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ABSTRACT. We estimate a regression function on a point process by the
Tukey regressogram method in a general setting and we give an application
in the case of a Risk Process. We show among other things that, in classical
Poisson model with parameter p, if W is the amount of the claim with finite
espectation E(W) = m, S, (resp. R,) the accumulated interval waiting
time for successive claims (resp. the aggregate claims amount) up to the
nth arrival, the regression curve of R on S predicts ruin arrival time when
the premium intensity c is less than pm whatever be the initial reverve.
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1. General hypotheses Our study is motivated by the following real
problem:

GH1: Let (7},), N+ be a claim arrival process and X,, = T,, — T},_1,
n = 1,2..., be the interval arrival times we suppose i.i.d having the same dis-
ribution as a variable X with values in R;. Denote by F(z) = P(X < x) its
distribution which we suppose continuous with density f, strictly positive and
continuous. We put 7o =0 and S, = X1+ Xo + - + X,,.

Sy is the accumulated claim up to the nth arrival. We suppose that, with the ith
variable X; is associated a second variable W; such that the (X;, W;) are inde-
pendant. We impose X; and W; to be dependent. W; is interpreted as the claim
amount of the nth claim. Define R,, := Wy + Ws... + W,, the aggregate claims
amount of the claims occuring up to the nth arrival.

Define N; := sup{n € N|(R,,S,) € [0,¢] x Ry}.

This paper is devoted to the study of the regression function E(Ry, /Sy, =
x). With this aim in view we give the statement in a general setting.

GH2: Let fy be a bidimensional point process fj defined on a probability
space (Q, A, P) with values in R4 x Ry. For any Borel set A of R4 xR, denote
by fo(A) the number of points falling in A. We suppose that [ = fo(Ry x Ry)
is finite almost surely and that the mean measure p of fy is finite on bounded
Borel sets and admits a Radon Nikodym derivative f*.

Let fo,1 be the first projection of fy. We denote by f1 its mean measure
and f its Radon Nikodym density. If I > 1, let (X1,Y7) ,...,(X;,Y]) be the points
of the process ordered such that X; < --- < Xj.

We define (X, Yy)=(0,0). Let a = 1,2 and suppose | = ly, Iy > 0.
The model of regression we are considering satisfies the following:

a) E(ija/Xl:l‘l,...,Xj:xj,...,Xlo:l'l()) = E()@O‘/Xj:xj) forj =
1,....0

b) E (Yja/Xj = x) is independent of j and Iy for j = 1,...,lp. We denote this

funtion as ¥, (z)



Estimation of a Regression Function on a Point Process. . . 361

This model had been investigated by Dia [5], Dia et al. [8], Diakhaby
[10], Dia et al. [9].

Consider f; fori = 1,...,n n i.i.d points processes having the same distri-
bution as fo and f(,) their superposition in the sens of Cox [2]. Let
m = fu)(Ry x Ry) and fi ) be the first projection of f(,y. If a=1 we de-
note as ¥ the function ¥,.

The estimator we are dealing with is the fixed bandwidth regressogram
of Tukey [18] developped later by Major [14], Geffroy [12]. It was utilized for
estimating the regression function on a Poisson Process in [6].

Suppose m > 1 and let <X{n),Y1(n)>, ey <X7(77:),YW(L")) be the points of
fny- If m =0 we put <Xén),Y0(n)) = (0,0).

Let k be a function of n. We denote

r r+1
kT ok

Akﬂ« = |: |:, renN

T = {i,ilei(")eAkm}

)

Unr = card jn,r
1
B S v iy, >0
YTL,’!‘ = V’I'L,T' ieJn,r
0 otherwise.

We then define ¥,, ;, the estimator of ¥ by

(Vr>0) (Vo€ Ag,) Upp(x):=Y,,.

