reflecting ray γ ⊂ Ω with mγ reflections, denote by dγ
the period (return time) of γ, by Tγ the primitive period (length) of γ, by Pγ the
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linear Poincaré map associated to γ, and by λγ,i (i = 1, . . . , N−1) the eigenvalues
of Pγ with |λγ,i| > 1. Let P be the set of all primitive periodic rays. For γ ∈ P
set

δγ = −1

2
log(λ1,γ . . . λN−1,γ),

where rγ = 0 if mγ is even and rγ = 1 if mγ is odd. Consider the (scattering)
zeta function

Z(s) =
∞∑

m

1

m

∑

γ∈P
(−1)mrγ em(−sTγ+δγ).

It is easy to show that there exists an abscissa of absolute convergence for Z(s),
i.e. a number s0 ∈ R such that for Re(s) > s0 the series Z(s) is absolutely
convergent and s0 is minimal with this property. On the other hand, using
symbolic dynamics and the results of [37], we deduce that Z(s) is meromorphic
for Re(s) > s0 − a, a > 0. Moreover, property (a) in 4.1 implies there exists
0 < ε < a so that the zeta function Z(s) admits an analytic continuation for
Re(s) ≥ s0 − ε. We refer the reader to [39] and [40] for various other interesting
results about the zeta function Z(s).

For =(z) < 0 consider the cut-off resolvent

Rχ(z) = χ(−∆D − z2)−1χ : L2(Ω) −→ L2(Ω),

where χ ∈ C∞
0 (RN ), χ = 1 onK and ∆D is the Dirichlet Laplacian in Ω = R

N\K.
The cut-off resolvent Rχ(z) has a meromorphic continuation in C for N odd with
poles zj such that =(zj) > 0 and in C\{iR

+} for n even. The analytic properties
and the estimates of Rχ(λ) play a crucial role in many problems related to the
local energy decay, distribution of the resonances etc. In the physical literature
and in many works concerning numerical calculation of the resonances it is often
conjectured that the poles µj (with Re(µj) < 0) of Z(s) and the poles (−iµj) of
Rχ(λ) are closely related.

The above conjecture is true for convex co-compact hyperbolic manifolds
X = Γ \ H

n+1, where Γ is a discrete group of isometries with only hyperbolic
elements admitting a finite fundamental domain. More precisely, the zeros of the
corresponding Selberg’s zeta function coincide with the poles (resonances) of the
Laplacian ∆g on X ([38]).

In the case of two strictly convex disjoint domains it was proved by M.
Ikawa (1982) and C. Gérard (1988) that the poles of Rχ(λ) are in small neigh-
borhoods of the pseudo-poles

m
π

d
+ iαk, m ∈ Z, k ∈ N.
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Here d > 0 is the distance between the obstacles and αk > 0 are determined by
the eigenvalues λj of the Poincaré map related to the unique primitive periodic
ray.

The case of several (more than two) convex obstacles is generally speaking
much more complicated, however the case s0 > 0 is much easier, since it is known
that for −i s0 ≤ =(z) ≤ 0 the cut-off resolvent Rχ(z) is analytic.

Next, assume that s0 < 0. In this case Ikawa established that for every
ε > 0 there exists Cε > 0 so that the cut-off resolvent Rχ(z) is analytic for

=(z) < −i (s0 + ε) , |Re(s)| ≥ Cε.

The proof of this is based on a construction of an asymptotic solution UM (x, s; k)
given by a finite sum of series having the form

(5.1)

∞∑

n=0

∑

|i|=n+2,in+2=j

M∑

q=0

e−sϕi(x)
2q∑

ν=0

(
ai,q,ν(x, s; k)(s+ i k)ν

)
(i k)−q,

where i = (i0, . . . , im) are configurations (itineraries, corresponding to a given
sequence of reflections at connected components of K), ϕi(x) are phase functions
and the amplitudes ai,q,ν(x, s; k) depend on s ∈ C and k ∈ R.

It is an interesting problem to examine the link between the existence of
an analytic continuation of Rχ(z) for =(z) ≥ −i s0 and an analytic continuation of
the dynamical zeta function Z(s) beyond its line of absolute convergence. In [26]
Ikawa announced a result in this direction under some rather stringent conditions
about K. It appears no proof of this result has ever been published.

