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ABSTRACT. The structure of the unit group of the group algebra F D of
the dihedral group Dig of order 10 over a finite field F' has been obtained.

1. Introduction. Let F'G be the group algebra of a group G over a
field F. For a normal subgroup H of G, the natural homomorphism from G to
G/H can be extended to an F-algebra homomorphism from FG onto F[G/H]|
defined by Zagg — ZaggH . The kernel of this homomorphism, denoted

geG geG
by w(H), is the ideal of FFG generated by {h — 1 | h € H}. It is clear that

FG/w(H) = F|G/H]. The augmentation ideal w(F'G) of the group algebra FG
is defined by

w(FG) = Zagg ageF,Zag:O

geG geG
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Note that w(G) = w(FG) and w(H) = w(FH)FG = FGw(FH). Also FG/w(G)
= F showing that the Jacobson radical J(F@G) is contained in w(FG). The
equality occurs if GG is a finite p-group and the characteristic of F' is p. For
an ideal I C J(F'G), the natural homomorphism from FG to FG/I induces an
epimorphism from the unit group % (F'G) of FG, to % (FG/I) with kernel 1+ I
and so that Z (FG)/(1+ 1) = % (FG/I).

For g1,92 € G, the commutator is (g1,92) = 91_192_19192. The lower
central chain of G is given by

G=(0)272(G) 2+ 2 ym(@) 2+

where v.41(G) = (7.(G), G) is the group generated by (g, h) with g € v.(G),h €
G, for ¢ > 1. The group G is said to be nilpotent of class ¢ if y.4+1(G) = {1} but
1e(G) # {1}

Passman and Smith [4] studied the structure of the unit group of the
integral group ring ZDs,,. The number of conjugacy classes of elements of finite
order in the normalized unit group of the integral group ring ZD, has been
determined by Bhandari and Luther [1]. However, the structure of the unit
group % (F'Ds,) over a field F of positive characteristic is not known.

Recently the author, Sharma and Srivastava [3, 6, 7] have determined the
structure of the unit group of FG for G = S3, S4, A4. The work in this paper
is on the unit group % (FDyg) of the group algebra F'Dyqy of the dihedral group
Dy of order 10 over a finite field F'. The presentation of D1q is given by

Dig=(a,b|a®=1,0>=1,b"rab=a"").
Consequently the commutator subgroup of Dig is A = (a). The distinct
conjugacy classes of Dig are 6o = {1},%1 = {a,a” N % = {a?,a=?} and
€3 = {b,ab,a®b,a®b,a*b}. Hence {‘50,%1,%2,%3} form an F-basis for the center

Z (F D) of the group algebra F'Dyg, where %, denotes the sum of all elements
in the conjugacy class %; (cf. Lemma 4.1.1 [5]).

2. Unit group of F Dy.

Theorem 2.1. Let % (F D) be the unit group of the group algebra F D1y
of the dihedral group Do of order 10 over a finite field F'. Let V =1+ J(F D1y)
where J(FDyg) denotes the Jacobson radical of the group algebra FDqg.

(1) If |F| = 5", then % (FDiy)/V = F* x F* and V is a nilpotent group of
class 4. Moreover, the center 2° (V') of V is an elementary abelian 5-group
of order 53".
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(2) Let |F| =2". If the extension field F' of Fy contains a primitive 5th root of
unity, then % (FD1g)/V = F*xGL(2,F) x GL(2,F) and V is an elemen-
tary abelian 2-group of order 2™.

(3) If |F| = r™, where r is prime and r # 2,5, then

GL(2,F) x GL(2,F) x F* x F*, if r = +1 (mod 5);
GL(2,F) x GL(2,F) x F* x F*, if r = £2 (mod 5)

U (FDyp) = and n is even,
GL(2,F) x F* x F*, if r = £2 (mod 5)

and n is odd.

Here F* = F\{0}, GL(2,F) is the general linear group of degree 2 over F and
F s the quadratic extension of F.

