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NORMAL AND NORMALLY OUTER AUTOMORPHISMS

OF FREE METABELIAN NILPOTENT LIE ALGEBRAS*
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Abstract. Let Lm,c be the free m-generated metabelian nilpotent of class
c Lie algebra over a field of characteristic 0. An automorphism ϕ of Lm,c

is called normal if ϕ(I) = I for every ideal I of the algebra Lm,c. Such
automorphisms form a normal subgroup N(Lm,c) of Aut(Lm,c) containing
the group of inner automorphisms. We describe the group of normal auto-
morphisms of Lm,c and the quotient group of Aut(Lm,c) modulo N(Lm,c).

Introduction. Let Lm be the free m-generated Lie algebra over a field
K of characteristic 0, m ≥ 2, and let Lm,c = Lm/(L

′′
m + Lc+1

m ) be the free
m-generated metabelian nilpotent of class c Lie algebra. This is the relatively
free algebra of rank m in the variety of Lie algebras A

2 ∩ Nc, where A
2 is the
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metabelian (solvable of class 2) variety of Lie algebras and Nc is the variety of
all nilpotent Lie algebras of class at most c.

An automorphism of an algebra is called normal if it preserves every
ideal of the algebra. Similarly, an automorphism of a group is normal if it
preserves every normal subgroup of the group. Such automorphisms form a
normal subgroup of the group of all automorphisms. The goal of our paper
is to describe the group of normal automorphisms N(Lm,c) and the quotient
group Aut(Lm,c)/N(Lm,c) of normally outer automorphisms of the Lie algebra
Lm,c. The corresponding problem for the group of normal automorphisms of free
metabelian nilpotent groups was studied by Endimioni [5, 6, 7]. He showed that
the normal automorphisms θ of a free metabelian nilpotent group G are exactly
the atomorphisms of the form

θ(x) = x(x, u1)
k(1) . . . (x, um)k(m),

where u1, . . . , um are elements of G, the exponents k(1), . . . , k(m) are integers.
(As usual, the commutator (a, b) in the group case is defined by (a, b) = a−1b−1ab.).
Endimioni also proved that the group of normal automorphisms of the free
metabelian nilpotent group G is metabelian, generalizing a result of Gupta [8] for
the group of IA-automorphisms in a two-generated metabelian group. Initially,
automorphisms of the form θ(x) = x(x, u1)

k(1) . . . (x, um)k(m) were studied by
Kuzmin [9].

The group of normal automorphisms of free groups has been studied by
Lubotzky [10]. He showed that N(G) = Inn(G), for any finitely generated free
group G. Lue [11] gave a short proof of this fact using the Freiheitssatz for
groups established by Magnus [12]. The Freiheitssatz for Lie algebras was proved
by Shirshov [15]. Makar-Limanov [13] proved it for associative algebras over a
field of characteristic zero. Following the idea of Lue [11] we show that the free
Lie algebra Lm does not have nontrivial normal automorphisms for any m ≥ 2
and over a field of any characteristic. For the proof we apply the Freiheitssatz for
Lie algebras and use the Hopf property of free Lie algebras. The same result holds
for free associative algebras over a field of characteristic 0. The key step of the
proof was suggested to us by Ualbai Umirbev. If we replace Lm with a relatively
free algebra in a proper subvariety of the variety of all Lie algebras it may happen
that many normal automorphisms appear. In particular, this holds for the free
metabelian nilpotent Lie algebra Lm,c. Since every inner automorphism of Lm,c

is normal, the algebra Lm,c posseses nontrivial normal automorphisms.
Our first main result is similar to the result of Endimioni [5, 7] in the

case of groups but there are some essential differences. We show that the group
of normal automorphisms is included in the subgroup IA(Lm,c) of the automor-
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phisms which induce the identity map modulo the commutator ideal of Lm,c when
m ≥ 3, c ≥ 2 or m = 2, c ≥ 4. In the exceptional cases, i.e. (m, c) = (2, 2) or
(m, c) = (2, 3), every normal automorphism acts on the generators of Lm,c as
a nonzero scalar times an IA-automorphism. For the proof we define a special
type of automorphisms called generalized inner automorphisms and describe the
group of normal automorphisms in terms of them. We also show that the group
of normal automorphisms N(Lm,c) is an abelian group when m ≥ 3, c = 2, is a
nilpotent of class 2 group when m ≥ 3, c = 3 and is a metabelian group when
m ≥ 2, c ≥ 4 or (m, c) = (2, 2). Finally, N(Lm,c) is a nilpotent of class two–by–
abelian group when (m, c) = (2, 3) which is an analogue of the result of Gupta
[8] and Endimioni [6].

A result of Shmel’kin [16] states that the free metabelian Lie algebra
Fm = Lm/L

′′
m can be embedded into the abelian wreath product AmwrBm, where

Am and Bm are m-dimensional abelian Lie algebras with bases {a1, . . . , am} and
{b1, . . . , bm}, respectively. The elements of AmwrBm are of the form

m∑

i=1

aifi(t1, . . . , tm) +

m∑

i=1

βibi,

where the fi’s are polynomials in K[t1, . . . , tm] and βi ∈ K. This allows to in-
troduce partial derivatives in Fm with values in K[t1, . . . , tm] and the Jacobian
matrix J(φ) of an endomorphism φ of Fm. Restricted on the semigroup IE(Fm)
of endomorphisms of Fm which are identical modulo the commutator ideal F ′

m,
the map J : φ → J(φ) is a semigroup monomorphism of IE(Fm) into the mul-
tiplicative semigroup of the algebra Mm(K[t1, . . . , tm]) of m ×m matrices with
entries from K[t1, . . . , tm]. In the present work we consider the embedding of
the free metabelian nilpotent Lie algebra Lm,c into the wreath product AmwrBm

modulo the ideal (AmwrBm)c+1. The automorphism group Aut(Lm,c) is a semi-
direct product of the normal subgroup IA(Lm,c) and the general linear group
GLm(K). Considering the group IN(Lm,c) of normal IA-automorphisms, for the
description of the factor group ΓN(Lm,c) = Aut(Lm,c)/N(Lm,c) it is sufficient to
know only IA(Lm,c)/IN(Lm,c). Drensky and Fındık [4] gave the explicit form of
the Jacobian matrices of the coset representatives of the outer automorphisms
in IA(Lm,c)/Inn(Lm,c). Since Inn(Lm,c) is included in the group of normal auto-
morphisms, IA(Lm,c)/IN(Lm,c) is a homomorphic image of IA(Lm,c)/Inn(Lm,c)
and we find explicitely coset representatives of IN(Lm,c).

The paper is organized as follows. In the first section, we introduce normal
and normally outer automorphisms and discuss the relations between N(Lm,c)
and the normal subgroup IA(Lm,c). We also discuss the normal automorphisms
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of the free Lie algebra Lm. In the second section we define the group of generalized
inner automorphisms and give necessary information about its group structure.
In the third section we describe the group of normal automorphisms in terms
of the group of generalized inner automorphisms. Finally we give the explicit
form of the Jacobian matrices of the normal automorphisms and of the Jacobian
matrices of the coset representatives of normally outer IA-automorphisms. We
also give the explicit form of the Jacobian matrices of the coset representatives of
the normal automorphisms modulo the group of inner automorphisms Inn(Lm,c).

1. Preliminaries. Let Lm be the free Lie algebra of rank m ≥ 2
over a field K of characteristic 0 with free generators y1, . . . , ym and let Lm,c =
Lm/(L

′′
m + Lc+1

m ) be the free metabelian nilpotent of class c Lie algebra freely
generated by x1, . . . , xm, where xi = yi + (L′′

m + Lc+1
m ), i = 1, . . . ,m. We use

the commutator notation for the Lie multiplication. Our commutators are left
normed:

[u1, . . . , un−1, un] = [[u1, . . . , un−1], un], n = 3, 4, . . . .

In particular,

Lk
m,c = [Lm,c, . . . , Lm,c]

︸ ︷︷ ︸

k times

.

For each v ∈ Lm,c, the linear operator adv : Lm,c → Lm,c defined by

u(adv) = [u, v], u ∈ Lm,c,

is a derivation of Lm,c which is nilpotent and adcv = 0 because Lc+1
m,c = 0. Hence

the linear operator

exp(adv) = 1 +
adv

1!
+

ad2v

2!
+ · · · = 1 +

adv

1!
+

ad2v

2!
+ · · · +

adc−1v

(c− 1)!

is well defined and is an inner automorphism of Lm,c. The set of all such auto-
morphisms forms a normal subgroup Inn(Lm,c) of the group of all automorphisms
Aut(Lm,c) of Lm,c.

Let ϕ be an automorphism of an algebra R such that ϕ(I) = I for every
ideal I of the algebra R. Such automorphisms are called normal automorphisms.
Clearly they form a normal subgroup of the group of all automorphisms Aut(R)
of R which we denote by N(R). The factor group Aut(R)/N(R) is the group of
normally outer (or N -outer) automorphisms and is denoted by ΓN(R).

The next lemma gives the form of normal automorphisms of Lm,c.
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Lemma 1.1. Let ϕ be a normal automorphism of the algebra Lm,c. Then
ϕ is of the form

ϕ : xi → αxi +

m∑

j=1

[xi, xj ]fij(adx1, . . . , adxm), i = 1, . . . ,m, α ∈ K∗,

where fij(t1, . . . , tm) ∈ K[t1, . . . , tm] and K∗ is the set of nonzero elements of the
field K.

P r o o f. Let ϕ be a normal automorphism of the algebra Lm,c. Hence ϕ
induces a normal automorphism ϕ of the abelian algebra Lm,c = Lm,c/L

′
m,c. The

automorphism group of Lm,c coincides with the general linear group GLm(K) and
the normal automorphisms of Lm,c are the elements of GLm(K) which preserve
the vector subspaces of Lm,c. Applying to the vector subspace Kxi we obtain
that ϕ(xi) = αixi, αi ∈ K∗. Similarly, for i 6= j,

ϕ(xi + xj) = αixi + αjxj

= α(xi + xj), α ∈ K∗.

Thus αi = αj = α. Hence ϕ has the form

ϕ : xi → αxi + ui, α ∈ K∗, ui ∈ L′
m,c, i = 1, . . . ,m.