2. The main theorems. Let fj; be the first projection of fy and let
us consider the following hypotheses:

e H;) f is continuous and strictly positive.

e Hy) U, exists and is continuous for a = 1, 2.
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e Hj3) for any  in R
P(fO,l([l",l‘ + Az[) > 2) = o(Ax).
e Hy) fo.1 satisfies the approximation (see [3])

P(foa(n) = 1) = (1),
whenever [ is an interval with arbitrarily small length.

e Hj;) the second factorial moment of fy (/) exists for every bounded inter-
val 1.

Remark 2.1. It results from the hypothesis Hg that fy; is without
double points, that is

(Vi,j) 1<i< j)P(w (1 Xi(w) = Xj(w), 1> 1) =0.
Therefore the points X1, ..., X; can be strictily ordered with probability one (see
3))-

Theorem 2.1. If forl=k>1 E(on‘/Xj = x) is finite and independent
of k and j, j=1,...,k, then

1 o px
Wwﬂ=ﬂ5Ayf@yM%

where f(x) :/Rf*(x,y) dy.

Theorem 2.2. Suppose that the hypotheses Hy, Ha, Hs, Hy, Hs are

satisfied. If % — 400 and k=0 ﬁ) as n — +oo then
n

(Vz € R) lim E [(U,(z) — ¥(2))*] =0

n—oo

i.e Uy, k() converges in quadratic mean to V(x).
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3. Preliminary results.

Lemma 3.1. Ifl =k, then the variables (X1,Y1),...,(Xk, Yi) are ab-
solutely continuous with respect to the Lebesque measure with conditional density
[P(l=k)|7*he f*,i=1,...,k, say. Moreover

> (x) -

k=1

Proof. Let ® = x4, be the indicator function of a Borel set A. We have

l
E(Z@«Xi,m)) S

i=1
o k
(3.1) = > > P((X,Y) € Al=k).
k=1 1i=1
Since P((X;,Y;) € A,l = k) < u(A), there exists Borel measurable function hj,
such that

PCXY) € A1 =) = [ W) dute) = [ Bi(o.o)f (@) de dy

Therefore
(3.2) Z(/thxy dacdy) /f z,y) dx dy.
k=1

The Beppo-Levi theorem implies that

(33) Z (Z hi.(z,y) f )) = f*(x,y)

k=1
and so we have established the lemma. O

A similar result was obtained for the one dimensional process fy 1. The
variables X;,7 = 1,...,k are absolutely continuous with respect to Lebesgue

o) k
measure with conditional density [P(l = k)]_lgz(x)f(x) and Z [Z gz,] =1.
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Remark 3.2.

o (X;,Y)), i > 1 exists only if [ > i. The event ((X;,Y;),l < ¢) is an empty

set.

Suppose (X;,Y;) = (Xi1,Yi1) + -+ (Xis,Yis) is a sum of s independent
random variables with density then, permuting the summation in (3.1),
(3.2) and (3.3) we have:

P((X;,Y;) € /ZhZ z,y)f*(z,y)) dx dy.

Hence the density f() of (X;,Y;), which is the s-convolution of the density
of (Xi;,Yi;), j =1,...,s, can be expressed formally as:

fO(z,y) Zh’ z,y)f*(z,y). (see e.g. [15, p. 128] for convolution of

multivarate funct10ns) Conversely if such decompostion of (X;,Y;) exists
then equality (3.1) and the remark just above give:

S P((X:, Vi) € A) = p(A).
i=1
00 '
Hence p admits a derivative f*(z,y) = Z @ (x,y) almost everywhere.
i=1

An analogous remark holds in the one dimensional case (see [4, p. 84] for
the density of a renewal process).