The following rather more general result was established very recently.

Theorem 5.1 ([41]). Let s0 < 0. There exists σ2 < s0 such that Z(s) is
analytic for Re(s) > σ2 and the cut-off resolvent Rχ(z) is analytic in the domain

=(z) < −iσ2, |Re(s)| ≥ C.

In the proof of the above, as in [24], the idea is to construct an asymptotic
solution UM (x, s; k) which is analytic for σ2 ≤ Re(s) ≤ s0, |s + i k| ≤ 1, k ≥ 1.
To achieve this one constructs approximations of the terms after the first sum in
(5.1). These terms are compared with others involving powers of Ruelle transfer
operators Ln−sf+g, where f and g are fixed functions determined by K, and here
Theorem 4.4 above plays a crucial role. The whole procedure is rather long and
technical and we refer the reader to [41] for details.
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6. Sketch of the proof of Theorem 4.4. In this section we sketch
the proof of Theorem 4.4 above. For details the reader is referred to [58].

Let φt : M −→ M be a contact flow on a complete (not necessarily
compact) Riemann manifold of dimension dim(M) = 2n+1 and let Λ be a basic
set of φt. Throughout we assume that φt and Λ satisfy the pinching condition
(P) from Sect. 4.

6.1. Linearization and ball size comparison. With the condition (P)
it turns out that the flow φt on unstable (or stable) manifolds is conjugate to its
linearization dφt near the set Λ.

Take ε0 > 0 such that for any x ∈ Λ, the unstable exponential map

expux : Eu(x; ε0) −→ expux(E
u(x; ε0)) ⊂W u

ε0(x)

is a diffeomorphism. For any x ∈ Λ and any t ∈ R the map

φ̂tx = (expuφt(x)
)−1 ◦ φt ◦ expux : Eu(x) −→ Eu(φt(x))

is well-defined and smooth locally near 0.
The following proposition shows how to define a family of local C 1 dif-

feomorphisms Fx : Eu(x) −→ Eu(x) which conjugate φ̂tx and dφ̂tx(0) near 0. In a
similar way one can construct local conjugacies on stable manifolds.

Proposition 6.1. There exist constants ρ ∈ (0, 1), C > 0 and ε̂ ∈
(0, ε0/2) such that:

(a) For every x ∈ Λ and every u ∈ Eu(x; ε̂) there exists

Fx(u) = lim
t→∞

dφ̂tφ−t(x)
(0) · φ̂−tx (u) ∈ Eu(x; 2ε̂).

Moreover, ‖Fx(u)− u‖ ≤ C ‖u‖2 and ‖Fx(u)− dφ̂tφ−t(x)
(0) · φ̂−tx (u)‖ ≤ C ρt ‖u‖2

for any u ∈ Eu(x, ε̂) and any t ≥ 0.
(b) The maps Fx : Eu(x; ε̂) −→ Fx(E

u(x; ε̂)) ⊂ Eu(x; 2ε̂) (x ∈ Λ) are C1

diffeomorphisms with uniformly bounded derivatives.
(c) For any x ∈ Λ and any integer t ≥ 0, setting xt = φ−t(x), we have

dφ̂txt
(0) ◦ Fxt(v) = Fx ◦ φ̂txt

(v)

for any v ∈ Eu(xt; ε̂) with ‖φ̂txt
(v)‖ ≤ ε̂.

The above proposition will now be used to compare diameters of sets of
the form Λ ∩Bu

T (x, ε), where

Bu
T (x, ε) = {y ∈W u

ε0(x) : d(φt(x), φt(y)) ≤ ε, 0 ≤ t ≤ T},
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x ∈ Λ, T > 0 and ε ∈ (0, ε0]. We should stress that comparing diameters of
sets of the form Bu

T (x, ε) is generally speaking much easier. When intersections
with Λ are involved the problem becomes much more difficult, since in general
near a point x ∈ Λ, the set Λ ‘might look in a rather different way in different
magnifications’.

We denote by diam(A) the diameter of a subset A of M with respect to
the distance d on M induced by the Riemann metric.

Definition 6.2. We will say that the basic set Λ of φt has a regular
distortion along unstable manifolds if there exists a constant ε̂0 > 0 with the
following properties:

(a) For any 0 < δ, ε ≤ ε̂0 there exists a constant R = R(δ, ε) > 0 such that

diam(Λ ∩Bu
T (z, ε)) ≤ R diam(Λ ∩Bu

T (z, δ))

for any z ∈ Λ and any T > 0.