It is well known in a metabelian Lie algebra G, see e.g. [1], that

[v1, v2, vσ(3), . . . , vσ(k)] = [v1, v2, v3, . . . , vk], v1, . . . , vk ∈ G,

where σ is an arbitrary permutation of 3, . . . , k, i.e. the operators adv, v ∈ G,
commute when acting on G′. The vector space L′

m,c has a basis consisting of all

[xi1 , xi2 , xi3 , . . . , xik ], 1 ≤ ij ≤ m, i1 > i2 ≤ i3 ≤ · · · ≤ ik, k ≤ c,

and we may permute the elements xi3 , . . . , xik . Reordering the elements x1, . . . ,
xm by

xi < x1 < · · · < xi−1 < xi+1 < · · · < xm

we obtain that the subspace of L′
m,c spanned by the commutators essentially

depending on xi, has a basis

[xi, xj , xi3 , . . . , xik ], j 6= i, 1 ≤ i3 ≤ · · · ≤ ik, k ≤ c.

Hence the normal automorphism ϕ of Lm,c has the form

ϕ : xi → αxi +
∑

j 6=i

[xi, xj ]fij(adx1, . . . , adxm) + gi(x̂i),
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where α ∈ K∗, fij(t1, . . . , tm) ∈ K[t1, . . . , tm] and gi(x̂i) ∈ L′
m,c does not depend

on xi.

For a fixed i = 1, . . . ,m let us consider the ideal Ji of Lm,c generated by
the element xi, Since ϕ is normal and ϕ(xi) ∈ Ji we obtain that

gi(x̂i) ∈ Ji, i = 1, . . . ,m,

and hence

gi(x̂i) = 0, i = 1, . . . ,m,

because every element in Ji depends on xi. Thus we have

ϕ(xi) = αxi +
∑

j 6=i

[xi, xj ]fij(adx1, . . . , adxm),

which completes the proof. �

A similar proof holds also for the free Lie algebra Lm. But we use the
fact that, applying the anticommutativity and the Jacobian identity, linear com-
binations of commutators of Lm depending essentially on yi can be rewritten as
linear combinations of left normed commutators of the form

[yi, yi2, . . . , yik ], yi2, . . . , yik ∈ {y1, . . . , ym}.

Lemma 1.2. Let ϕ be a normal automorphism of the algebra Lm. Then
ϕ is of the form

ϕ : yi → αyi + yifi(adY ), i = 1, . . . ,m, α ∈ K∗,

where fi(adY ) = fi(ady1, . . . , adym) and every polynomial fi(t1, . . . , tm), i =
1, . . . ,m, belongs to the free associative algebra K〈t1, . . . , tm〉.

Recall that an algebra R is Hopfian, if it cannot be mapped onto itself
with nontrivial kernel. The following lemma is folklorely known.

Lemma 1.3. Finitely generated free Lie algebras and free associative
algebras over any field of arbitrary characteristic are Hopfian.

For example this fact is stated for relatively free algebras of finite rank
as Exercise 4.10.21, p. 137 in the book of Bahturin [1]. The proof is similar to
the proof in the group case, see Section 4.1 of the book by Neumann [14], and
repeats the steps of the proof of Theorem 9, p. 104 [1]. The proof of [1, Exercise
4.10.21] uses only the fact that over an infinite field relatively free algebras F (U)
are graded and that ∩m≥1F

m(U) = 0 which is obviously true for free Lie algebras
and free associative algebras over any field.
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The analogue of the Freiheitssatz in group theory [12] was proved by
Shirshov [15] in the case of Lie algebras in any characteristic. For associative
algebras it was obtained by Makar-Limanov [13] when characteristic of the base
field is 0. The problem is still open for associative algebras over a field of positive
characteristic (see e.g. the book by Bokut’ and Kukin [3]). We shall state the
result for free Lie algebras only.

Theorem 1.4 (Shirshov [15]). Let L(Y ) be the free Lie algebra freely
generated by Y = {y1, . . . , ym}. If f(Y ) ∈ L(Y ) does not belong to the subalgebra
generated by y1, . . . , ym−1, then (f(Y ))∩L(y1, . . . , ym−1) = 0 where (f(Y )) is the
ideal of L(Y ) generated by f(Y ).

The idea to use the Freiheitssatz in the following proof was suggested to
us by Ualbai Umirbaev.

Corollary 1.5. If every monomial of f(Y ) ∈ L(Y ) depends on ym and
f(Y ) /∈ L(ym) = Kym, then f(Y ) is not an image of ym under an automorphism
of the algebra L(Y ), i.e. f(Y ) is not a coordinate.

P r o o f. Let ϕ be an automorphism of L(Y ) and let ϕ(ym) = f(Y ), i.e.
f = f(Y ) be a coordinate. Clearly f ∈ (ym) ⊳ L(Y ) because every monomial
of f depends on ym. Let ym /∈ (f) ⊳ L(Y ). This means that f depends also
on the variables y1, . . . , ym−1. Since ϕ : L(Y ) → L(Y ) is an automorphism and
ϕ(ym) = f , then

L(Y )/(f) ∼= L(ϕ(y1), . . . , ϕ(ym−1)) ∼= L(y1, . . . , ym−1).

On the other hand L(Y )/(ym) ∼= L(y1, . . . , ym−1). As a result

L(Y )/(f) ∼= L(Y )/(ym) ∼= L(y1, . . . , ym−1).

Let us consider the natural homomorphism

π : L(y1, . . . , ym−1) ∼= L(Y )/(f) → L(Y )/(ym) ∼= L(y1, . . . , ym−1).

π is onto and ker π 6= 0 because ym /∈ (f) ⊂ (ym). But L(y1, . . . , ym−1) has the
Hopf property by Lemma 1.3. This is in contradiction with ker π 6= 0. Then
(f) = (ym) ⊳ L(Y ). But f depends also on the other variables, for example,
without loss of generality, it depends also on y1. Applying Theorem 1.4 (the
Freiheitssatz) we get that y2, . . . , ym generate a free algebra of rank m − 1 in
L(Y )/(f) = L(Y )/(ym). But this is not true for L(Y )/(ym), because ym 6= 0 in
L(Y )/(f) while ym = 0 in L(Y )/(ym). �

Lubotzky [10] showed that the group of normal automorphisms of a free
group G is equal to the group of inner automorphisms of G, i.e. N(G) = Inn(G)



178 Şehmus Fındık

and Lue [11] gave an alternative proof of the statement. Our next theorem states
that the free Lie algebra Lm does not have nontrivial normal automorphisms for
any m ≥ 2. The idea of the proof is similar to the idea of the proof of the paper
by Lue [11] for free groups.

Theorem 1.6. Let Lm be the free Lie algebra of rank m ≥ 2 over a field
K of characteristic 0 with free generators y1, . . . , ym. Then Lm does not have
nontrivial normal automorphisms.

P r o o f. Applying Lemma 2.1 and Corollary 1.5 we see that Lm does not
have nontrivial normal IA-automorphisms, i.e. the normal automorphisms of Lm

are of the form yi → αyi, i = 1, . . . ,m, α ∈ K∗.
Let m = 2 and let us consider the ideal I of L2 generated by f = y1 −

[y1, y2]. Let ϕ be a normal automorphism of L2 of the form

y1 → αy1, y2 → αy2, α ∈ K∗,

and assume that α 6= 1. Since ϕ is normal

ϕ(f) = αy1 − α2[y1, y2] ∈ I.

Hence we have the system

y1 − [y1, y2] ≡ 0 (mod I)

αy1 − α2[y1, y2] ≡ 0 (mod I)

Since α 6= 0, 1, then y1 ≡ 0 (mod I)) and [y1, y2] ≡ 0 (mod I) which means that
I = (y1) ⊳ L2. Now consider the ideal J of L2 generated by all commutators
u ∈ L2 such that deg y1

(u) ≥ 2. Then

L2 = L2/J = span{y2, [y1, y2, . . . , y2
︸ ︷︷ ︸

k

] | k ≥ 0}.

Recall that f = y1 − [y1, y2]. Clearly [f , y1] = 0 in L2. So the elements of I in L2

are linear combinations of

uk = [f, y2, . . . , y2
︸ ︷︷ ︸

k

], k ≥ 0.

Thus

I =







∑

k≥0

βk[y1, y2, . . . , y2
︸ ︷︷ ︸

k

] | βk ∈ K,
∑

k≥0

βk = 0






.

This means that y1 ∈ (y1) while y1 /∈ I, because the sum of the coefficients of y1

is 1. Thus (y1) 6= I which is in contradiction with I = (y1). Hence α = 1.
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Now let m ≥ 3 and let ϕ be a normal automorphism of Lm of the form

ϕ(yi) = αyi i = 1, . . . ,m, α ∈ K∗.

We consider the ideal I of Lm generated by the elements y1 − [y1, y2], y3 . . . , ym.
Since ϕ is normal then ϕ(I) = I and it induces a normal automorphism of Lm/I
which is isomorphic to L2/(y1 − [y1, y2]). But we already know that in this case
α = 1. �

Remark 1.7. An analogue of Theorem 1.6 holds for free associative
algebras K〈Y 〉 = K〈y1, . . . , ym〉 over a field of characteristic 0. Repeating the
main steps of the proof of Theorem 1.6 we obtain that the only possibility is
that f(Y ) = f(ym) depends on ym only. We extend ϕ to an automorphism ϕ of
the algebra K〈y1, . . . , ym〉 where K is the algebraic closure of K. If deg f(Y ) =
deg f(ym) = d > 1, then

ϕ(ym) = f(ym) = a0(ym − α1) · · · (ym − αd), a0, α1, . . . , αd ∈ K,

is a product of several polynomials which is impossible:
Applying ϕ−1 we obtain that the degree of

ym = a0(ϕ
−1(ym) − α1) · · · (ϕ

−1(ym) − αd)

is bigger than 1.

The situation in the case of free metabelian nilpotent Lie algebra Lm,c

is different. Applying Lemma 1.1 it is easy to see that Inn(Lm,c) ⊂ N(Lm,c).
Hence Lm,c posseses nontrivial normal automorphisms. The group N(Lm,c) is
not necessarily included in the normal subgroup IA(Lm,c) of Aut(Lm,c) of the
automorphisms which induce the identity map modulo the commutator ideal of
Lm,c. Our next lemma states that in some cases N(Lm,c) ⊂ IA(Lm,c).