Proof. (1) Since A is a normal subgroup of Djg of index 2, we have
J(FDy) = J(FA)(FDyg) (cf. Theorem 7.2.7 of [5]). The group A is of order
5 and char F' = 5. This implies that J(FA) = w(FA) and so J(FDyg) = w(A).
Note that w(A) is a nilpotent ideal with nilpotency index 5. Therefore, the
natural homomorphism from F'Djg onto FDjg/w(A) induces an epimorphism
from % (F' Do) to % (FD1p/w(A)) with kernel V =1+ w(A) and so

Further, as w(A4)% = 0 and char F = 5, the order of any nontrivial element of
V is 5. Clearly V is a nilpotent group. One can observe that vo(V) C 1+
w(A)2,v3(V) C 14+ w(A)?, (V) C 1+w(A)* and so the nilpotency class of V is
at most 4.

The element x = ag + ala + 0&2% + ag%g belongs to V' of Z(F Dyy), if
and only if ag + 201 + 200 = 1. If H = Z°(FDyp) NV then

H={140a1(% —2)+ a6 —2) + 3%, | a1, 0,03 € F}
is a central subgroup of V of order 5%". Let

wi = (a—a1)(1+b), wy = (a—a1)(1-0b),
wy = (@ —a?)(1+b), w1 = (®-a?)(1-b).

Note that w? =0,1<1i<4, and wiws = wywy = 0, wowy = waws = 0. Also
observe that

wiwe = (a®+a®—2)(2—2b), wowy = (a®+a®—2)(2+2b),
wawy = (a+a*—2)(2-2b), wiwz = (a+a*—2)(2+2b).
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It is known that {(a’ — 1),(a’ — 1)b | 1 < i < 4} forms a basis of w(A) as an

F-vector space. Since, for w; € w(A), 1 <i <4 and
(a—1) = 2(wsws + wiws) — (w1 + wa),
(@ —1) = 2(wiws +wowr) — (w3 + wy),
(a®>—1) = 2(wiws + wowr) + (w3 + wy),
(a*—1) 2(w3wyg + waws) + (w1 + wa),
(a—1)b = 3(wswy —wyws) + 4(w1 — wa),
(a®> = 1)b 3(wiws — wow) + 4wz — wa),
(> = 1)b = 3(wiws — wowi) + (w3 — wy),
(' —1)b = 3(wsws — waws) + (w1 — wa),

we have
w(A) = Fuwi + Fwy + Fwg + Fwy + Fwiwy + Fwowi + Fwswy + Fwaws.

In fact this sum is a direct sum.

For 1 <i <3, let u; =1+ w;. Then (u1,u2) =1+ y (mod Z(V)), where
Y = Wiws — Wow + wiwawl — wawiws. Since y € w(A)?, we have (1 +y)~! =
1 —y(mod Z(V)) and so (u1,u2,u3) = 1+ yws — w3y (mod Z(V')). Hence V is
a nilpotent group of class 4.

Assume z € w(A) with

T = w1+ aows + 3wz + ayws + Frwiws + Bowowr + B3wzws + Bawaws, o, B € F.

If 142 € Z(V) then wix = zw; and hence as = ay = 0 and (1 = (2,03 = fs.
Thus

T = qwi + asws + fi(wiws + wawi) + Po(waws + waws).
Since z commute with we, we have a1 = ag = 0 and therefore z = (1 (wjwa +
U.)Q&)\l) + fo(wswy + waws), where (wiwe + wowy) = 4(%2 — 2) and wiwy + wyws =

4(¢) — 2). Thus for any 31,02 € F, 1 +x € H. Hence H = % (V) and so Z (V)
is an elementary abelian 5-group of order 53". Note that 2 (V) = #; x %5, where

Ho= {1+a(@ —2)+ (@ —2) | a1,a0 € F},
Yo = {1+a%]a€F}.
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Let f(x) be a monic irreducible polynomial of degree n over the prime field Fj
such that Fj[z]/(f(x)) = F. Assume « is the residue class of z modulo (f(z)).
We claim that

n—1 n—1
=1 +a' (@ —2)) x [[{1+207(% —2)).
1=0 1=0

For that take u,; =1+ ai(%; —2). Note that
(61 -2 = (62— 2" = (61 + 6 —4),
(G —2)(€—2) =—(G+ % —4)
and so

Ugitigy = (140 (@ —2))(1 + /(6 —2))
= 14 (o) + o + oG —2) + o't (G — 2).

