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ABSTRACT. In the present paper, we improve the classical trigonomet-
ric Korovkin theory by using the concept of statistical convergence from
the summability theory and also by considering the fractional derivatives of
functions. We also show that our new results are more applicable than the
classical ones.

1. Introduction. The classical trigonometric Korovkin theory (see,
e.g., [1, 21]) has been developed by the second author (see [10]) with the help
of the concept of statistical convergence instead of the usual convergence. In
the recent paper [4], this theory has also been studied by the first author via
the techniques from the fractional calculus. In this paper, we mainly combine
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these results. More precisely, we obtain some statistical trigonometric Korovkin-
type results by using the fractional derivatives of functions. We also display an
example showing why our results are more applicable than the classical ones.
We first recall some basic definitions and notations used in the paper.
Let A := [ajn), j,n = 1,2,..., be an infinite summability matrix and assume
o0
that, for a given sequence (x,), the series ) ajnx, converges for every j € N.

n=1
Then, by the A-transform of , we mean the sequence ((Ax);) such that, for every

o0
Jj €N, (Az); == > ajnzr,. A summability matrix A is said to be regular (see
n=1
[19]) if for every (z,) for which lim, z, = L we get li§n (Az); = L. For a given
non-negative regular summability matrix A, we say that a sequence (z,,) is A-
statistically convergent to a number L if, for every € > 0, lim > an; =0,
I7®n ¢ |zp—L|>e

which is denoted by st4 — liﬁn xn = L (see [17]). Observe now that if A = C; =
[cjn), the Cesdro matrix defined to be ¢j, = 1/ if 1 < n < j, and ¢j, = 0
otherwise, then C;-statistical convergence coincides with the concept of statistical
convergence, which was first introduced by Fast [14] (see also [15]). In this case,
we use the notation st — lim instead of stc, — lim (see the last section for this
situation). Notice that every convergent sequence is A-statistically convergent
to the same value for any non-negative regular matrix A, however, the converse
is not always true. Not all properties of convergent sequences hold true for A-
statistical convergence (or statistical convergence). For instance, although it is
well-known that a subsequence of a convergent sequence is convergent, this is
not always true for A-statistical convergence. Another example is that every
convergent sequence must be bounded, however it does not need to be bounded
of an A-statistically convergent sequence. With these properties, in recent years,
the statistical convergence has been used in many branches of mathematics, such
as summability theory [9, 16], measure theory [8, 22], approximation theory [6,
13, 18], fuzzy logic theory [5, 7, 20], analytic functions theory [11, 12], and etc.

Throughout the paper we focus on the closed interval [—m,w]. We now
recall the Caputo fractional derivatives. Let r be a positive real number and
m = [r], where [-] is the ceiling of the number. Let AC (|—m,7]) denote the
space of all real-valued absolutely continuous functions on [—m, 7]. Consider the
space

AC™ ([—m, 7)) := {f D|=mm] = R fm=1) ¢ AC([—W,W])}.

Then, the left Caputo fractional derivative of a function f belonging to
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AC™ ([—m,m]) is defined by

Yy
r . 1 m—r—1 ¢(m)
(L) D fw)i= gy [ =0 0 for g€ [,
where I' is the usual Gamma function. Also, the right Caputo fractional derivative
of a function f belonging to AC™ ([—m,7]) is defined to be
=™

(1.2) Dy f(y) = T(m — 1) /(C —y)" T (QdC for y € [, 7).

Y

In (1.1) and (1.2), we set DS(_W)f = fand DY_f = f on [—m,x]. Throughout
the paper we consider the following assumptions:

D:(iﬂ)f(y) =0 for every y < —7

and
D> _f(y) =0 for every y > 7.

Then we know the following facts (see, e.g., [2, 3, 4]):

(1) Ifr > 0,7 ¢ N,m = [r], f € C" Y[—n,x]) and f™ € Loo([—, 7)),
then we have D:(iﬂ)f(—w) =0and D._f(r)=0.