Lemma 1.8. (i) If m ≥ 3 and c = 2, then N(Lm,2) ⊂ IA(Lm,2).
(ii) If m ≥ 3 and c = 3, then N(Lm,3) ⊂ IA(Lm,3).
(iii) If m ≥ 2 and c ≥ 4, then N(Lm,c) ⊂ IA(Lm,c).

P r o o f. (i) Let ϕ be a normal automorphism of Lm,2, m ≥ 3. By Lemma
1.1, ϕ has the form

ϕ : xi → αxi +

m∑

j=1

βij [xi, xj ], i = 1, . . . ,m, α ∈ K∗,

where βij ∈ K. Let us consider the ideal J generated by u = x1 + [x2, x3]. It has
a basis

x1 + [x2, x3], [x1, xj ], j = 2, . . . ,m.
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Since ϕ is normal

ϕ(u) = αx1 + α2[x2, x3] + β12[x1, x2] + · · · + β1m[x1, xm] ∈ J.

Clearly the summand αx1 +α2[x2, x3] is included in the vector space spanned by
the element u. Thus α = α2 or α = 1.

(ii) Let ϕ be a normal automorphism of Lm,3, m ≥ 3. By Lemma 1.1, ϕ
has the form

ϕ : xi → αxi +

m∑

j=1

[xi, xj ]fij, i = 1, . . . ,m, α ∈ K∗,

where fij ∈ K[adx1, . . . , adxm]. We can express ϕ as

ϕ : xi → αxi +

m∑

j=1

[xi, xj ](fij,0 + fij,1),

where fij,0 ∈ K, fij,1 ∈ ω/ω2. Here ω states for the augmentation ideal of
K[adx1, . . . , adxm].

Let us consider the ideal J generated by u = [x1, x2] + [x1, x3, x3]. J has
a basis

[x1, x2] + [x1, x3, x3], [x1, x2, xj], j = 1, . . . ,m.

Since ϕ is normal, ϕ(u) ∈ J . Easy calculations give that

ϕ(u) = α2[x1, x2] + α3[x1, x3, x3] − α

m∑

j=1

[x2, xj , x1]f2j,0 + α

m∑

j=1

[x1, xj , x2]f1j,0.

Clearly the summand α2[x1, x2] + α3[x1, x3, x3] is included in the vector space
spanned by the element [x1, x2] + [x1, x3, x3]. Thus α2 = α3 or α = 1.

(iii) Let ϕ be a normal automorphism of Lm,c, m ≥ 2, c ≥ 4. By Lemma
1.1, ϕ has the form

ϕ : xi → αxi +

m∑

j=1

[xi, xj]fij , i = 1, . . . ,m, α ∈ K,

where fij ∈ K[adx1, . . . , adxm].

Let us consider the ideal J generated by

v = [x1, x2, . . . , x2]
︸ ︷︷ ︸

c−1

+ [x1, x2, x1, . . . , x1]
︸ ︷︷ ︸

c

.
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J has a basis consisting of v and the elements of the form

[x1, x2, . . . , x2, xj ]
︸ ︷︷ ︸

c

, j = 1, . . . ,m.

Since ϕ is normal ϕ(v) ∈ J . Similar steps as (ii) give that

αc−1 [x1, x2, . . . , x2]
︸ ︷︷ ︸

c−1

+αc [x1, x2, x1, . . . , x1]
︸ ︷︷ ︸

c

is included in the vector space spanned by the element v. Thus α = 1. �

Lemma 1.9. In the cases (m, c) = (2, 2) and (m, c) = (2, 3) every normal
automorphism of Lm,c acts on the generators of Lm,c as a nonzero scalar times
a normal IA-automorphism.

P r o o f. Firstly we analyze the structure of the ideals of the free metabe-
lian nilpotent Lie algebra L2,2. The monomials in L2,2 are x1, x2 and [x1, x2].
Let 0 6= u ∈ L2,2 posses the form

u = α1x1 + α2x2 + α3[x1, x2]

for some α1, α2, α3 ∈ K and let I be the ideal of L2,2 generated by u. If α1 6= 0
then [u, x2] = α1[x1, x2] ∈ I and I is a nonzero ideal containing the commutator
ideal L′

2,2. Therefore all the nonzero ideals of L2,2 are L′
2,2, K(α1x1 +α2x2)+L

′
2,2

and L2,2.
Now let α ∈ K∗ and φ ∈ IN(L2,2). Let us define idα as follows:

idα(x1) = αx1,

idα(x2) = αx2.

We have to show that idαφ preserves the ideals of L2,2. Since φ is normal, it
sufficies to show that idα is normal. Clearly idα(L′

2,2) = L′
2,2. If w ∈ I =

K(α1x1 + α2x2) + L′
2,2 has the form

w = β1(α1x1 + α2x2) + β2[x1, x2], β1, β2 ∈ K,

then

idα(w) = αβ1α1x1 + αβ1α2x2 + α2β2[x1, x2]

= αβ1(α1x1 + α2x2) + α2β2[x1, x2] ∈ I.

Now let us consider the free metabelian nilpotent Lie algebra L2,3. The
monomials in L2,3 are x1, x2, [x1, x2], [x1, x2, x1] and [x1, x2, x2]. Let I be a
nonzero ideal of L2,3. If I ⊂ L3

2,3 then I consists of homogeneous elements of
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degree three and if w ∈ I then idα(w) = α3w ∈ I. If I is not included in L3
2,3

then it is easy to see that I contains L3
2,3 and I = I/L3

2,3 ⊳ L2,3/L
3
2,3

∼= L2,2. But
we already know that in this case idα is normal. �

Let Fm = Lm/L
′′
m be the free metabelian Lie algebra of rank m. We shall

denote the free generators of Fm with the same symbols x1, . . . , xm as the free
generators of Lm,c, but now xi = yi + L′′

m, i = 1, . . . ,m. Let K[t1, . . . , tm] be
the (commutative) polynomial algebra over K freely generated by the variables
t1, . . . , tm and let Am and Bm be the abelian Lie algebras with bases {a1, . . . , am}
and {b1, . . . , bm}, respectively. Let Cm be the free rightK[t1, . . . , tm]-module with
free generators a1, . . . , am. We give it the structure of a Lie algebra with trivial
multiplication. The abelian wreath product AmwrBm is equal to the semidirect
sum Cm ⋋Bm. The elements of AmwrBm are of the form

m∑

i=1

aifi(t1, . . . , tm) +
m∑

i=1

βibi,

where fi are polynomials in K[t1, . . . , tm] and βi ∈ K. The multiplication in
AmwrBm is defined by

[Cm, Cm] = [Bm, Bm] = 0,

[aifi(t1, . . . , tm), bj ] = aifi(t1, . . . , tm)tj , i, j = 1, . . . ,m.

Hence AmwrBm is a metabelian Lie algebra and every mapping {x1, . . . , xm} →
AmwrBm can be extended to a homomorphism Fm → AmwrBm. In particular,
as a special case of the embedding theorem of Shmel’kin [16], the mapping xi →
ai + bi, i = 1, . . . ,m, can be extended to an embedding of Fm into AmwrBm.

Both Fm and AmwrBm are graded algebras. The monomials in AmwrBm

of degree 1 are of the form ai, bj and of degree n ≥ 2 have the form ait1 . . . tn−1.
Let us consider the ideal (AmwrBm)c+1 spanned by the elements of AmwrBm of
length at least c+1. Then the quotient (AmwrBm)/(AmwrBm)c+1 is metabelian
and nilpotent of class c and the homomorphism

ε : Lm,c → (AmwrBm)/(AmwrBm)c+1

defined by ε(xi) = ai + bi, i = 1, . . . ,m, is a monomorphism. If

f =
∑

[xi, xj ]fij(adx1, . . . , adxm), fij(t1, . . . , tm) ∈ K[t1, . . . , tm]/Ωc,

where Ω is the augmentation ideal of K[t1, . . . , tm], then

ε(f) =
∑

(aitj − ajti)fij(t1, . . . , tm).
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The next lemma follows from [16], see also [2].

Lemma 1.10. The element
∑m

i=1 aifi(t1, . . . , tm) of Cm belongs to
ε(L′

m,c) if and only if

m∑

i=1

tifi(t1, . . . , tm) ≡ 0 (mod Ω)c+1.

The embedding of Lm,c into AmwrBm/(AmwrBm)c+1 allows to introduce
partial derivatives in Lm,c with values in K[t1, . . . , tm]/Ωc. If f ∈ Lm,c and

ε(f) =

m∑

i=1

βibi +

m∑

i=1

aifi(t1, . . . , tm), βi ∈ K, fi ∈ K[t1, . . . , tm]/Ωc,

then

∂f

∂xi
= fi(t1, . . . , tm).

The Jacobian matrix J(φ) of an endomorphism φ of Lm,c is defined as

J(φ) =

(
∂φ(xj)

∂xi

)

=









∂φ(x1)

∂x1
· · ·

∂φ(xm)

∂x1
...

. . .
...

∂φ(x1)

∂xm
· · ·

∂φ(xm)

∂xm









∈Mm(K[t1, . . . , tm]/Ωc),

where Mm(K[t1, . . . , tm]/Ωc) is the associative algebra of m ×m matrices with
entries from K[t1, . . . , tm]/Ωc. Let IE(Lm,c) be the multiplicative semigroup of
all endomorphisms of Lm,c which are identical modulo the commutator ideal
L′

m,c. Let Im be the identity m × m matrix and let S be the subspace of
Mm(K[t1, . . . , tm]/Ωc) defined by

S =

{

(fij) ∈Mm(K[t1, . . . , tm]/Ωc) |
m∑

i=1

tifij ≡ 0 (mod Ω)c+1, j = 1, . . . ,m

}

.

Clearly Im+S is a subsemigroup of the multiplicative group of Mm(K[t1, . . . , tm]/
Ωc). If φ ∈ IE(Lm,c), then J(φ) = Im + (sij), where sij ∈ S. It is easy to check
that if φ,ψ ∈ IE(Lm,c) then J(φψ) = J(φ)J(ψ). The following proposition is well
known, see e.g. [2].