By induction one can prove that

Uiy Ugin - - - Uiy = 1+ (51 + 52)(% — 2) +(52(C/5Z — 2),

l l
where §; = Z o' and 8y = Z o™ . We claim that for any 0 < < (n—1),
j=1

k=1

ik

n—1
(1+ @ —2) ([T + '@ - 2)) = {1},

1=0
i#l
Let, if possible, uy, = u,i; Ugyis - - - Ui, SO that al =8+ and 63 = 0. Thus oy =
81. Since 0 < iy,49,...,i5,] <n—1land {1,q,...,a" '} is alinearly independent
n—1
set, we reach a contradiction. Hence H (140" (%1 —2)) is a direct product of cyclic
i=0
n—1 .
groups of order 5. Similarly one can show that H (1+2a' (%1 —2)) is also a direct
=0
n—1 ' n—1

product of cyclic groups of order 5. As H (142 (%?1—2» and H (14a (%—2»
=0 i=0
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n—1 n—1
do not have any common element, we have H (1+a' (61 —2)) x H (14201 (61-2))
=0 i=0

is a direct product of cyclic groups of order 52. Note that this is a subgroup of
1 with |#1] = 5%". Hence the result follows. Further, the structure of #5 is given
as follows:

n—1
V= H<1+O/(1 +a+a® +a®+ a*)b).
i=0
(2) Assume the field F' contains a primitive 5-th root of unity, say . We
define a matrix representation of D1y,

by the assignment

(02 (58] e ((00) (10))

and extend it to an algebra homomorphism

0* : FD1g — F & M(2, F) & M(2, F)

4
where M(2, F) is the algebra of 2 x 2 matrices over the field F'. Let x = Z aial+

=0
4

Z Bia'b € Ker#*, where a4, 3; € F. Thus 0*(z) = 0 gives the following system
i=0
of equations:

4 4

(1) Dot Bio= 0
i=0 i=0

(2) ao+are+age? +age® +auet = 0

(3) ap+ aret +aged +ase? +aue = 0
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(4) ap+ a1 + aget + ase +aue® = 0
(5) a0+ are® +ase tase* +aue? = 0
(6) Bo + Bie + Boc? + B3e® + Buc? = 0
(7) Bo+ et + Boe® + B3e? + Bae = 0
(8) Bo + 1% + Poe* + Pae + f1® = 0
9) Bo + B1€® + Pae + B3t + Buc? = 0.

Since € is a primitive 5-th root of unity, we have € is a root of the equation
t+ 23 + 22 + v+ 1 € Fyr]. From equations (2),(3),(4) and (5) and using
char F' = 2 we get a1 + as + a3 + a4 = 0. Also multiplying equation (2) by et
(3) by €, (4) by €3, and (5) by 2 and after adding we get ag + az + ag + ag = 0.
Thus oy = ay. Similarly we get ag = a1 = a2 = as = a4. By using the
same arguments in equations (6), (7), (8) and (9), we get Sy = 1 = (2 =
B3 = (4. Hence from equation (1) we get all coefficients of x are the same and
therefore Ker §* = Fﬁlo, where 1310 is the sum of all elements in Dyy. Since
dimp(Ker 0*) = 1, we have

FDyo/Ker6* = F © M(2, F) ® M(2, F).