(2°) Let y € [—m, 7] be fixed. For r > 0, m = [r], f € C" ([, 7))
with (™) € Lo, ([~,7]), consider the following Caputo fractional derivatives:

(1.3) Up(z,y) = Dy, f(y) = %/(y — ey M @)dt for y € [z, 7]

m—r)
and
(1.4)
Viley) =D f(y) = " /c )" (e for y € [, al.

Yy

Then, by [2, 4], for each fixed = € [—m, 7], Uy(x,-) is continuous on the interval
[z, 7], and also Vy(x,-) is continuous on [—m,z]. In addition, if f € C™([—m, 7)),
then, Uy(-,-) and Vy(-,-) are continuous on the set [—m, 7] x [—m,7].
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(3°) Let w(f,d), 6 > 0, denote the usual modulus of continuity of a
function f on [—m,7]. If g € C ([-m, 7| x [—m,7]), then, for any § > 0, both the
functions s(z) := w (g (z,-),0) j and ¢(z) :== w (g (x,-),0), - are continuous
at the point z € [—m, 7]].

[_71—73;

(4°) If f € O™ Y([—m,x]) with f(™) € Lo, ([—,7]), then we get from [4]
that, for any 6 > 0,

(1.5) sup w (Uy (1:,-),5)[35 o <00
z€[—m,m] ’

and

(1.6) sup w (V¢ (x,-),0) ] < OO
z€[—m,m] ’

(5°) Now let U(y) :=V,(y) =y —x, Qy) := Q(y) = sin

eo(y) := 1 on the interval [—m,7]. Following the paper by Anastassiou (see [4])
if L,, : C([-m,7w]) — C([—m,7]) is a sequence of positive linear operators and if
r>0,r¢N m=][r], fe AC™(—n,x]) with f("™ € Ly ([-n,n]), then we

\yzl’\ and

obtain that (|| - || is the supremum norm)
m—
k
L) =71 < 15 Enleo) —eoll+ 3 L HLn (1e1"))
k=1

2m)"
" (11(7) 1Ln (e0) — eoll =7 +

2m)" (r+ 1+ 2m)
(r+1) )
ﬁ{ sup w(Uf

I'(r+2)

x[|Zn (277)

(Qr+1)

)

€[=m,7]

+ sup w (Vf (x,), HLn (QTH) r+1

z€[—m,7]

Then setting

(1'7) Pnr = HLn (QT—H)
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and also using (1.5), (1.6) we may write that
(1.8)

105) = 1< Ko { I Euten) ol + 5 |

b (o)

o ( sup w (Uy (2, ) va)[x,w]>

z€[—m,7]

+p:7,7'r ( sup  w (Vf (l', ) :pn,r)[_mx])

z€[—m,m]

z€[—m,m]

_1
+pZ,THLn(6o)—60HT“< sup w(Uf(xv')anvr)[m,w])

1
+pz,r||Ln<eo>—eour+l( sup w (V <x,->,pn,r>[ﬂ,d>}»

T€[—m,m]
where
B 2m)"  @2n)" (r+1+2n) /
(1.9) Km._max{rml), N et A
T Hf“"‘”}l}
20 731 T (m— 1) [

We should note that the sum in the right hand-side of (1.8) collapses when r €
0,1).

Therefore, the next theorem is a fractional Korovkin-type approximation
result for a sequence of positive linear operators.

Theorem A (see [4]).  Let L, : C([-m,7]) — C([—7,7]) be a se-
quence of positive linear operators, and let v > 0, r ¢ N, m = [r]. If the
sequence {pnm}neN given by (1.7) is convergent to zero as m tends to infin-
ity and {Ly(eg)tnen converges uniformly to ey on [—m,w|, then, for every f €
AC™([—m,w]) with f™) € Ly ([—m,7]), the sequence {L,(f)}nen converges uni-
formly to f on the interval |[—m,w|. Furthermore, this uniform convergence is
still valid on [—m, 7] when f € C™ ([—m, 7).
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2. Fractional Korovkin results based on statistical conver-
gence. In this section, we mainly obtain the statistical version of Theorem A.
We first need the following lemma.