Proposition 1.11. The map J : IE(Lm,c) → Im+S defined by φ→ J(φ)
is an isomorphism of the semigroups IE(Lm,c) = IA(Lm,c) and Im + S.
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Now we know that the group of normal automorphisms N(Lm,c) is in-
cluded in the subgroup IA(Lm,c) when m ≥ 3, c = 2, m ≥ 3, c = 3, or m ≥ 2,
c ≥ 4 and in other cases m = 2, c = 2 and m = 2, c = 3 every normal automor-
phism is a nonzero scalar times an IA-automorphism. The automorphism group
Aut(Lm,c) is a semidirect product of the normal subgroup IA(Lm,c) and the gen-
eral linear group GLm(K). Considering the group of normal IA-automorphisms
IN(Lm,c), for the description of the factor group ΓN(Lm,c) = Aut(Lm,c)/N(Lm,c)
it is sufficient to know only IA(Lm,c)/IN(Lm,c). Drensky and Fındık [4] gave the
explicit form of the Jacobian matrices of the coset representatives of the outer
automorphisms in IA(Lm,c)/Inn(Lm,c). Since Inn(Lm,c) is included in the group
of normal automorphisms, IA(Lm,c)/IN(Lm,c) is the homomorphic image of the
factor group IA(Lm,c)/Inn(Lm,c).

Lemma 1.12 (Drensky and Fındık [4]). The automorphisms with the
following Jacobian matrices are coset representatives of the subgroup Inn(Lm,c)
of the group IA(Lm,c):

J(θ) = Im +












s(t2, . . . , tm) f12 · · · f1m

t1q2(t2, t3, . . . , tm) + r2(t2, . . . , tm) f22 · · · f2m

t1q3(t3, . . . , tm) + r3(t2, . . . , tm) f32 · · · f3m

...
...

. . .
...

t1qm(tm) + rm(t2, . . . , tm) fm2 · · · fmm












,

where s, qi, ri, fij ∈ Ω/Ωc, i.e., are polynomials of degree ≤ c−1 without constant
terms. They satisfy the conditions

s+

m∑

i=2

tiqi ≡ 0,

m∑

i=2

tiri ≡ 0,

m∑

i=1

tifij ≡ 0 (mod Ω)c+1, j = 2, . . . ,m,

ri = ri(t2, . . . , tm), i = 1, . . . ,m, does not depend on t1, qi(ti, . . . , tm), i =
2, . . . ,m, does not depend on t1, . . . , ti−1 and f12 does not contain a summand
dt2, d ∈ K.

2. Generalized inner automorphisms. In this section we introduce
a special type of automorphisms of the free metabelian nilpotent Lie algebra
Lm,c. We shall use these automorphisms in order to describe the group of normal
automorphisms N(Lm,c) of Lm,c in the next section.

Definition 2.1. An automorphism ψ of the algebra Lm,c is called gener-
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alized inner automorphism if ψ has the form

ψ : xi → xi +

m∑

j=1

[xi, xj]fj , i = 1, . . . ,m,

where fj ∈ K[adx1, . . . , adxm].

Every inner automorphism is a generalized inner automorphism. We give
necessary information for the structure of generalized inner automorphisms in
the next lemmas and theorems.

Lemma 2.2. Let ψ and φ be generalized inner automorphisms of the
form

ψ : xi → xi +
m∑

j=1

[xi, xj]fj , i = 1, . . . ,m,

φ : xi → xi +

m∑

t=1

[xi, xt]gt, i = 1, . . . ,m,

where fj, gt ∈ K[adx1, . . . , adxm]. Then the composition ψφ is of the form

ψφ : xi → xi +

m∑

t=1

[xi, xt]gt +

m∑

j=1

[xi, xj]fj +

m∑

j,t=1

[xi, xt, xj ]gtfj, i = 1, . . . ,m.

P r o o f. Let ψ and φ be as above. Then

ψ(φ(xi)) = ψ(xi) +

m∑

t=1

[ψ(xi), ψ(xt)]gt

= ψ(xi) +

m∑

t=1



xi +

m∑

j=1

[xi, xj ]fj, xt +

m∑

j=1

[xt, xj ]fj



 gt

= ψ(xi) +

m∑

t=1

[xi, xt]gt +

m∑

t,j=1

([xi, xj , xt] − [xt, xj , xi])fjgt

= xi +

m∑

t=1

[xi, xj ]gt +

m∑

j=1

[xi, xj ]fj +

m∑

j,t=1

[xi, xt, xj ]gtfj,

i = 1, . . . ,m. 2

Theorem 2.3. Generalized inner automorphisms form a subgroup of the
automorphism group Aut(Lm,c).
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P r o o f. Let ψ and φ be generalized inner automorphisms of the form

ψ : xi → xi +

m∑

j=1

[xi, xj]fj , i = 1, . . . ,m,

φ : xi → xi +

m∑

t=1

[xi, xt]gt, i = 1, . . . ,m,

where fj, gt ∈ K[adx1, . . . , adxm]. Applying Lemma 2.2 we have that

(ψφ)(xi) = xi +

m∑

t=1

[xi, xt]gt +

m∑

j=1

[xi, xj ]fj +

m∑

j,t=1

[xi, xt, xj ]gtfj

= xi +
m∑

j=1

[xi, xj ](gj + fj) +
m∑

t=1

[xi, xt]gt

m∑

j=1

adxjfj,

for every i = 1, . . . ,m. Let us put ht = gt

∑m
j=1 adxjfj, t = 1, . . . ,m. So we have

(ψφ)(xi) = xi +
m∑

j=1

[xi, xj ](gj + fj) +
m∑

t=1

[xi, xt]ht

= xi +

m∑

j=1

[xi, xj ](gj + fj + hj)

= xi +

m∑

j=1

[xi, xj ]Fj ,

where Fj = gj + fj + hj , j = 1, . . . ,m. Thus the composition ψφ is a generalized
inner automorphism. It remains to prove that for any inverse automorphism ψ−1

of a generalized inner automorphism ψ is also a generalized inner automorphism.
For this purpose it suffices to construct for each integer n ≥ 2 a generalized inner
automorphism ψn such that ψψn is of the form

ψψn : xi → xi +
m∑

j=1

[xi, xj ]hj , i = 1, . . . ,m,

with hj ∈ ωn−1, where ω states for the augmentation ideal of K[adx1, . . . , adxm],
i.e. the length of the commutator [xi, xj ]hj is at least n+1. Let ψ be of the form

ψ : xi → xi +
m∑

j=1

[xi, xj ](fj0 + · · · + fj,c−2),



Normal and normally outer automorphisms 187

where fj0 ∈ K, fjk ∈ ωk/ωk+1, k = 1, . . . , c− 2. Let us consider the generalized
inner automorphism

ψ2 : xi → xi −
m∑

j=1

fj0[xi, xj ], fj0 ∈ K.

From Lemma 2.2 we obtain that

ψψ2 : xi → xi +
m∑

j=1

[xi, xj ](gj1 + · · · + gj,c−2), gjk ∈ ωk/ωk+1.

Now consider the generalized inner automorphism

ψ3 : xi → xi −

m∑

j=1

[xi, xj ]gj1, gj1 ∈ ω.

Similarly we have that

ψψ2ψ3 : xi → xi +

m∑

j=1

[xi, xj ](hj2 + · · · + hj,c−2), hjk ∈ ωk/ωk+1.

Repeating this process we construct ψ2, ψ3, . . . , ψc and obtain that

ψψ2ψ3 . . . ψc = 1. 2

Lemma 2.4 Let ψ be a generalized inner automorphism of the form

ψ : xi → xi +
m∑

j=1

[xi, xj]fj , i = 1, . . . ,m,

where fj ∈ K[adx1, . . . , adxm]. Then for every u ∈ Lm,c

ψ(u) = u+
m∑

j=1

[u, xj ]fj .

P r o o f. By linearity it is sufficient to show that for every k = 1, 2, . . .

ψ([xi1 , . . . , xik ]) = [xi1 , . . . , xik ] +

m∑

j=1

[[xi1 , . . . , xik ], xj ]fj .

We make induction on the degree k of the commutators. The case k = 1 is trivial.
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It is true for k = 2:

ψ[xp, xq] = [ψ(xp), ψ(xq)]

=



xp +

m∑

j=1

[xp, xj ]fj, xq +

m∑

j=1

[xq, xj ]fj





= [xp, xq] +
m∑

j=1

([xp, xj , xq] − [xq, xj , xp])fj

= [xp, xq] +

m∑

j=1

[[xp, xq], xj ]fj.

Now assume that the equality holds for k − 1. Then

ψ([xi1 , . . . , xik ]) = [ψ([xi1 , . . . , xik−1
]), ψ(xik )]

=



[xi1 , . . . , xik−1
] +

m∑

j=1

[[xi1 , . . . , xik−1
], xj ]fj , xik +

m∑

j=1

[xik , xj ]fj





= [xi1 , . . . , xik ] +

m∑

j=1

[[xi1 , . . . , xik ], xj ]fj . 2

Corollary 2.5. The group of generalized inner automorphisms
GInn(Lm,c) is a subgroup of the group of normal automorphisms N(Lm,c).

P r o o f. Let ψ be a generalized inner automorphism of the form

ψ : xi → xi +

m∑

j=1

[xi, xj]fj , i = 1, . . . ,m,

where fj ∈ K[adx1, . . . , adxm]. Let u be an element of an ideal J of the free
metabelian nilpotent Lie algebra Lm,c. From Lemma 2.4 we know that

ψ(u) = u+

m∑

j=1

[u, xj ]fj .

Hence ψ(u) ∈ J . �

Now we describe the group structure of the group of generalized inner
automorphisms GInn(Lm,c).