4. The proofs of the theorems.
Proof of Theorem 2.1. Since Y; and X are only defined if [ > j we

have from the Lemma 3.1 and hypothesis GH2 b)

+o0 ‘
apd *
) kZ/Ry ka9 ) do dy

\I,Oé(l‘) = E(Yja/XJ =)= oo
> gl(@) f(x)
ey
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for each j. We deduce that for all s > 1

s oo ‘
ZZ/ y by (x,y) f* (2, y) dx dy
j=1k=;/ R+
U, (x) = T .
> gh@)f(@)
j=1 k=j

Hence, letting s tend to +oo and by using Fubini’s theorem we obtain

+o0 k

ZZ/ YR (z,y) f* (2, y) dv dy
k=1j=1" R+
\I]a(l‘) - +oo Kk )

> Y d@f@

k=1 j=1

the series in the numerator being convergent.
Lemma 3.1 and the Beppo-Levi Theorem complete the proof of the the-
orem. [

Let r := [kx] for fixed « in R where [z] stands for the integer part of a
real number z. A{w = (Unyr =J).
Consider the following partition of the set 7, , defined by

TIngr = U qui}
s=1

where jé? stands for the set of indexes ¢ such that Xi(n), element of the s-th
component of fi (,) denoted by fi s, belongs to Ag ;.

Let I/r(qu)n := card jés,? where card denotes the cardinal number of a set.

Lemma 4.1. Suppose that Hy, Ha, Hgs are satisfied. Then there exists
a point Ci o 0 the closure of Ay, such that

(W >1), (Vi€ T, E(")/AL) = ValChra)-

/szj (K"”)a =3 j /Vﬂ:js (Y;m))“ P

jhj? ----- j37-;-7 n.
J1tjge+t-+in=3
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We make the convention that the integral in the right hand side is nul if jn =
orif i ¢ Ty,
Therefore if j,g‘? % @ and i€ jﬁ} by the hypothesis GH2 a) we have

y e gp = dF -
/u<5> 16575,52( ’ ) XZ,(">6A ,...X( >6Ak Va(w:) (n) Xz(jns)(x“ ’x%)’

n,r ]97

where (XZ.(n), ... ,Xff)) stands for the j; variables of the set ( 7(12 = Js).
Since ¥, is continuous, we obtain

[, @dp = P = va(c)
Un 'r—]s

with (s belonging to the closure of Ay . Hence

/ Gerdp= S P = ) PalCy).
Vn,r=]

J1,J25e+ 308505
Jitjet+-+jn=j

; 1

E((Yﬁ))a/A;M) - / (v{™)*dP is then between min W, (z)
’ P(A'}CT) Vnr*j xeAkr

and max W¥,(x). Since ¥, is continuous, the lemma is proved. O

xeAk r

Proposition 4.1. If Hy, Ha, Hs, Hy, Hy are satisfied and ﬁ — 00,
n — oo then
+oo

1) lim P(AJ ,) =1
n—-+00
7=1
400 1 )
. - J —
2) lim 3 le(AkJ,) 0.
j:

3) lm 05 Lpal )—0
n—IEIi-loonA 1j2 ko
]:

Proof. 1. Write

+oo
N P(a],) =1~ P(AY,).
j=1
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We have
P(A},) = (P(foi(Ax,) = 0))"
= (1= (P(fo1(Akr) = 1) + P(fou(Akyr) = 2)))"
and

(41) P(fO,l(Ak,r) = 1) - ,ul(Ak,r) +o0 <%>

r+1
k

(4.2) - / f(z)dz + o <%) = () +o (%)

%
where 7 € Ay, because of Hy and the continuity of f.

1
By H3 we have P(fo1(Ag,) >2) =0 (E) .

Hence
(4.3) PAY,) = ertoe(i-(R/(M+o(5)))
(4.4) ~ o7 (f+e(3)),

Since % — 00 as n — 400 and f(7) — f(z) > 0 by continuity of f, the part 1)
of the proposition is proved.

oo
1 ; 1
2. This equality can be written in the form E ~-P <Ai r) =F < > )
.7 b

; Un r
Jj=1 ’
Let us show that v, , — 400 with probability one as n — +o0.
Let 0 < e < 1. We have from (4.2)