As 0* is onto, 0*(J(FD1p)) C J(F & M(2,F) & M(2,F)) = 0 implies that
J(FDy) C Kerf*. Further, since E%O = 0, we have Ker6* C J(FDjp) and
therefore J(FDl()) = Fﬁlg.

Since J(F'Dyp) is a nilpotent ideal, we have

U (FDyy)]V = F* x GL(2,F) x GL(2, F)

where V' =1+ J(FDyp). Here V is an elementary abelian 2-group of order 2"
whose structure is given as

n—1
V = H<1 —+ OéiDl()),
=0

where « is the residue class of x mod (f(x)). Here f(z) is a monic irreducible
polynomial of degree n over Fs.
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(3) Since the group algebra F'Djq is a semi-simple Artinian ring, by Wed-
derburn structure theorem we get

FDqy = M(nl, Dl) D M(TLQ, DQ) DD M(nj,Dj)

where the D;’s are finite dimensional division algebras over F'. Since F' is a finite
field, we have the D;’s are finite division rings and so the D;’s are finite field
extensions of F.
Further, we can observe that r = +1 or +2 (mod5). If r = +1 (mod 5),
then (a' +a~%)" = (a' + a™*) for i = 1,2. Hence for any element z € 2 (F D1p),
o

" =z and so

FDig=M(2,F)®&M(2,F)® F&F.

Now if 7 = 42 (mod5) then 7?2 = 41 (mod5). Now if n is even then "
+1 (mod p) which implies that 2" = z for all z € 2(F,Da,) and so F Dy
M(2, F) & M(2, F)® F & F. If n is odd then r2" = 1 (mod p) and so 2" = x for
any element in the center of F'D1g. Thus

raull

FDyy =~ ME2,F)®F
or & M(2,F)®F®F.

Since A is a derived subgroup of D1y, we have F-Dyg = F(D19/A)®w(A). Further,
FDlo/w(A) = F(Dlo/A) = FCy 2 F® F. So finally we have FDg & w(A) D
Fo®F. As w(A) is a two-sided ideal of the group algebra F'Dq( then it will direct
sum of simple module and each simple module is isomorphic to a matrix ring
over F. Thus the group algebra FDyg = M(2, F) @& F & F. Hence

GL(2,F) x GL(2,F) x F* x F*, if r = +1 (mod 5);
GL(2,F) x GL(2,F) x F* x F*, if r = +2 (mod5)

and n is even;
GL(2,F) x F* x F*, if r = +2 (mod 5)

and n is odd. O

U (F D)

Il

Remark 1. Although our methods were theoretical, the use of the GAP
package LAGUNA [2] helped us to verify certain long and involved computations.
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Remark 2. We have not handled the case when the extension field F' of
F5 does not have a primitive 5-th root of unity. However, we have the following
proposition in the case of F5.

Proposition 2.2. % (FyD1g) = V'(A) x (b), the semi-direct product of
V'(A) with (b) where V'(A) = (1 +w(A)) N % (F2D1yp).

Proof. Since A is a normal subgroup of D, the natural homomor-
phism Dy < Dj/A induces an algebra homomorphism, say 6, from FyDjy onto
F5[D1o/A]. The kernel of this map is w(A) and so FyD1p/w(A) = F»Cs. Assume
0* = 0ly/(m D), the restriction of § on V'(FyDyg), where

V/(FQDl[)) = Zagg S %(Fngo) ’ Eag =1
geG

Note that if u € V/(FaDyg) then 6*(u) € V'(Fz[D1o/A]) and therefore 6* :
V/(FyD1g) — V'(F3[D19/A]) is a group homomorphism with Ker 6* = V/(A) =
(1 +w(A)) NV'(FyDyp). Further, assume

0" = 0|y (FDyo) : % (FD1o) — % (F[D1o/A])

is a group homomorphism. It is easy to observe that the kernel of §’ is V/(A) and
s0 % (FoDn)/V'(A) = Im@' C % (F»(b)) = (b). Hence

%(FQDH)) = V/(A> X <b> [l
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