Theorem 2.6. (i) The group GInn(Lm,2) is abelian;
(ii) The group GInn(Lm,3) is nilpotent of class 2;
(iii) The group GInn(Lm,c), c ≥ 4, is metabelian.
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P r o o f. (i) Let ψ, φ ∈ GInn(Lm,2) be generalized inner automorphisms
of the form

ψ : xi → xi +

m∑

j=1

αj [xi, xj ], i = 1, . . . ,m,

φ : xi → xi +

m∑

j=1

βj [xi, xj ], i = 1, . . . ,m,

where αj , βj ∈ K for j = 1, . . . ,m. Then the composition ψφ is

ψ(φ(xi)) = ψ



xi +
m∑

j=1

βj [xi, xj ]





= xi +

m∑

j=1

αj [xi, xj ] +

m∑

t=1

βj [xi, xj]

= xi +
m∑

j=1

(αj + βj)[xi, xj ].

Thus ψφ = φψ.
(ii) Let ϕ, φ, γ ∈ GInn(Lm,3) be generalized inner automorphisms of the

form

ϕ : xi → xi +
m∑

j=1

[xi, xj ]fj, i = 1, . . . ,m,

φ : xi → xi +

m∑

j=1

[xi, xj ]gj , i = 1, . . . ,m,

γ : xi → xi +

m∑

j=1

[xi, xj ]hj , i = 1, . . . ,m,

where fj, gj , hj ∈ K[adx1, . . . , adxm] and let

u =
m∑

j=1

adxjfj, v =
m∑

j=1

adxjgj , w =
m∑

j=1

adxjhj .

Using the arguments of Theorem 2.3 we have that

ϕ−1 = ϕ2ϕ3; φ−1 = φ2φ3; γ−1 = γ2γ3,
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where

ϕ2 : xi → xi −
m∑

j=1

[xi, xj ]fj; ϕ3 : xi → xi +
m∑

j=1

[xi, xj ]fju,

φ2 : xi → xi −
m∑

j=1

[xi, xj]gj ; φ3 : xi → xi +
m∑

j=1

[xi, xj ]gjv,

γ2 : xi → xi −

m∑

j=1

[xi, xj ]hj ; γ3 : xi → xi +

m∑

j=1

[xi, xj]hjw.

Using Lemma 2.2 direct calculations give that

(ϕ, φ) = ϕ−1φ−1ϕφ = ϕ2ϕ3φ2φ3ϕφ

has the form

(ϕ, φ) : xi → xi +

m∑

j=1

[xi, xj ](gju− fjv).

Let us define t =
m∑

j=1
adxj(gju− fjv). Then we obtain that

(ϕ, φ, γ) : xi → xi +

m∑

j=1

[xi, xj ](hjt− (gju− fjv)w).

Since the polynomials hjt, (gju−fjv)w ∈ K[adx1, . . . , adxm] have no components
of degree ≤ 1, we obtain that [xi, xj ](hjt − (gju − fjv)w) = 0 in Lm,3 and
(ϕ, φ, γ) = 1.

(iii) Let m ≥ 2, c ≥ 4 and let ψ, φ ∈ GInn(Lm,c) be generalized inner
automorphisms of the form

ψ : xi → xi +

m∑

j=1

[xi, xj]fj , i = 1, . . . ,m,

φ : xi → xi +

m∑

t=1

[xi, xt]gt, i = 1, . . . ,m,

where fj, gt ∈ K[adx1, . . . , adxm]. Then we know from Lemma 2.2 that the
composition ψφ is of the form

ψφ : xi → xi +
m∑

t=1

[xi, xt]gt +
m∑

j=1

[xi, xj]fj +
m∑

j,t=1

[xi, xt, xj ]gtfj, i = 1, . . . ,m.
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Lemma 2.4 states that

ψ(u) = u+

m∑

j=1

[u, xj ]fj, φ(u) = u+

m∑

t=1

[u, xt]gt,

for every u ∈ Lm,c. Hence

ψφ : u→ u+
m∑

t=1

[u, xt]gt +
m∑

j=1

[u, xj ]fj +
m∑

j,t=1

[u, xt, xj ]gtfj.

If u is an element of the derived algebra L′
m,c, then

ψφ : u→ u+
m∑

t=1

[u, xt]gt +
m∑

j=1

[u, xj ]fj +
m∑

j,t=1

u(adxt)(adxj)gtfj,

where adxt, adxj, gt, fj ∈ K[adx1, . . . , adxm]. Hence

ψφ(u) = φψ(u), u ∈ L′
m,c.

This means that the commutator

(ψ, φ) = ψ−1φ−1ψφ ∈ (GInn(Lm,c),GInn(Lm,c))

of ψ and φ acts trivially on L′
m,c.

Now let us define the generalized normal automorphisms ρ and σ in the
commutator subgroup (GInn(Lm,c),GInn(Lm,c)) and let w1(xi) = ρ(xi)− xi and
w2(xi) = σ(xi) − xi, i = 1, . . . ,m. Then clearly the elements w1(xi) and w2(xi)
are in L′

m,c, i.e. ρ and σ act trivially on them. Thus

ρσ(xi) = ρ(xi + w2(xi)) = ρ(xi) + w2(xi) = xi + w1(xi) +w2(xi)

σρ(xi) = σ(xi + w1(xi)) = σ(xi) + w2(xi) = xi +w1(xi) + w2(xi),

which means that ρσ = σρ. Hence (GInn(Lm,c),GInn(Lm,c)) is abelian and so
GInn(Lm,c) is metabelian. �

Example 2.7. Now we give an explicit proof of the fact that GInn(L2,3)
is nilpotent of class 2. Let ψ ∈ GInn(L2,3) be a generalized inner automorphism
of the form

ψ(x1) =x1 + α[x1, x2] + α1[x1, x2, x1] + α2[x1, x2, x2]

ψ(x2) =x2 + β[x1, x2] + β1[x1, x2, x1] + β2[x1, x2, x2],
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where α,α1, α2, β, β1, β2 ∈ K. Easy calculations give that the inverse function
ψ−1 has the form

ψ−1(x1) =x1 − α[x1, x2] − (αβ + α1)[x1, x2, x1] + (α2 − α2)[x1, x2, x2]

ψ−1(x2) =x2 − β[x1, x2] − (β2 + β1)[x1, x2, x1] + (αβ − β2)[x1, x2, x2].

If φ ∈ GInn(L2,3) is another generalized inner automorphism,

φ(x1) =x1 + p[x1, x2] + p1[x1, x2, x1] + p2[x1, x2, x2]

φ(x2) =x2 + q[x1, x2] + q1[x1, x2, x1] + q2[x1, x2, x2],

where p, p1, p2, q, q1, q2 ∈ K with inverse

φ−1(x1) =x1 − p[x1, x2] − (pq + p1)[x1, x2, x1] + (p2 − p2)[x1, x2, x2]

φ−1(x2) =x2 − q[x1, x2] − (q2 + q1)[x1, x2, x1] + (pq − q2)[x1, x2, x2],

calculating the composition ψφ we have that

ψφ(x1) =x1+(α+ p)[x1, x2]+(α1+p1−pβ)[x1, x2, x1]+(α2+p2+pα)[x1, x2, x2]

ψφ(x2) =x2+(β + q)[x1, x2] + (β1+q1−qβ)[x1, x2, x1]+(β2+q2+qα)[x1, x2, x2],

and the composition φ−1ψφ is of the form

φ−1ψφ(x1) =x1 + α[x1, x2] + (α1 − pβ + qα)[x1, x2, x1] + α2[x1, x2, x2]

φ−1ψφ(x2) =x2 + β[x1, x2] + β1[x1, x2, x1] + (β2 − pβ + qα)[x1, x2, x2].

Finally we obtain that (ψ, φ) = ψ−1φ−1ψφ has the form

(ψ, φ)(x1) =x1 + (αq − βp)[x1, x2, x1]

(ψ, φ)(x2) =x2 + (αq − βp)[x1, x2, x2].

Now let θ ∈ GInn(L2,3) be a generalized inner automorphism of the form

θ(x1) =x1 + a[x1, x2] + a1[x1, x2, x1] + a2[x1, x2, x2]

θ(x2) =x2 + b[x1, x2] + b1[x1, x2, x1] + b2[x1, x2, x2],

where a, a1, a2, b, b1, b2 ∈ K. Direct calculations give that

((ψ, φ), θ)(x1) =x1 + (0.b − 0.a)[x1, x2, x1]

((ψ, φ), θ)(x2) =x2 + (0.b − 0.a)[x1, x2, x2],

which means that

((ψ, φ), θ) = (ψ, φ)−1θ−1(φ,ψ)θ = 1.
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3. Main results. In this section we describe the group of normal
automorphisms in terms of generalized inner automorphisms. We give the explicit
form of the Jacobian matrices of the normal automorphisms and of the coset
representatives of normally outer IA-automorphisms.

Lemma 3.1. Let ϕ be a normal IA-automorphism of Lm,2. Then ϕ is
a generalized inner automorphism of Lm,2. Furthermore ϕ is an inner automor-
phism of Lm,2.

P r o o f. Clearly, L′
m,2 has a basis [xi, xj ], 1 ≤ i < j ≤ m. Let ϕ be a

normal automorphism in IA(Lm,2). If m = 2, then IA(L2,2) = Inn(L2,2). Since
Inn(L2,2) ⊂ N(L2,2) then ϕ is an inner automorphism. In particular ϕ is a
generalized inner automorphism. Let m ≥ 3 and ϕ be of the form

ϕ(x1) =x1 + [x1, c11x1 + c12x2 + · · · + c1mxm]

ϕ(x2) =x2 + [x2, c21x1 + c22x2 + · · · + c2mxm]

...

ϕ(xm) =xm + [xm, cm1x1 + cm2x2 + · · · + cmmxm],

where cij ∈ K for every i, j = 1, . . . ,m. Now consider the ideal J12 of Lm,2

generated by x1 + x2. As a vector space J12 posseses a basis

x1 + x2, [x1, x2], [x1 + x2, xj ], j = 3, . . . ,m.

Since ϕ is normal ϕ(x1 + x2) ∈ J12. But

ϕ(x1+x2) = x1+x2+(c12−c21)[x1, x2]+

m∑

j=3

c1j [x1+x2, xj ]+

m∑

j=3

(c2j−c1j)[x2, xj],

which means that
m∑

j=3
(c2j − c1j)[x2, xj ] ∈ J12 ∩ L

′
m,c. Then

m∑

j=3

dj [x2, xj ] = p[x1, x2] +

m∑

j=3

qj[x1 + x2, xj],

for some p, qj ∈ K, dj = c2j − c1j , j = 3, . . . ,m, which means that dj = 0. Hence
c2j = c1j , j = 3, . . . ,m. Similarly, considering the ideals J1k of Lm,2 generated
by x1 + xk for every k = 3, . . . ,m, we obtain that

ck2 = c12, . . . , ck,k−1 = c1,k−1, ck,k+1 = c1,k+1, . . . , ckm = c1m.