1 1
P(fo1 (Aky) > €) > P(fo1(Agyr) =1) = Ef(T) +o (E) :
. . o . n
It follows that it exists 6 > 0 such that P (v, >¢€) > s Since T 400 as
—+00
n — +oo the series Z P(f1,s (Ag,) > €) = +00. Therefore by the Borel-Cantelli

s=1
lemma infinitely many events (fi s (Ag,) > €) occur with probability one. Hence

n
Upyr = Z f1,s (A ;) — +oo with probability one.
1
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The Lebesgue dominated convergence theorem completes the proof.

n

n—-+00

3. It is equivalent to show that lim F ( ) = 0. Write

2
Vn,r

(4.5) no_ 1 <nM1(Ak,r)>2‘

vz, npf(Ag,r) Vn,r
np1 (Ag,r) np1 (Ag,r)
(4.6) 7y = = O
mr Z821 l/n’r

(s) (s)
But F L R and the random variables L, s=1,...,n are in-
1 (Ag,) p (D)

nu (A
dependent and identically distributed. Hence M
V’VL,T
bility one as n — 400 by the strong low of large numbers; therefore it is bounded
r+1

with probability one. Since p1(Ag,) = / ' f(z)dx = % with 7 € Ay,

tends to 1 with proba-

k
and f(r) — f(x) > 0 as n — 400 by the continuity of f, we then obtain

k’2
Z =0 (—) a.s.
Vi r n

The Lebesgue dominated convergence theorem completes the proof. 0O

Proposition 4.2. Under the conditions of Theorem 2.2, if H4 is satis-
fied then
+o0o

- 1 (n) () /A J :
Y 5 3o /8 P ) =

Proof. We suppose that i and i’ belong to the same j,§32 and
card j,g‘? > 2 otherwise the covariance is nul.

Let s be fixed and 4,4’ belong to j,?)
The inequality

eov (V™ Y AL )| < (B2 ) (B((Y")?/AG,))2
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implies

Z ’cov <Y(n n)/A )

i1’

P (A;T)

(NI

< ZE ZXA] Uy Ckrg)/cardjng =B3|P <cardj7§f;2 = ﬁ)
=\
J
< Zﬂ(ﬁ = DWo(Chr2) P(Vn—1, = 3J — B)P (u,(f) = 5) '
f=2

We have for such i and

Z Z‘COV(Y(n Y(n /A )

Jj= 1 i’

P (A{;T)

“+o00 J
<> B0~ Va(Ghr)P s = 5= 0) P (443 = )
272

1
<3 BB 1P (V) =8) Y 5P (n1r =i~ B)
p=1 =87
2 = 1
< lIlQ(Ck’T’Q)nl(C,B“ Z ]_2P (Vn—l,r = ]) + P (Vn—l,r = 0)
j=1

(2)

where 7, stands for the second factorial moment of fo 1(Ag,).
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Hence for i and ¢’ belonging to J,,, we have

(4.7) Z ;‘COV(YM Y(n/A ) ( )

—+00
(2

1 .
<0G | D PVt =)+ P¥n-1, = 0)
j=1

We have from (4.3) and (4.4)

Log (nP(vp_1, = 0)) = Logn — (n ; D) (f(T) +€ (%))

which tends to —oco as n — +o00.

Thus part 2. and 3. of Proposition 4.1 then complete the proof of the
proposition. O

Proof of Theorem 2.2. By Lemma 4.1 we have
+oo
48)  B(Uui(2)) = E(EWnu(@)/vnr)) = U(Chra) Y P(A

In the same way

E (V) (x) = +ZOOE (‘I’%,k(l‘)/ﬁi,r) P (Ai,r> :
j=1

B(wiu/al,) = 5B () 8l ) + 5 X B (L)

Express -
Z 2 S B (v ag ) P (ag,)
as = 7
Z Zcov( () Y(n /A ) (Aim)
Jj= 17 i#l

“+o00

+ W2 (Crr) io P (Aim) — U2 (Grra) Y %P (AZ;,J :

j=1 j=1
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Proposition 4.1 and Proposition 4.2 imply that this last expression tends to U?(x)
as n — +00.
On the other hand

+oo

Z ZE(( OV ALY (ML) < ) 5P (o).

j=1

The right hand side of this inequality tends to 0 as n — 400 by Proposition 4.1.
It follows that E(V2 , (z)) — ¥?(z) as n — +o0.