(b) For any ε ∈ (0, ε̂0] and any ρ ∈ (0, 1) there exists δ0 = δ0(ε, ρ) ∈ (0, ε]
such that for any 0 < δ ≤ δ0, any z ∈ Λ and any T > 0 we have

diam(Λ ∩Bu
T (z, δ)) ≤ ρ diam(Λ ∩Bu

T (z, ε)).

One would notice that the property (a) in the above definition has some
analogy with one of the volume lemmas in [7].

Using the linearization described in Proposition 6.1 above, one derives
the following.

Proposition 6.3. Assume that φt and Λ satisfy the conditions (P) and
(NF). Then Λ has a regular distortion along unstable manifolds.

6.2. Symbolic coding and diameters of cylinders. Form now on we
will assume that R = {Rj}kj=1 is a fixed Markov family for φt : Λ −→ Λ of a

sufficiently small size. Define U = ∪kj=1Ui, τ and σ : U −→ U as in Sect. 2, and

let again Û be the core of U .

Assume that f ∈ CLip(Û ) is a fixed function and set g = f−P τ , where
P ∈ R is such that Prσ(g) = 0. Denote by ν the Gibbs measure on U determined
by g.

Let A = (Aij)
k
i,j=1 be the matrix defined in Sect. 2. Given a finite string

ı = (i0, i1, . . . , im) of integers ij ∈ {1, . . . , k}, we will say that ı is admissible if for
any j = 0, 1, . . . ,m− 1 we have Aij ij+1 = 1. Given an admissible string ı, denote
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by
◦
C [ı] the set of those x ∈ U so that σj(x) ∈ IntΛ(Uij ) for all j = 0, 1, . . . ,m.

The set

C[ı] =
◦
C [ı] ⊂ Λ

will be called a cylinder of length m in U , while
◦
C [ı] will be called an open

cylinder of length m. It follows from the properties of the Markov family that
◦
C [ı] is an open dense subset of C[ı] and ν(C[ı]\

◦
C [ı]) = 0 ([6]). Any cylinder

of the form C[i0, i1, . . . , im, im+1, . . . , im+q] will be called a subcylinder of C[ı] of
co-length q.

It follows from the properties of Gibbs measures (cf. [54], [49] or [37])
and Prσ(g) = 0 that there exist constants c2 > c1 > 0 such that

c1 ≤
ν(C[ı])

egm(y)
≤ c2

for any cylinder C[ı] of length m in U and any y ∈ C[ı].
Given x ∈ Ui for some i and r > 0 we will denote by BU (x, r) the set of

all y ∈ Ui with d(x, y) < r.
The following lemma describes the main consequences of Proposition 6.3

that will be needed later on.

Lemma 6.4. Assume that the basic set Λ of φt has a regular distortion
along unstable manifolds and that the local stable and unstable laminations over
Λ are Lipschitz. Then there exist a global constants 0 < ρ < 1 and a positive
integer p0 ≥ 1 such that:

(a) For any cylinder C[ı] = C[i0, . . . , im] and any subcylinder C[ı′] =
C[i0, i1, . . . , im+1] of C[ı] of co-length 1 we have

ρ diam(C[ı]) ≤ diam(C[ı′]).

(b) For any cylinder C[ı] = C[i0, . . . , im] and any subcylinder C[ı′] =
C[i0, i1, . . . , im+1, . . . , im+p0 ] of C[ı] of co-length p0 we have

diam(C[ı′]) ≤ ρdiam(C[ı]).

6.3. Consequences of the non-degeneracy of dω over Λ. Katok and
Burns [27] showed that for contact hyperbolic flows there is a certain relationship
between the temporal distance function ∆(x, y) (see Sect. 2 above) and the two-
form dω. Later Liverani (see Lemma B.7 in [31]) proved a stronger form of the
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lemma of Katok and Burns. We state it here under the general assumption that
the local holonomy maps are Lispchitz, which is a consequence of the pinching
condition (P) (see [46]).