Lemma 2.1. Let A := [a;,] be a non-negative regular summability ma-
triz, and let r > 0, r ¢ N, m = [r]|. Assume that L,, : C ([-m,7]) — C (|-, 7))
s a sequence of positive linear operators. If

(2.1) sta — lién | Ln(e0) — eol| =0

and

(2.2) stq — 1i71;n pnr =0,

where py, . is the same as in (1.7), then we have, for every k =1,2,...,m —1,
sta— liﬁn‘ Ly (y\yy’“) H ~0.

Proof. Let k € {1,2,...,m—1} be fixed. Then, using Holder’s inequality

1 1 1 1
for positive linear operators with p = rt , ¢ = Tt -+ -=1], we
k r+1—k \p ¢
obtain that
W k
e ()] = 2 o= ((5))
2
| W] rHLY [|7H rl—k
< 2| ((3) Lo (o)

which gives

e ()

Now using the fact that |u| < 7sin (Ju| /2) for u € [—m, 7], we have

(o ()

_k_
r+1

r+1-—k
{10 (e0) = eoll 741 + 1}

Lo (1911)] <2

r+1

|2 (12)]| < m)* {10 (e0) = el 7 + 1}
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Hence, for each £ =1,2,...,m — 1, we get the following inequality:

(2.3) | 2a (101F)]| < @m)* (k120 (e0) = ol =57 + 5, ).

Then, for a given £ > 0, define the following sets:

A :{neN:HLn<\‘Il\k)H25},
r+1—k £
A+ =4neN: ﬁr Ly (eg) —eof| 1 >
1 { p, H (0) OH 2(27T)k}
1 /eNt
T = : > — (= .
Az {”GN p’”—27r(2> }

Then, it follows from (2.3) that A C A; U Ay. Also, defining

3

Al :{neN:pan\/%_ﬂ<§>;’“}7

.\ T
n €N :||L, (ey) — egl| > ,
ILn (o) = o (2(2@’“)

"
Al

we observe that A; C A} U A, which implies that
AC Aju AU A,.

Hence, for every j € N, we get
D an S Y amt Yt Y ajm
neA neA ne Ay neAs

Letting j — oo in the last inequality and also using the hypotheses (2.1) and
(2.2) we immediately see that

lijm Z ajn = 0.

neA
Hence, we conclude that, for each £k =1,2,...,m — 1,
sta — lim } Ly (y\pyk) H —0,
n

whence the result. O
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Now we are ready to give our first fractional approximation result based
on statistical convergence.

Theorem 2.2. Let A := [a;y] be a non-negative regular summability
matriz, and let > 0, » ¢ N, m = [r]. Assume that L, : C([-m,7]) —
C ([—m,7]) is a sequence of positive linear operators. If (2.1) and (2.2) hold,
then, for every f € AC™([—m,7]) with f™ € Lo ([—7,7]), we have

(2.4) sta —lim [ Lo(f) — f| = 0.

Proof. Let f € AC™([—m,7]) with f(™ € L., ([-m,7]). Then, using
(1.5), (1.6) and (1.8), we get

ILn(f) = fIl < My {HLn(‘fO) —eol| + Qp:L,’I‘

2.5 1
(25) 1200 L (e0) — o]

o (1) H} ,

where

Mm,r ‘= Inax {Km,ra sup W (Uf (.@, ) 7pn,7")[x7ﬂ—] )

z€[—m,m]

sup w (Vf (.T, ) ) pn,?") [—7r,$] }

r€[—m,m]
and K, , is given by (1.9). Now, for a given € > 0,define the following sets:
B = {neN:|L.(f) - fll =€},

By = {nGN:HLn(‘\I"k)HZm}a k=1,2,....,m—1

&
neN:|[Ln(eo) — eol| > ————
1 (e0) = eoll = (m+2)MmT}

{
P = {"EN 5(m)}
{

9
N:§ L — > —— 5.
W (o) — ol 7T > g

)

Bpy2 =
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m+2
Then, it follows from (2.5) that B C J B;. Also defining
i=1

r+1
£ 2

By, ig = L —ell>(———
m+3 {"EN 1L (e0) 60H_<2(m+2)Mm7r> }

and )
B N:6 ° o
= oy 2\
m+4 ne ) (2(m T 2)Mm¢)

Bm+2 - Bm+3 U Bm—&—él7

we see that

which implies

m—+4
BC U B;
i=1
Hence, for every j € N, we have
m+4
(2.6) Z A jn < Z Z Qi -
neB i=1 neB;

Taking limit as n — oo in the both sides of (2.6) and also using (2.1), (2.2), and
also considering Lemma 2.1 we conclude that

lim > =0,
neb
which gives (2.4). O

If we use the space C"™(|—m, 7]) instead of AC™([—m,7]), then we can get
a slight modification of Theorem 2.2. To see this we need the next lemma.