Finally, considering the ideals J2k of Lm,2 generated by x2 + xk, k =
3, . . . ,m, similar arguments give that

ck1 = c21, k = 3, . . . ,m.
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Thus

ϕ = exp(adu), u = c21x1 + c12x2 + c13x3 + · · · + c1mxm,

i.e. ϕ is an inner automorphism. �

Lemma 3.2. Every normal IA-automorphism of L2,3 is generalized in-
ner.

P r o o f. Let ϕ be a normal IA-automorphism of L2,3 such that

ϕ(x1) =x1 + α[x1, x2] + α1[x1, x2, x1] + α2[x1, x2, x2]

ϕ(x2) =x2 + β[x2, x1] + β1[x2, x1, x1] + β2[x2, x1, x2],

where α,α1, α2, β, β1β2 ∈ K. Let us define f1 = β + β1adx1 + β2adx2 and
f2 = α+ α1adx1 + α2adx2. Then we can rewrite ϕ in the following way.

ϕ(x1) =x1 +

2∑

j=1

[x1, xj ]fj,

ϕ(x2) =x2 +

2∑

j=1

[x2, xj ]fj,

which completes the proof. �

We know that Inn(Lm,c) ⊂ N(Lm,c). If c = 2, then Inn(Lm,2) = IN(Lm,2)
by Lemma 3.1. But the elements ϕ of IN(Lm,c) are not necessarily inner auto-
morphisms when c ≥ 3. For example it follows from Lemma 3.2 that

ϕ(x1) =x1 + [x1, x2, x2]

ϕ(x2) =x2

is a normal automorphism which is not an inner automorphism.

Lemma 3.3. Let ϕ be a normal IA-automorphism of Lm,c acting trivially
on Lm,c/L

c
m,c. Then ϕ is a generalized inner automorphism.

P r o o f. If m = 2 then ϕ is of the form

ϕ(x1) =x1 + [x1, x2]f12

ϕ(x2) =x2 + [x2, x1]f21,

where [x1, x2]f12, [x2, x1]f21 ∈ Lc
2,c. This means that

ϕ(x1) =x1 + [x1, x1]f21 + [x1, x2]f12

ϕ(x2) =x2 + [x2, x1]f21 + [x2, x2]f12.
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Thus ϕ is a generalized inner automorphism. In the case c = 2, m ≥ 2, we know
from Lemma 3.1 that such automorphisms are generalized inner. Hence we can
assume that c ≥ 3, m ≥ 3. Let ϕ be a normal automorphism of Lm,c acting
trivially on Lm,c/L

c
m,c. Since c ≥ 3 and m ≥ 3 then we can assume from Lemma

1.8 that ϕ is of the form

ϕ : xi → xi +

m∑

j=1

[xi, xj ]fij,

where [xi, xj ]fij(adx1, . . . , adxm) is in the the center Lc
m,c of the free metabelian

nilpotent Lie algebra Lm,c for every i, j = 1, . . . ,m. Such automorphisms form an
abelian subgroup of AutLm,c. Let us define the generalized inner automorphism

ϕ1 : xi → xi +
m∑

j=2

[xi, xj ]f1j.

Then the composition ϕϕ−1
1 has the form

ϕϕ−1
1 (x1) =x1

ϕϕ−1
1 (xk) =xk + [xk, x1]fk1 +

m∑

j 6=1,k

[xk, xj](fkj − f1j), k 6= 1.

Now consider the generalized inner automorphism ϕ2 : xi → xi+[xi, x1]f21. Then

ϕϕ−1
1 ϕ−1

2 (x1) =x1

ϕϕ−1
1 ϕ−1

2 (x2) =x2 +
∑

j 6=1,2

[x2, xj ]g2j

ϕϕ−1
1 ϕ−1

2 (x3) =x3 + [x3, x1]g31 +
∑

j 6=1,3

[x3, xj ]g3j

...

ϕϕ−1
1 ϕ−1

2 (xm) =xm + [xm, x1]gm1 +
∑

j 6=1,m

[xm, xj ]gmj

where gk1 = fk1 − f21 for k ≥ 3 and gkj = fkj − f1j for k ≥ 2, j ≥ 2. Thus
it suffices to show that φ = ϕϕ−1

1 ϕ−1
2 is a generalized inner automorphism. Let

α be a nonzero constant and let us consider the ideal Jα12 of Lm,c generated by
αx1 + x2. The vector space Jα12 has a basis modulo L3

m,c:

αx1 + x2, [x1, x2], [αx1 + x2, xj ], j = 3, . . . ,m.
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Since φ is normal, φ(αx1 + x2) ∈ Jα12,

φ(αx1 + x2) = αx1 + x2 +

m∑

j=3

[x2, xj ]g2j ,

which means that
m∑

j=3

[x2, xj]g2j ∈ Jα12 ∩ L
′
m,c.

Then
m∑

j=3

[x2, xj ]g2j = [x1, x2]P +

m∑

j=3

[αx1 + x2, xj ]Qj ,

for some P,Qj ∈ ωc−2/ωc−1, j = 3, . . . ,m. Using the embedding Lm,c into the
wreath product we have that

a2

m∑

j=3

tjg2j −
m∑

j=3

ajt2g2j

= a1



t2P + α

m∑

j=3

tjQj



 + a2



−t1P +

m∑

j=3

tjQj



 −

m∑

j=3

aj(αt1 + t2)Qj .

we have that Since a1, . . . , am are free generators of a free K[t1, . . . , tm]/Ωc−1-
module, for every j = 3, . . . ,m we have that

t2g2j = (αt1 + t2)Qj .

Thus αt1 + t2 divides g2j , j = 3, . . . ,m, for every α ∈ K∗. Since characteristic of
the field K is 0 we can choose more than c− 2 distinct scalars α ∈ K∗. Then by
nilpotency the function g2j(t1, . . . , tm) is 0, j = 3, . . . ,m. Hence

g23 = · · · = g2m = 0.

Considering the ideals Jα1k, k = 3, . . . ,m of Lm,c generated by αx1 +xk the same
argument gives that gkj = 0, j 6= 1, k, k = 3, . . . ,m.

Now let us consider the ideal Jα23 of Lm,c generated by αx2 + x3. It has
a basis

αx2 + x3, [x2, x3], [αx2 + x3, xj ], j 6= 2, 3,

modulo L3
m,c. Since φ is normal, φ(αx2 + x3) ∈ Jα23.

φ(αx2 + x3) = αx2 + x3 +
∑

j 6=3

[x3, xj ]g3j .
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This means that [x3, x1]g31 ∈ Jα23 ∩L
′
m,c because we know that g3k = 0, k 6= 1, 3.

Then

[x3, x1]g31 = [x2, x3]P +
∑

j 6=2,3

[αx2 + x3, xj]Qj ,

for some P,Qj ∈ ωc−2/ωc−1, j 6= 2, 3. Using the embedding Lm,c into the wreath
product, considering only the coefficient of a1 we have that

t3g31 = (αx2 + x3)Q1.

Thus αt2 + t3 divides g31 for every α ∈ K∗. Hence the function g31(t1, . . . , tm) is
0 and g31 = 0.

Finally, considering the ideals Jα2k, k = 4, . . . ,m, of Lm,c generated
by αx2 + xk the same argument gives that gk1 = 0, k = 4, . . . ,m. Hence
φ = ϕϕ−1

1 ϕ−1
2 = 1, i.e. ϕ = ϕ2ϕ1 which means that ϕ is a generalized inner

automorphism. �

Theorem 3.4. Let ϕ be a normal IA-automorphism of Lm,c. Then ϕ is
a generalized inner automorphism.

P r o o f. We argue by induction on the nilpotency class c of Lm,c. If c = 2,
the result follows from Lemma 3.1. (In this case, each normal IA-automorphism
is inner.) Now consider a normal IA-automorphism ϕ of Lm,c, c > 2, of the form

ϕ : xi → xi +

m∑

j=1

[xi, xj ](fij,0 + · · · + fij,c−2),

where fij,0 ∈ K, fij,k ∈ ωk/ωk+1, k = 1, . . . , c − 2. Then ϕ induces a normal
IA-automorphism on Lm,c/L

c
m,c. By induction, since this quotient is isomorphic

to Lm,c−1, there exists a generalized inner automorphism ψ : Lm,c → Lm,c such
that

ϕ(xi) = ψ(xi) +

m∑

j=1

[xi, xj ]fij,c−2, i = 1, . . . ,m.

It follows for i = 1, . . . ,m that

ψ−1ϕ(xi) = xi +

m∑

j=1

ψ−1([xi, xj ]fij,c−2)

= xi +

m∑

j=1

[xi, xj ]fij,c−2.
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Thus φ = ψ−1ϕ is a normal IA-automorphism of Lm,c acting trivially on
Lm,c/L

c
m,c. By Lemma 3.3, φ is a generalized inner automorphism, and so is

ϕ = ψφ. �

Now we give one of the main results which is obtained as a direct conse-
quence of Lemma 1.1, Lemma 1.9, Lemma 3.1, Lemma 3.2 and Theorem 3.4.

Corollary 3.5. Let K∗ denote the set of invertible elements of the field
K. Then

(i) N(Lm,1) ∼= K∗;

(ii) N(L2,2) ∼= K∗
⋌ Inn(L2,2);

(iii) N(L2,3) ∼= K∗
⋌ GInn(L2,3);

(iv) N(Lm,c) = GInn(Lm,c), m ≥ 3, c ≥ 2 or m = 2, c ≥ 4,

where ⋌ stands for the semi-direct product of the groups.

Now we describe the group structure of the group of normal automor-
phisms N(Lm,c).

Theorem 3.6. (i) The group N(Lm,2), m ≥ 3, is abelian;

(ii) The group N(Lm,3), m ≥ 3, is nilpotent of class 2;

(iii) The group N(Lm,c), m ≥ 2, c ≥ 4 or (m, c) = (2, 2), is metabelian;

(iv) The group N(L2,3), is nilpotent of class two–by–abelian.