Lemma 6.5 ([31]). Assuming the constant ε0 > 0 is sufficiently small,
there exists a constant C ≥ 1 such that for any z ∈ Λ and any x ∈ W u

ε0(z) ∩ Λ
and y ∈W s

ε0(z) ∩ Λ we have

|∆(x, y)− dωz(u, v)| ≤ C ‖u‖2 ‖v‖2,

where u ∈ Eu(z) and v ∈ Es(z) are such that expuz (u) = x and expsz(v) = y.

Next, fix an arbitrary z0 ∈ Λ, an arbitrary orthonormal basis u1, . . . , un
in Eu(z0) and a C1 parametrization r(s) = expuz0(s), s ∈ V ′

0 , of a small neigh-
bourhood W0 of z0 in W u

ε0(z0) such that V ′
0 is a convex compact neighbourhood

of 0 in R
n ≈ span(u1, . . . , un) = Eu(z0). Then r(0) = z0 and

∂

∂si
r(s)

∣∣∣∣
s=0

= ui

for all i = 1, . . . , n. Set

U ′
0 = W0 ∩ Λ.

Fix any constants

0 < θ0 < θ1 < 1.

Definitions 6.6. (a) For a cylinder C ⊂ U ′
0 and a non-zero vector a =

(a1, . . . , an) in the parameter space R
n = Eu(z0) we will say that a separation by

an a-plane occurs in C if there exist u, v ∈ C with d(u, v) ≥ 1
2 diam(C) such that

∣∣∣∣
〈

r−1(v) − r−1(u)

‖r−1(v) − r−1(u)‖ , a
〉∣∣∣∣ ≥ θ1.

Let Sa be the family of all cylinders C in U ′
0 such that a separation by an

a-plane occurs in C.
(b) A subset V of U will be called regular if there exist finitely many

cylinders D1, . . . , Dp in U with V ⊂ ∪pj=1Dj and ν(∪pj=1Dj \ V ) = 0. (Then

clearly V = ∪pj=1Dj.)

(c) Given a regular subset V of U ′
0 and δ > 0, let C1, . . . , Cp (p = p(δ) ≥ 1)

be the family of maximal cylinders in V with |Cj | ≤ δ such that V = ∪pj=1Cj. Set

M (δ)
a (V ) = ∪{Cj : Cj ∈ Sa , 1 ≤ j ≤ p}.
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In what follows we will construct, amongst other things, a sequence of
unit vectors b1, b2, . . . , bj0 ∈ R

n. For each ` = 1, . . . , j0 set

B` = {a ∈ S
n−1 : |〈a, b`〉| ≥ θ0}.

Below we use the notation

Iv,tg(s) =
g(s+ t v)− g(s)

t
, t 6= 0.

The following technical lemma provides the main geometric tools used in
the next subsection.

Lemma 6.7. Assume that the basic set Λ of φt has a regular distor-
tion along unstable manifolds, the local stable and unstable laminations over
Λ are Lipschitz, and Λ satisfies the condition (ND). Then there exist vectors
b1, . . . , bj0 ∈ S

n−1, an open subset U0 of U ′
0 which is a finite union of cyinders, a

point ζ ∈ U0 ∩ Û and integers N0 > n1 ≥ 1 such that the following hold:

(i) U = σn1(U0) is an open dense subset of U and σn1 : U0 −→ U is a
homeomorphism.

(ii) For any regular open neighbourhood V of ζ in U0 there exist a constant
δ′ = δ′(V ) ∈ (0, δ0) such that

M
(δ)
b1

(V ) ∪M (δ)
b2

(V ) ∪ . . . ∪M (δ)
bj0

(V ) ⊃ V, δ ∈ (0, δ′].

(iii) For any integer N ≥ N0 there exist Lipschitz maps v
(j)
1 , v

(j)
2 : U −→ U

(j = 1, . . . , j0) such that σN (v
(j)
i (x)) = x for all x ∈ U , v

(j)
i (U) is a finite union

of open cylinders of length N , and

Ia,h[τN (v
(j)
2 (r̃(s)))− τN (v

(j)
1 (r̃(s)))] ≥ δ̂

2

for all j = 1, . . . , j0, s ∈ V0, 0 < |h| ≤ δ̂ and a ∈ Bj such that s and s+ h a are
in r−1(U0 ∩ Λ) ⊂ V0.