The Proposifion 4.2 again implies, by equality (4.3), that E(¥,, x(z)) —
U(z) as n — +oo. Hence Var(¥,,(z)) — 0 as n — +o0.

Since nhrf (BiasV,, x(x))? = 0 the proof of the theorem is complete. O

Remark 4.2. If there exists Y independent of the process such that Y; <
Y fori = 1,2,... then E ( ) /A ) < Uy (Cer1)E(Y) and the theorem

remains valid if Y has a finite moment. Therefore, in this case, we shall restrict
ourself to processes for which in the general hypotheses GH2 o = 1.

5. Application. We suppose the hypothesis in the preceding Remark
4.2 satisfied. The risk process introduced earlier in Paragraph 1 is considered in
this section.

Let Z, := (Rn, Sn)nen. We suppose that (W, X,,) admits a continuous
density f,,(w,z). Therefore the random vector Zy = (W1 + W, X1 + X3) admits
a density given by

FO(w,z) = /04-00 /04-00 fo(w —u,x — v) f1(u,v) dudv

where f(?) stands for the two-fold convolution of f, and f; (e.g. [15, p. 128]).
In a iterative manner the density of f, is expressed as f{ (w,z) = F=1)
falw,x), fo = 1, f1 = f1. It follows from the Remark 3.2 that the process

(Z Wi, Z X; ) admits mean measure p with density f* defined by

+oo
x) :Zf(”) w,x
1
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We suppose that f* is continuous.
Consider the marginal process denoted by fo1 := Sn,. It admits a mean
measure pq defined by

+o0o
VBeBRy), p(B):=)» P(S,€B).
n=1

+o0
Define 11 ([0, z]) := p1(z) = ZF,;‘(J:) where F}(z) stands for the k-convolution
k=1
d
of the distribution F' and f(x) := %(l‘) We suppose f strictly positive.
x
We have

+o0 %
U(x) = B(Ry,/SN, = x) = 2 w; éﬁf’“ dw

H, is verified. It is well-known that hypothesis Hy is satisfied.
Let us now show that fy 1 satisfies also Hg and Hy.
1) For Hg we have

+o0
{foa(lz,z + Az]) > 2} € | J(Sk € [z, 2 + Az], Spy1 € [1,2 + Ax])
k=1

and

P (Sy € [z,z + Ax],Sk11 € [z, 2 + Ax])

x+Az

— [ P(Sin € o+ A/ = ) dFs, (1)
x+Az

— [ POt + oo+ As)/S, = w) dFs, ()

z+Ax
= / P(Xg+1 +u € [z, + Az]) dFg,

because the variables X} are independant.
We now express the term in the integral as

r+AT—u N

P(Xps1+u € [, 2+ Aa]) = / F#)dt = AF(Q)

r—u
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where ¢ € [z — u,x + Az — u]. Hence

r4+rAx

+oo
Plfar(leo+Ba) 22) < S aaf(Q) [ dFs(w)
k=1 z

N r+Ax +00
acfie) [ d (Z F, (u)>
z k=1

N r+Ax N
AzF(Q) / dyis () = Axf(Q)pm (Ax).

IN

IN

Since p is continuous we get
P(for([z,z + Az]) > 2) = o(Ax).

2) For H4 we have on the one hand

+o0
(5.1) P(fo1([z,z+Azx]) =1) = ZP(fl,o([x,a: + Az]) =1,N(z) =n).

n=0

But
Pfor(fe +Ax)) = UN(z) =) = P(Sust — Sn € 12 + As)/S, = 2)
= P(Xp41 € [z, + Ax]).