Lemma 2.3. Let A := [aj,] be a non-negative reqular summability
matriz, and let + > 0, r ¢ N, m = [r]. Assume that L, : C([-m,7]) —
C ([—m,7])is a sequence of positive linear operators. If (2.2) holds, then, for
every f € C™(|—m,7]), we have:

(i) stq —lim ( sup w (Uy (x,-) ,pnﬂq)[m’ﬂ]> =0,

n \z€[-m,7]

(17) sta —lim ( sup w (Vy(x,) 7pn7r)[—7r,;c]) =0,

n \wz€[-m,7]
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where pp, is the same as in (1.7); Us (-,-) and Vi (-,-) are given respectively by
(1.3) and (1.4).

Proof. We know from (2°) that if f € C™ ([—m,7]), then both Ug(:,-)
and Vy(-,-) belong to C([—m, 7] x [-m,n]). Then, by (3°), the functions
w Uy (z,) ’5n’7")[m,7r] and w (V¢ (x,-) ,6,177«)[77“3:] are continuous at the point x €
[—7, w]. Hence, there exist the points zg,z1 € [—7, 7| such that

sup W (Uf (z,-) :pn,r)[g;ﬂr] =w (Uf (o, ") 7Pn,r)[a;o77r] =g (pn,r)

r€[—m,m]

and

sup  w (Vf (.I', ) 7pn,7‘)[_ﬂ—7x] =w (Vf (1'17 ) 7pn,r)[_ﬂ-7xl] =:h (pn,r) .

z€[—m,m]

Since Uy (o, -) and Vy (x1,-) are continuous on [—, 7|, the functions g and h are
right continuous at the origin. By (2.2), we get, for any 6 > 0, that

(2.7) lim > aj,=0.

Now, by the right continuity of g and h at zero, for a given € > 0, there exist
1,92 > 0 such that g(d,,) < € whenever §,,, < d; and that h(d,) < € whenever
Onr < 62. Then, we may write that g(d,,) > € implies J,,, > ¢, and also that
h(0pn,) > € implies d,, , > 2. Hence, we see that

(2'8) {TL eN: g(pn,r) > 5} - {n €N: Py = 61}
and
(2.9 [nEN:hlpny) 22} C {n €N oy 2 b2}

So, it follows from (2.8) and (2.9) that, for each j € N,

(2.10) doam< ) am
n:g(pn,r)>e n:pn,r>01
and

(2.11) dYooap< Y aj

nZh(pn,r)Z‘f n3pn,r262
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Then, taking limit as j — oo on the both sides of the inequalities (2.10), (2.11);
and also using (2.7) we immediately get, for every € > 0,

lim E ajn, = lim E ajn =0,
J
n:g(pn,r)>e n:h(pn,r)2e

which means that

n \z€[-m,7]

sta — lim ( sup w (Uf (l’, ) 7pn,r)[g; W]) =0

and

stqg —lim ( sup w (Vy(x,-) >pn,r)[7r,m]) —0.

" \w€[-mm]
Therefore, the proof of Lemma is completed. O
Then, we get the following result.
Theorem 2.4. Let A := [a;,] be a non-negative regular summability
matriz, and let r > 0, r ¢ N, m = [r]. Assume that L, : C([-m,7]) —

C ([—m,m]) is a sequence of positive linear operators. If (2.1) and (2.2) hold,
then, for every f € C™(|—n,x|), we have (2.4).