Fix vectors b1, . . . , bj0 ∈ S
n−1, an open subset U0 of U ′

0 which is a finite

union of cylinders, ζ ∈ U0 ∩ Û , and integers N0 > n1 ≥ 1 with the properties
described in the above lemma.

Consider the inverse homeomorphism

ψ : U −→ U0 such that σn1(ψ(x)) = x, x ∈ U .
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6.4. Contracting operators. Throughout we assume that the basic set
Λ of φt has a regular distortion along unstable manifolds, the local stable and
unstable laminations over Λ are Lipschitz, and Λ satisfies the condition (ND).
(Notice that these assumptions follows from these in Theorem 4.4.)

Given a real number a (with |a| small), denote by λa the largest eigenvalue
of Lf−(P+a)τ and by ha ∈ CLip(U) the corresponding (positive) eigenfunction
such that supu∈U ha(u) = 1. Since Pr(f − Pτ) = 0, it follows from the main
properties of pressure (cf. e.g. Ch. 3 in [37]) that |Pr(f − (P + a)τ)| ≤ |τ |∞ |a|.
Moreover, for small |a| the maximal eigenvalues λa and the eigenfunctions ha
depend analytically on a. In particular, there exist constants a0 > 0 and C0 > 0
such that ha ≥ 1− C0|a| on U for |a| ≤ a0.

For |a| ≤ a0, as in [15], consider the function

f (a)(u) = f(u)− (P + a)τ(u) + lnha(u)− lnha(σ(u))− lnλa

and the operators

Lab = Lf(a)−i bτ : CLip(U) −→ CLip(U), Ma = Lf(a) : CLip(U) −→ CLip(U).

One checks that Ma 1 = 1 and |(Lmabh)(u)| ≤ (Mm
a |h|)(u) for all u ∈ U , h ∈

CLip(U) and m ≥ 0.
As in [15] (see also Corollary 3.3. in [56]), the main ingredient needed to

prove Theorem 4.4 is the following integral estimate.

Theorem 6.8. There exist a positive integer N and constants ρ̂1 ∈ (0, 1)
and a0 > 0 such that for any a, b ∈ R with |a| ≤ a0 and |b| ≥ 1/a0 and every
h ∈ CLip(U) with ‖h‖Lip,b ≤ 1 we have

∫

U
|LNmab h|2 dν ≤ ρ̂m1

for every positive integer m, where ν is the Gibbs measure determined by f −Pτ
on U .

Set Ûi = Ui ∩ Û for any i = 1, . . . , k. Define a new metric D on Û by

D(x, y) = min{diam(C) : x, y ∈ C, C a cylinder in Ui}

if x, y ∈ Ui for some i = 1, . . . , k, and D(x, y) = 1 otherwise. We assume that the

Markov family is chosen so that diam(Ui) < 1 for all i. Denote by C
Lip
D (Û) the

space of all functions h : Û −→ C which a Lipschitz with respect to the metric
D on Û and by LipD(h) the Lipschitz constant of h with respect to D.
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Next, given A > 0, denote by KA(Û ) the set of all functions h ∈ CLip
D (Û )

such that h > 0 and
|h(u) − h(u′)|

h(u′)
≤ AD(u, u′)

for all u, u′ ∈ Û that belong to the same Ûi for some i = 1, . . . , k. Notice that
h ∈ KA(Û) implies | ln h(u)− lnh(v)| ≤ A D(u, v) and therefore

e−A D(u,v) ≤ h(u)

h(v)
≤ eA D(u,v), u, v ∈ Ûi; i = 1, . . . , k.

As in [15], Theorem 6.8 is easily derived from the following lemma which
is similar to Lemma 10′′ in [15].

Lemma 6.9. There exist a positive integer N and constants ρ̂ = ρ̂(N) ∈
(0, 1), a0 = a0(N) > 0 and E ≥ 1 such that for every a, b ∈ R with |a| ≤ a0,
1/|b| ≤ a0, there exists a finite family {NJ}J∈J of operators NJ = NJ(a, b) :

C
Lip
D (Û) −→ C

Lip
D (Û), where J = J(a, b) is a finite set depending on a and b, with

the following properties:

(a) The operators NJ preserve the cone KE|b|(Û );

(b) For all H ∈ KE|b|(Û ) and J ∈ J we have

∫
�

U
(NJH)2 dν ≤ ρ̂

∫
�

U
H2 dν.