Thus we obtain from (5.1) the equality
z+Ax
(5.2) P(forllea+ Aa)) =1) = [ dF ().
On the other hand, the renewal equation
t
pa(®) = @)+ [t~ w)dF(w)

0

gives

z+Ax z+Azx
pi(fr,x + Azx]) = / dF(u)+/ (1 (z+ Azx —u) — pi(z —w)) dF(u)

z+Ax

z+Az
(5.3) - / dF(u) + 1 (Ax) / AP ().

xT
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Thus equalities (5.2) and (5.3) complete the proof. O

It remains to establish that the hypotheses a) and b) in GH2 are satis-
fied. For this aim we need the following hypothesis:

Hg) : There exists an integrable function g such that

T

EW;/Si-1 =xi—1, 5 = ;) = / g(u) du.

Ti—1

The points z;, 7 > 1 stand for the jumps points of the process.

Theorem 5.1. Suppose that the hypothesis Hg is satisfied and the con-
ditions GH1 in the general hypotheses are verified. If Ny = r, then

1) E(Ry/S1 = 1,82 = x2,...,5 = Tp,...,Sr = x,) = E(Ry/S, = xp),
k=1,...,r,

2) E(Ry/Sk = =) is independant of r and k, 1 < k < r. Moreover, ¥ is
differentiable with V' (x) = g(z) for almost all x € [0,1].

Proof. We have for i = 1,...,r and all r, using the independance of the
variables

E(WZ/Sl :l'l,...,Si in,...,ST :xr)
—+00
_ / W (W, X1, X, Xy X)) (W5 T1, T2 =T 1, D=L 1+ ooy Tp—Tp—1)

= dw
Fx1, X Xy X0) (T1, T2 =T 1, oo =T 1, - oo, Tp— T 1)

fX,,W, ﬂﬁz—fﬁiflaw)
Ixi(zi — xi—q)

dw = EC(I/VZ/AXZ =T; — xi_l).

But we have also
(5.5) E(Wi/Si_l =Ti—1, Sl = l’z) = E(WZ/XZ = X; — mi—l)-

Because of Hg) we have:

Ty

(5.6) E(Wi/Si_l = .I'i_l,si = -I'z) = / g(u) du.

Ti—1
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Hence for 1 < k < r we get:

E(Rp/S1 =x1,5 =x9,...,Sc = xp,...,Sp =x,) = Z/ g(u) du

(5.7) = /Omk g(u) du.

By integrating this equality with respect to the distribution of (Si,...,Sk_1,
Sk+1,---,57) we obtain

(5.5) B(Re/S. = a1) = [ gtwydu.

x

By Theorem 2.1 we have ¥(z) = / g(u) du. Theorem 18.17 [11, p. 286] leads
0

to the completion of the proof. O

Remark 5.1.

1. If E(W;/X; = ) = Az for all ¢ then hypothesis Hg) is verified because
of equalities (5,4) and (5.5) by summing the terms for i = 1 to i = k.
Therefore the theorem is coarsely verified with g = A.

2. Consider the following function
EWi/X; =u—zi1) = (™ — M )X, 0 ().
Hp) is also verified. Moreover for all k¥ > 1 we have on [0, z]:
g(u) = A,

g satisfies Hg).
Equation (5.8) gives

(5.9) E(Rk/Sk = xk) = 6)\‘%’C — 1.

Remark 5.2. Suppose now the conditions of the theorem fulfilled.
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We then have E(W;/X; = v — ;1) = (V(u) — V(25_1))X[e,_, 2, (v) and
(o) = [ g(u) du.

T
Define A by A([x;—1,x;]) == / g(u) du. This function can be thought of

Ti—1
as the mean inter-arrival claim intensity measure and g the mean

intensity of the claim process.