P r o o f. Let ψα, φβ ∈ N(L2,2) ∼= K∗⋌Inn(L2,2) be normal automorphisms
of the form

ψα(x1) =αx1 + αα2[x1, x2]

ψα(x2) =αx2 + αα1[x2, x1],

ψβ(x1) =βx1 + ββ2[x1, x2]

ψβ(x2) =βx2 + ββ1[x2, x1],

where α1, α2, β1, β2 ∈ K and α, β ∈ K∗. Easy calculations give that

ψ−1
α (x1) =α−1x1 − α−2α2[x1, x2]

ψ−1
α (x2) =α−1x2 − α−2α1[x2, x1],

ψ−1
β (x1) =β−1x1 − β−2β2[x1, x2]

ψ−1
β (x2) =β−1x2 − β−2β1[x2, x1].
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By direct calculations we obtain that the commutator (ψα, φβ) =
ψ−1

α φ−1
β ψαφβ has the form

(ψα, φβ) : xi → xi +

m∑

j=1

(α−1αj(β
−1 − 1) + β−1βj(1 − α−1))[xi, xj ], i = 1, 2.

This means that (ψα, φβ) ∈ GInn(L2,2) = Inn(L2,2) which is abelian from Theo-
rem 2.6. Hence N(L2,2) is metabelian.

We know from Corollary 3.5 that if m ≥ 3 or m = 2, c ≥ 4 then N(Lm,c) =
GInn(Lm,c). Applying Theorem 2.6 we get that N(Lm,2) is abelian when m ≥ 3,
N(Lm,3) is nilpotent of class 2 when m ≥ 3 and that N(Lm,c) is metabelian when
m ≥ 2, c ≥ 4. Thus it remains to show that N(L2,3) is a nilpotent of class
two–by–abelian group.

Now let ψα, φβ in N(L2,3) be normal automorphisms of the form

ψα : xi → αxi + fi, i = 1, . . . ,m,

φβ : xi → βxi + gi, i = 1, . . . ,m,

where fi, gi ∈ L′
m,c and α, β ∈ K∗. Clearly the inverse functions are of the form

ψ−1
α : xi → α−1xi + f ′i , i = 1, . . . ,m,

φ−1
β : xi → β−1xi + g′i, i = 1, . . . ,m,

where f ′i , g
′
i ∈ L′

m,c. Easy calculations give that the commutator (ψα, φβ) of ψα

and φβ is included in GInn(L2,3) which is nilpotent of class 2 by Theorem 2.6.
Thus N(L2,3) is a nilpotent of class two–by–abelian group. �

Now we have collected the necessary information for the description of
the group of normally outer automorphisms ΓN(Lm,c). We shall find the coset
representatives of the normal subgroup IN(Lm,c) of the group IA(Lm,c) of IA-
automorphisms Lm,c, i.e., we shall find a set of IA-automorphisms θ of Lm,c

such that the factor group IΓN(Lm,c) = IA(Lm,c)/IN(Lm,c) of the outer IA-
automorphisms of Lm,c is presented as the disjoint union of the cosets IN(Lm,c)θ.

Lemma 3.7. Let m = 2, then the group of normally outer IA-automor-
phisms IΓN(L2,c) is trivial.

P r o o f. Let ϕ be an IA-automorphism of L2,c. Then ϕ has the form

ϕ(x1) → x1 + [x1, x2]f

ϕ(x2) → x2 + [x1, x2]g,
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where f, g ∈ K[adx1, adx2]. Then clearly

ϕ(x1) = x1 + [x1, x1]f1 + [x1, x2]f2

ϕ(x2) = x2 + [x2, x1]f1 + [x2, x2]f2,

where f1 = g, f2 = f , i.e. ϕ is a generalized inner automorphism or from Theorem
3.4 ϕ is a normal IA-automorphism. Thus IA(L2,c) = IN(L2,c). �

Theorem 3.8. (i) Let ϕ be a normal IA-automorphism of the form

ϕ : xi → xi +

m∑

j=1

[xi, xj ]fj, i = 1, . . . ,m,

where fj ∈ K[adx1, . . . , adxm]. Then the Jacobian matrix of ϕ is

J(ϕ) = Im +










t2f2 + · · · + tmfm −t2f1 · · · −tmf1

−t1f2
∑

j 6=2 tjfj · · · −tmf2

−t1f3 −t2f3 · · · −tmf3
...

...
. . .

...
−t1fm −t2fm · · ·

∑

j 6=m tjfj










,

(ii) Let Θ be the set of automorphisms θ of Lm,c with Jacobian matrix of
the form

J(θ) = Im +










0 f12(t̂2) · · · f1m

p2(t̂1) f22 · · · f2m

p3(t̂1) f32 · · · f3m

...
...

. . .
...

pm(t̂1) fm2 · · · fmm










,

where pi, fij, are polynomials of degree ≤ c − 1 without constant terms with the
following conditions

m∑

i=2

tipi ≡ 0,
m∑

i=1

tifij ≡ 0 (mod Ω)c+1, j = 2, . . . ,m,

pi = pi(t̂1), i = 1, . . . ,m, does not depend on t1, and f12 = f12(t̂2) does not
depend on t2.

Then Θ consists of coset representatives of the subgroup IN(Lm,c) of the
group IA(Lm,c) and IΓN(Lm,c) is a disjoint union of the cosets IN(Lm,c)θ, θ ∈ Θ.
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(iii) Let Ψ be the set of normal IA-automorphisms ψ of Lm,c with Jacobian
matrix of the form

J(ψ) = Im +














∑

j 6=1

tjqj(Tj) −t2q1(T1) · · · −tmq1(T1)

−t1q2(T2)
∑

j 6=2

tjqj(Tj) · · · −tmq2(T2)

−t1q3(T3) −t2q3(T3) · · · −tmq3(T3)
...

...
. . .

...
−t1qm(Tm) −t2qm(Tm) · · ·

∑

j 6=m

tjqj(Tj)














,

where qj(Tj), j = 1, . . . ,m, are polynomials of degree ≤ c − 1 in Ω2 with the
following conditions

m∑

i=2

qj(Tj) ≡ 0 (mod Ω)c+1,

and qj(Tj) depends on tj, . . . , tm only, j = 1, . . . ,m.

Then Ψ consists of coset representatives of the subgroup Inn(Lm,c) of
the group IN(Lm,c) and IN(Lm,c)/Inn(Lm,c) is a disjoint union of the cosets
Inn(Lm,c)ψ, ψ ∈ Ψ.

P r o o f. (i) Let ϕ be a normal IA-automorphism of the form

ψ : xi → xi +

m∑

j=1

[xi, xj]fj , i = 1, . . . ,m,

where fj ∈ K[adx1, . . . , adxm]. The Jacobian matrix of ϕ is

J(ϕ) =

(
∂ϕ(xj)

∂xi

)

=







∂ϕ(x1)
∂x1

· · · ∂ϕ(xm)
∂x1

...
. . .

...
∂ϕ(x1)
∂xm

· · · ∂ϕ(xm)
∂xm







∈Mm(K[t1, . . . , tm]/Ωc).

Easy calculations give

∂ϕ(xj)

∂xi
= δij +







∑

r 6=j

trfr i = j,

−tjfi i 6= j,

where δij is Kronecker symbol. Thus we obtain the desired form of the matrix
J(ϕ).

(ii) When m = 2 then from Lemma 3.7 the factor group IA(L2,c)/IN(L2,c)
is trivial which satisfies the conditions. Let m ≥ 3. Since Inn(Lm,c) is included
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in the group of normal automorphisms, the factor group IA(Lm,c)/IN(Lm,c) is
the homomorphic image of IA(Lm,c)/Inn(Lm,c). Then from Lemma 1.12 we can
consider the Jacobian matrix of the IA-automorphism ψ of the form

J(ψ) = Im +










s(t2, . . . , tm) f12 · · · f1m

t1q2(t2, t3, . . . , tm) + r2(t2, . . . , tm) f22 · · · f2m

t1q3(t3, . . . , tm) + r3(t2, . . . , tm) f32 · · · f3m

...
...

. . .
...

t1qm(tm) + rm(t2, . . . , tm) fm2 · · · fmm










,

where s, qi, ri, fij are polynomials of degree ≤ c− 1 without constant terms with
the conditions

s+

m∑

i=2

tiqi ≡ 0,

m∑

i=2

tiri ≡ 0,

m∑

i=1

tifij ≡ 0 (mod Ω)c+1, j = 2, . . . ,m,

s = s(t2, . . . , tm), ri = ri(t2, . . . , tm), i = 1, . . . ,m, does not depend on t1,
qi(ti, . . . , tm), i = 2, . . . ,m, does not depend on t1, . . . , ti−1 and f12 does not
contain a summand dt2, d ∈ K.

Let

f1 = 0, fk = qk, k = 2, . . . ,m,

and let us define the normal automorphism

ϕ : xi → xi +

m∑

j=1

[xi, xj ]fj, i = 1, . . . ,m.

Then from (i) the Jacobian matrix of ϕ is of the form

J(ϕ) = Im +










−s 0 · · · 0
−t1q2 −s− t2q2 · · · −tmq2
−t1q3 −t2q3 · · · −tmq3

...
...

. . .
...

−t1qm −t2qm · · · −s− tmqm










.

Let us denote the m× 2 matrix consisting of the first two columns of J(ϕψ) and
Im by J(ϕψ)2 and Im2, respectively. Direct calculations give that J(ϕψ)2 is of
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the form

J(ϕψ)2 = Im2 +










−s2 −sf12 + f12

−s(t1q2 + r2) + r2 ∗
−s(t1q3 + r3) + r3 ∗

...
...

−s(t1qm + rm) + rm ∗










,

where we have denoted by ∗ the corresponding entries of the second column of
the Jacobian matrix of ϕψ.

Now let

g1 = 0, gk = −sqk, k = 2, . . . ,m,

and let us define the normal automorphism

φ : xi → xi +

m∑

j=1

[xi, xj ]gj , i = 1, . . . ,m.