(c) If h,H ∈ C
Lip
D (Û ) are such that H ∈ KE|b|(Û ), |h(u)| ≤ H(u) for

all u ∈ Û and |h(u) − h(u′)| ≤ E|b|H(u′)D(u, u′) whenever u, u′ ∈ Ûi for some
i = 1, . . . , k, then there exists J ∈ J such that |LNabh(u)| ≤ (NJH)(u) for all u ∈ Û
and

|(LNabh)(u) − (LNabh)(u
′)| ≤ E|b|(NJH)(u′)D(u, u′)

whenever u, u′ ∈ Ûi for some i = 1, . . . , k.

In the remaining part of this sub-section we sketch the proof of Lemma 6.9.

We will use the objects constructed in the previous subsection, notably
δ̂ > 0, the integers N0 > n1 ≥ 1, the sets U0 ⊂ U1 and U = σn1(U0) = IntΛ(U).

Choose a sufficiently large constant E > 0 and fix an integer N > N0.

Then choose the maps v
(j)
i so that the conclusion of Lemma 6.7(iii) holds and a

small constant ε(0) > 0.

It follows from Lemma 6.7(ii) with V = U0 that there exist a constant
κ0 = κ0(U0) ∈ (0, δ0) such that

M
(δ)
b1

(U0) ∪ . . . ∪M (δ)
bj0

(U0) ⊃ U0 , δ ∈ (0, κ0],
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Fix κ0 with the above properties. Let ε1 > 0 and b ∈ R be such that
|b| ≥ 1,

(6.1)
ε(0)

2
≤ ε1 < ε(0),

and

(6.2)
ε1
|b| ∈ (0, κ0].

In what follows most of the time ε1 and b will stay fixed, however at the end of
the section we will vary them so that (6.1) and (6.2) hold.

Let Cj = C(ε1/|b|)
j (1 ≤ j ≤ p) be the fixed family of maximal cylinders in U0

with diam(Cj) ≤ ε1
|b| such that U0 ⊂ ∪pj=1Cj and U0 = ∪pj=1Cj (see Definitions 6.2).

Then ν(∪pj=1Cj \ U0) = 0. Moreover, Proposition 6.4(a) implies that diam(Cj) ≥
ρ ε1

|b| for all j, so

ρ
ε1
|b| ≤ diam(Cj) ≤

ε1
|b| , 1 ≤ j ≤ p.

Fix an integer q0 ≥ 0 so large that

θ0 < θ1 − 32 ρq0−1,

and let p0 ≥ 1 be the constant from Lemma 6.4(b).

Next, let D1, . . . ,Dq be the list of all cylinders in U0 that are subcylinders
of co-length p0 q0 of some Cj (1 ≤ j ≤ p). That is, if kj is the length of Cj ,
we consider the subcylinders of length kj + p0 q0 of Cj , and we do this for any
j = 1, . . . , p. Then

U0 = C1 ∪ . . . ∪ Cp = D1 ∪ . . . ∪ Dq.

Moreover, it follows from the properties of Cj and Lemma 6.4 that

(6.3) ρp0 q0+1 · ε1|b| ≤ diam(Dj) ≤ ρq0 ·
ε1
|b| , 1 ≤ j ≤ q.

Given j = 1, . . . , q, ` = 1, . . . , j0 and i = 1, 2, set

Zj = σn1(Dj) , X
(`)
i,j = {v(`)

i (u) : u ∈ Zj},
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Ẑj = Zj ∩ Û , D̂j = Dj ∩ Û and X̂
(`)
i,j = X

(`)
i,j ∩ Û . It then follows that Dj = ψ(Zj),

and U = ∪qj=1Zj .

U
ψ

−−−−−−→
←−−−−−−−

σn1
U0

v
(`)
i−−−−−−→

←−−−−−−
σN−n1

U1

⋃ ⋃ ⋃

Zj = σn1(Dj)
ψ

−−−−−−→ Dj
v
(`)
i−−−−−−→ X

(`)
i,j

Let J be a subset of the set

Ξ = { (i, j, `) : 1 ≤ i ≤ 2, 1 ≤ j ≤ q , 1 ≤ ` ≤ j0 }.