Suppose that ¥ admits an asymptotic line with A > 0 as slope. Then for
any arbitrarily small € > 0, if x is large enough we have E(W1/X; = z) =
U(z) > (A — €)z. Hence E(W7) > (A — €)E(X;). Consequently, any line

E(Wh
having a slope ¢ such that ¢ <
8 P E(Xy)

will intersect the regression curve.

By analogous reasoning, the same conclusion is evidently valid if

v v
lim ﬂ = 400 by considering ﬂ > ¢ if z is large enough.
r—+oo T X

If limJirnfg(J:) > 0, then lim = 0 is impossible because ¥(x) —zg(z)

r—+o00 X
must be positive for all x.

If X is exponentially distributed with density pe™”*, then N; is a Poisson
process. Consequently, under the conditions of the preceding remarks, the
intersection of the line y = Ry + cx in the classical ruin problem and the
curve ¥ (x) will necessarily occur if ¢ < mp whatever be the initial value Ry
( here E(W;) =m,i=1,...,) (see [17, Corollary 7.1.4, p. 160] for another
result). Therefore the ruin time in the futur can be predicted.

Note. The limit here is thought of as ¢ — 400 with N;.

Remark 5.3.

e The ruin problem is predicted by this model for any deterministic prenium

function.

e It remains to investigate the case of the stochastic premium function. This

case was studied by V. Kalashnikov [13]. The solution of the ruin problem
ceases then to be analytic. The risk model takes the form:
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(5.10) B(t) = Ry + C(t) — R(t)

with B(0) = Ry the initial capital. The directions of further research are
the following.

Suppose we can write BN(t) = UN(t) _RN(t) where UN(t) = RO+CN(t)- Then
E(Bynw/Sne =) = E(Unw)/Snw) = *) — E(Rn@) /SN = 2)- Defining
®(z) = E(Unw) /SN = ), the problem to solve is whether stochastic
dominance holds or not between ® and ¥ (see e.g. [1, 16]).

Recall that, under some conditions (see [7]), we have for all y € R and all
b >0,

lim P ( sup (v()) "2 ((n/k) f(2)) "2 (W () — V()

n—+o0 x€[0,b]

< (2Logk — Log Log k + y)1/2>

e /2
(5.11) = exp (— Qﬁ)

where v(z) = Var (Y1/X1 = z), the right-hand side of (5.11) being the

Gumbel’s distribution.

Suppose we have at our disposal ®,, ;, the regression estimation of ® by

the same method as in paragraph I. Let o, (z) be a convergent estimation

. Var (Bl/Xl = l’)
f(x)

we are going to resolve is then

of w(x) :

. The statistical testing hypothesis dominance

Ho : V(z) <®(x) forall xel0,b],
>

Ho : Y(x) (x) for some x € ]0,b].

Consider any constant c¢y. The test statistic

Tk = Sél[lopb](ffn,k(l‘))71/2((”/’?))1/2(‘I’n,k(l‘) — @, 1(x))
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which rejects Hy if 7}, > (2Log k — Log Log k + co)'/? satisfies:
A) if Hy is true.

6700/2
lim P(reject Hg) <1 — — .
Jm (reject Hg) < exp NG

This inequality results from the equality ¥, — ®, 1 = ((‘lfnk - Q%) —
(T —®)) + (T — D).

B) If Hy is false.
Then there exists 6 > 0 and xg such that ¥(xg) — ®(z9) =0 > 0. We have
T > o k(o)) 2 ((n/k)/ (W 1 (w0) — B k(o).

Hence

P(reject Ho) > P(onx(0) "2 (n/k))Y2 (W, 1(20) — ®pi(0))
> (2Logk — Log Logk + 00)1/2).

n

Since k = 0(

) , the conditions
Log
0,

n
i) inf —d>
D @

), Jim_ stp (o) M2 (0 (@)= () — (w(e)) /2 (U )~ 2())) =
0 a.s imply 7

lim P(reject Hy) = 1.

n—-+o00

These previous lines are the framework of ideas which we can make more
precise later in an another paper.
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