Proof. By (1.8), we get

m—1
I205) = 11 < Eonr {Enten) ol + 5 |

(00|

+0n+9 (Prg) + Pb (Prr)
(2.12) L
+0n.r9 (Pnr) [ Ln (€0) — eo| 7+

1
0 (P | L (e0) — o7 } ,

where g(pn,r) and h(pp ) are the same as in the proof of Lemma 2.3. Now, for a
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given € > 0, consider the following sets

¢ = {HEN‘HL( —fll = e},

€
\I/ )H>7 L k=1,2,....m—1.
’ | m+4)Km7T}

€
n € N: ||L,(ey) — egl > —(m+4)K }
m,r

C, = neN:

Cp =

{
{rer
Coir = {neN P pm)_m},
{
{
{

13
C = N 2
m+2 ne Pn r Pn,r) - (m + 4) Km,r } 7
1 g
Coe N Ly (e0) = eql| 71 > - eo—
m+3 n e pn rg Pr,r H (60) 60” o (m + 4) Kmﬂ" }
1 g
o N Ly (e0) = eol ™+ = ———s=— 1
m+4 ne pn r Pn T H (60) €OH o (m + 4) Kmﬂ" }

Then, by (2.12), we have

m~+4
cc o
i=1
So, for every 5 € N, we get
m-+4
219 Sansd (S
neC i=1 neC;

On the other hand, by (2.1), (2.2) and Lemmas 2.1, 2.3, we see that

sta n(y\yyk)H = 0, (k=1,...,m—1),
sta =limpj .9 (pnr) = 0,
sta =limpj . h(pns) = 0,

sta = lim pl g (pu.s) | L (e0) = co 7 = 0,

StA—h,’Iannr (pnr) HL (60 _eOHTJrl = 0.
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Hence, we observe that, for every : = 1,2,...,m + 4,
(2.14) lim > ajn=0.
neC;

Now, taking limit as j — oo in the both sides of (2.13) and using (2.14) we obtain

that
lijm Z ajn = 0.
neC

The last equality implies that
sta —lm | Ly(f) ~ /]| =0,

which completes the proof. 0O

3. Concluding remarks. In this section we introduce a sequence of
positive linear operators which satisfies all conditions of Theorem 2.2 but not
Theorem A.

Now take A = Ci = [cjn], the Cesdro matrix, and define the sequences
(up) and (vy,) by

" ._{ vn, ifn=m? (meN),
"1 0, otherwise.

and
[ 172, ifn=m? (m€N),
Un == 1, otherwise.

Then observe that

(3.1) st —limu, =0 and st—limv, =1.
n n

1 1
Let r = 3 Then we get m = [5-‘ = 1. Now consider the following Bernstein-like

positive linear operators:

62 L= s s () (3) (7 fun) (o)

x € [-mm, neN,
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where f € AC (-7, n]) with f' € Lo ([—m,7]). Since
Ln(eo) =1+ U,

we easily get,
st —lim || Ly (eg) — ep|| = st — limu,, =0,
n n

4
which gives (2.1). Also, by Hélder’s inequality with p = 3 and g = 4, since, for

S )
< (14 up) (i (1: T - ?)2 (Z) <7r J;;nl«)k (W _Q;”JC)n_k) 3/4

3/4
2 —vflac2> /

every = € [—m, 7,

2k

Y

n
we have
1\ 3/4
(3.3) HLn (yqfﬁ)H < 732 (1 4 up) ((l—vn)2+g) .
Since [sinu| < |ul, it follows from (3.3) that
(3.4) / »
3/2
3/2 _ 3 H<}H 3 H<7r (14 uy) e, 1
nt = |IEm OIEHACHIE 8 A=wf+3) -

Now using (3.1), we get

3/2 1)\ 3/4
st — lim w ((1 —vp)? + —) =0.
n

n

Hence, we obtain from (3.4) that

st — liﬁn Pnt = 0,

which verifies (2.2). Therefore, by Theorem 2.2, for every f € AC([—n,n]) with
J' € Lo ([, 7)), we have

st —Tim | Lo (f) — ]| = 0.
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However, since neither (u,) nor (v,) converges to zero (in the usual sense), it is
impossible to approximate f by the sequence {L,(f)} for every f € AC([—m,7])
with f’ € Lo ([—m,7]). This example clearly gives us that our statistical result
in Theorem 2.2 is more applicable than Theorem A.
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