Fix for a moment a sufficiently small µ = µ(N, ε1) > 0 and define β = βµ,b,J :

Û −→ [0, 1] by

β = 1− µ
∑

(i,j,`)∈J
η

(`)
i,j .

Then β ∈ CLip
D (Û ) and one derives using (6.3) that

LipD(β) ≤ Γ1(µ,N)
|b|
ε1

for some constant Γ1(µ,N).

Next, given J , define Dolgopyat’s operator N = NJ : C
Lip
D (Û) −→

C
Lip
D (Û) by

(Nh) (u) =
(
MN

a (β · h)
)
(u), u ∈ Û .

Parts (a) and (c) in the definitions below are analogues of corresponding
notions in [15]; part (b) is related to the fact that we consider the flow over a
basic set Λ which in general is a proper subset of the manifold M .

Definition 6.10. (a) Given t > 0 and m > 0, a subset W of Û will be
called (t,m)-dense in Û if for every u ∈ Û there exist a cylinder C containing u
with diam(C) ≤ mt and a cylinder C ′ with diam(C ′) ≥ t such that Ĉ ′ ⊂W ∩ C.

(b) We will say that the cylinders Dj and Dj′ are adjacent if they are
subcylinders of the same Ci. If Dj ,Dj′ ⊂ Ci and for some ` = 1, . . . , j0 there exist
u ∈ Dj and v ∈ Dj′ such that d(u, v) ≥ 1

2 diam(Ci) and

∣∣∣∣
〈

r−1(v)− r−1(u)

‖r−1(v)− r−1(u)‖ , b`
〉∣∣∣∣ ≥ θ1
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we will say that Dj and Dj′ are b`-separable in Ci.
(c) A subset J of Ξ will be called dense if for any j = 1, . . . , q there exists

(i, j′, `) ∈ J such that Dj and Dj′ are adjacent. Denote by J the set of all dense
subsets J of Ξ.

In what follows we assume that h,H ∈ CLip
D (Û) are such that

(6.4) H ∈ KE|b|(Û) , |h(u)| ≤ H(u), u ∈ Û ,

and

(6.5) |h(u) − h(u′)| ≤ E|b|H(u′)D(u, u′) whenever u, u′ ∈ Ûi, i = 1, . . . , k.

Given µ ∈ (0, 1/2), define the functions χ
(i)
` : Û −→ C (` = 1, . . . , j0,

i = 1, 2) by

χ
(1)
` (u) =

∣∣∣e(f
(a)
N +ibτN )(v

(`)
1 (u))h(v

(`)
1 (u)) + e(f

(a)
N +ibτN )(v

(`)
2 (u))h(v

(`)
2 (u))

∣∣∣

(1 − µ)ef
(a)
N (v

(`)
1 (u))H(v

(`)
1 (u)) + ef

(a)
N (v

(`)
2 (u))H(v

(`)
2 (u))

,

χ
(2)
` (u) =

∣∣∣e(f
(a)
N +ibτN )(v

(`)
1 (u))h(v

(`)
1 (u)) + e(f

(a)
N +ibτN )(v

(`)
2 (u))h(v

(`)
2 (u))

∣∣∣

ef
(a)
N (v

(`)
1 (u))H(v

(`)
1 (u)) + (1− µ)ef

(a)
N (v

(`)
2 (u))H(v

(`)
2 (u))

.

For any ` = 1, . . . , j0 consider the function

γ`(u) = b [τN (v
(`)
1 (u))− τN (v

(`)
2 (u))], u ∈ Û .

The proof of the following lemma incorporates the main differences be-
tween the case of a flow over a basic set Λ and an Anosov flow (over a smooth
compact manifold).

Lemma 6.11. There exists a constant c2 > 0 such that if j, j ′ ∈
{1, 2, . . . , q} are such that Dj and Dj′ are contained in Cm and are b`-separable
in Cm for some m = 1, . . . , p and ` = 1, . . . , j0, then

|γ`(u)− γ`(u′)| ≥ c2ε1 , u ∈ Ẑj , u ∈ Ẑj′ .

From this, by and large as in [15], one derives the following.

Lemma 6.12. Assume ε1 and b are chosen in such a way that (6.4)
and (6.5) hold. Then for any j = 1, . . . , q there exist i = 1, 2, j ′ = 1, . . . , q and

` = 1, . . . , j0 such that Dj and Dj′ are adjacent and χ
(i)
` (u) ≤ 1 for all u ∈ Ẑj′.
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S k e t c h o f P r o o f o f L e mma 6.9. Fix ε1 with (6.1), and assume
that N > N0 and µ = µ(N, ε1) > 0 is sufficiently small. Let a ∈ R and b ∈ R

be such that |a| ≤ ε(0) and |b| ≥ ε(0)/κ0, and assume that b satisfies (6.2). Let
J = J(a, b) be the set of all dense subsets of Ξ = Ξ(a, b).

Define the subset J = J(b) of Ξ in the following way. First, include in J

all (1, j, `) ∈ Ξ such that χ
(1)
` (u) ≤ 1 for all u ∈ Ẑj . Then for any j = 1, . . . , q

and ` = 1, . . . , j0 include (2, j, `) in J if and only if (1, j, `) has not been included

in J (that is, χ
(1)
` (u) > 1 for some u ∈ Ẑj) and χ

(2)
` (u) ≤ 1 for all u ∈ Ẑj. It

follows from Lemma 6.12 that J is dense, i.e. J ∈ J. Consider the operator

N = NJ : C
Lip
D (Û) −→ C

Lip
D (Û ). Properties (a) and (b) in Lemma 6.9 are easier

to derive, so we are not going to discuss these here.

To check (c) in Lemma 6.9, assume that h,H ∈ CLip
D (Û ) satisfy (6.4) and

(6.5). Then one derives that |(LNab h)(u) − (LNabh)(u
′)| ≤ E|b|(N H)(u′)D(u, u′)

whenever u, u′ ∈ Ûi for some i = 1, . . . , k.

So, it remains to show that

(6.6)
∣∣(LNabh)(u)

∣∣ ≤ (NH)(u), u ∈ Û .

Let u ∈ Û . If u /∈ Ẑj for any (i, j, `) ∈ J , then β(v) = 1 whenever σNv = u

(since v ∈ X(`)
i,j implies u = σNv ∈ Zj). Hence

∣∣(LNabh)(u)
∣∣ =

∣∣∣∣∣
∑

σNv=u

e(f
(a)
N +ibτN )(v)h(v)

∣∣∣∣∣ ≤ (MN
a (βH))(u) = (NH)(u).

Assume that u ∈ Ẑj for some (i, j, `) ∈ J . We will consider the case i = 1;
the case i = 2 is similar. (Notice that by the definition of J , we cannot have both

(1, j, `) and (2, j, `) in J .) Then χ
(1)
` (u) ≤ 1, and therefore

∣∣(LNabh)(u)
∣∣ ≤

∣∣∣∣∣∣∣

∑

σN v=u, v 6=v(`)1 (u),v
(`)
2 (u)

e(f
(a)
N +ibτN )(v)h(v)

∣∣∣∣∣∣∣

+
∣∣∣e(f

(a)
N +ibτN )(v

(`)
1 (u))h(v

(`)
1 (u)) + e(f

(a)
N +ibτN )(v

(`)
2 (u))h(v

(`)
2 (u))

∣∣∣

≤
∑

σNv=u, v 6=v(`)1 (u),v
(`)
2 (u)

ef
(a)
N (v)|h(v)|

+
[
(1− µ)ef

(a)
N (v

(`)
1 (u))H(v

(`)
1 (u)) + ef

(a)
N (v

(`)
2 (u))H(v

(`)
2 (u))

]
.
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Since (1, j, `) ∈ J and (2, j, `) /∈ J , the definitions of the functions η
(`)
i,j

and β give β(v
(`)
1 (u)) ≥ 1− µ and β(v

(`)
2 (u)) = 1. This and (6.4) imply

∣∣(LNabh)(u)
∣∣ ≤

∑

σNv=u, v 6=v1(u),v2(u)

ef
(a)
N (v)β(v)H(v)

+
[
ef

(a)
N (v1(u))β(v1(u))H(v1(u)) + ef

(a)
N (v2(u))β(v2(u))H(v2(u))

]
= (NH)(u),

which proves (6.6). �
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[20] L. Guillopé, M. Zworski. The wave trace for Riemann surfaces. Geom.
Funct. Anal. 9 (1999), 1156–1168.
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