The Jacobian matrix of φ is of the form

J(φ) = Im +










s2 0 · · · 0
st1q2 s(s+ t2q2) · · · stmq2
st1q3 st2q3 · · · stmq3

...
...

. . .
...

st1qm st2qm · · · s(s+ tmqm)










.

Calculating J(φϕψ) we have that

J(φϕψ)2 = Im2 +










−s4 f12(1 − s+ s2 − s3)
−s3t1q2 + r2(1 − s+ s2 − s3) ∗
−s3t1q3 + r3(1 − s+ s2 − s3) ∗

...
...

−s3t1qm + rm(1 − s+ s2 − s3) ∗










.

Repeating this process sufficiently many times, we get that the (1, 1)-th entry
and the coefficients of the elements t1qj, j = 2, . . . ,m, are zero, because Lm,c is
nilpotent. So we have the form

J(γ)2 = Im2 +










0 g12
p2(t̂1) ∗

p3(t̂1) ∗
...

...
pm(t̂1) ∗










,
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where pi = pi(t̂1), i = 2, . . . ,m, does not depend on t1, g12 does not contain a
summand dt2, d ∈ K. Let us express g12 as

g12 = t2f + f̂2,

where f̂2 does not depend on t2 and f ∈ Ω because g12 does not contain a
summand dt2, d ∈ K. Let us consider the normal automorphism

φ1 : xi → xi + [xi, x1]f, i = 1, . . . ,m.

The Jacobian matrix of φ1 is of the form

J(φ1) = Im +










0 −t2f · · · −tmf
0 t1f · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · t1f










,

Calculating J(φ1γ) we have that

J(φ1γ)2 = Im2 +










0 t1f(t2f + f̂2) + t2f + f̂2 − t2f
t1fp2 + p2 ∗
t1fp3 + p3 ∗

...
...

t1fpm + pm ∗










.

Now let

g1 = 0, gk = fpk, k = 2, . . . ,m,

and let us define the normal automorphism

φ2 : xi → xi +
m∑

j=1

[xi, xj ]gj , i = 1, . . . ,m.

Calculating J(φ2φ1γ) we see that the summands −t1fpj in the first col-
umn disappears:

J(φ2φ1γ)2 = Im2 +










0 t1t2f
2 + t1f f̂2 + f̂2

p2 ∗
p3 ∗
...

...
pm ∗










.



Normal and normally outer automorphisms 205

Let us consider the (1, 2)-th entry t1t2f
2 + t1f f̂2 + f̂2 of the matrix J(φ2φ1γ) and

express the element f as

f = t2F + F̂2,

where F̂2 does not depend on t2. Now we have that

t1t2f
2 + t1f f̂2 + f̂2 = t1t2(f

2 + F f̂2) + (t1F̂2 + 1)f̂2

= t1t2h+ ĥ2,

where ĥ2 = (t1F̂2 + 1)f̂2 does not depend on t2 and h = f2 + F f̂2. Note that
the minimal degree of the monomials of the summand which depend on t2 (in
this step this is t1t2h) is bigger than of the minimal degree of the corresponding
summand t2f of the previous step which means that the degree increases.

We repeat the process one more step and consider the normal automor-
phism

ϕ1 : xi → xi + [xi, x1](adx1h), i = 1, . . . ,m.

Calculating J(ϕ1φ2φ1γ) we have that

J(ϕ1φ2φ1γ)2 = Im2 +










0 t21h(t1t2h+ ĥ2) + t1t2h+ ĥ2 − t2t1h
t21hp2 + p2 ∗
t21hp3 + p3 ∗

...
...

t21hpm + pm ∗










.

Now let

g1 = 0, gk = t1hpk, k = 2, . . . ,m,

and let us define the normal automorphism

ϕ2 : xi → xi +

m∑

j=1

[xi, xj ]gj , i = 1, . . . ,m.

Then

J(ϕ2ϕ1φ2φ1γ)2 = Im2 +










0 t31t2h
2 + t21hĥ2 + ĥ2

p2 ∗
p3 ∗
...

...
pm ∗










.
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Let us consider the (1, 2)-th entry t31t2h
2 + t21hĥ2 + ĥ2 of the matrix

J(ϕ2ϕ1φ2φ1γ)2 and express the element h as

h = t2H + Ĥ2,

where Ĥ2 does not depend on t2. Now we have that

t31t2h
2 + t21hĥ2 + ĥ2 = t21t2(t1h

2 +Hĥ2) + (t21Ĥ2 + 1)ĥ2

= t21t2Q(t1, . . . , tm) + Q̂(t̂2),

Again, the length of the summands in t21t2Q(t1, . . . , tm) which depend on t2 in-
creases step by step. Repeating this argument sufficiently many times, by nilpo-
tency, we get finally that

J(γ)2 = Im2 +










0 q(t̂2)
p2(t̂1) ∗

p3(t̂1) ∗
...

...

pm(t̂1) ∗










.

Hence, starting from an arbitrary coset of IA-automorphisms IN(Lm,c)ψ,
we have found that it contains an automorphism θ ∈ Θ with Jacobian matrix
prescribed in the theorem. Now, let θ1 and θ2 be two different automorphisms in
Θ with IN(Lm,c)θ1 = IN(Lm,c)θ2. Hence, there exists a nontrivial automorphism
ϕ in IN(Lm,c) such that θ1 = ϕθ2. Direct calculations show that this is in
contradiction with the form of J(θ1).

(iii) Let ϕ be a normal IA-automorphism of Lm,c. From (i), the Jacobian
matrix of ϕ is

J(ϕ) = Im +










t2f2 + · · · + tmfm −t2f1 · · · −tmf1

−t1f2
∑

j 6=2 tjfj · · · −tmf2

−t1f3 −t2f3 · · · −tmf3
...

...
. . .

...
−t1fm −t2fm · · ·

∑

j 6=m tjfj










,

where fj(t1, . . . , tm) ∈ K[t1, . . . , tm], j = 1, . . . ,m. When c = 2 then from Lemma
3.1, IN(Lm,2) = Inn(Lm,2). As a result we may consider that fj(t1, . . . , tm) ∈ Ω.

Let us express the polynomials fj(t1, . . . , tm), j = 2, . . . ,m, in the follow-
ing way:

fj(t1, . . . , tm) = t1f j(t1, . . . , tm) + hj(T2).
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Now let u ∈ Lm,c be of the form

u = −
∑

i>1

[xi, x1]f j(adx1, . . . , adxm), gi1(t1, . . . , tm) ∈ Ω,

and let consider the inner automorphism φ1 = exp(adu). Then the Jacobian
matrix of φ1 has the form

J(φ1) = Im +








−t1G1 −t2G1 · · · −tmG1

−t1G2 −t2G2 · · · −tmG2
...

...
. . .

...
−t1Gm −t2Gm · · · −tmGm







,

where

G1 =t2f2 − t3f3 − · · · − tmfm,

G2 = − t1f2, G3 = −t1f3, . . . , Gm = −t1fm.

The element u belongs to the commutator ideal of Lm,c and the linear
operator adu acts trivially on L′

m,c. Hence exp(adu) is the identity map restricted
on L′

m,c. Since the automorphism ϕ is IA, we obtain that

J(φ1ϕ)2 = Im2 +












t2h2(T2),+ · · · + tmhm(T2), −t2F1

−t1h2(T2), t1F1 +
m∑

j=3
tjhj(T2),

−t1h3(T2), −t2h3(T2)
...

...
−t1hm(T2), −t2hm(T2)












,

Now we write hi(T2) in the form

hi(T2) = t2h
′
i(T2) + h′′i (T3), i = 3, . . . ,m,

and define

φ2 = exp(adu2), u2 =

m∑

i=3

[xi, x2]h
′
i(adx2, . . . , adxm).

Then we obtain that

J(φ2φ1φ0ψ)2 =










1 + t2H2(T2) + · · · + tmh
′′
m(Tm) −t2F

′
1

−t1H2(T2) ∗
−t1h

′′
3(T3) ∗
...

...
−t1h

′′
m(T3) ∗










,
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H2(T2) = h2(T2) −

m∑

i=3

tih
′
i(T2).

Repeating this process we construct inner automorphisms φ3, . . . , φm−1 such that

ψ = φm−1 · · ·φ2φ1ϕ,

J(φm−1 · · ·φ2φ1ϕ)2 =










1 + t2H2(T2) + · · · + tmHm(Tm) −t2H1(T1)
−t1H2(T2) ∗
−t1H3(T3) ∗

...
...

−t1Hm(Tm) ∗










,

Hence, starting from an arbitrary coset of normal IA-automorphisms
Inn(Lm,c)ϕ, we found that it contains an automorphism ψ ∈ Ψ with Jacobian
matrix prescribed in the theorem. Now, let ψ1 and ψ2 be two different auto-
morphisms in Ψ with Inn(Lm,c)ψ1 = Inn(Lm,c)ψ2. Hence, there exists a nonzero
element u ∈ Lm,c such that ψ1 = exp(adu)ψ2. Direct calculations show that this
is in contradiction with the form of J(ψ1). �

Example 3.9. When m = 3 the results of Theorem 3.8 have the following
simple form. If ϕ is a normal automorphism of the form

ϕ :x1 → x1 + [x1, x2]f2 + [x1, x3]f3

x2 → x2 + [x2, x1]f1 + [x2, x3]f3

x3 → x3 + [x3, x1]f1 + [x3, x2]f2,

where f1, f2, f3 ∈ K[adx1, adx2, adx3] then the Jacobian matrix of ϕ is

J(ϕ) =





1 + t2f2 + t3f3 −t2f1 −t3f1

−t1f2 1 + t1f1 + t3f3 −t3f2

−t1f3 −t2f3 1 + t1f1 + t2f2



 .

The Jacobian matrix of the normally outer automorphism θ is

J(θ) =





1 f12(t1, t3) f13

t3p(t2, t3) 1 + f22 f23

−t2p(t2, t3) f32 1 + f33



 ,

where p(t2, t3), fij , are polynomials of degree ≤ c−1 without constant terms with
the following conditions

t1f1j + t2f2j + t3f3j ≡ 0 (mod Ω)c+1, j = 2, 3,

p(t2, t3) does not depend on t1 and f12 = f12(t1, t3) does depend on t2.
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[12] W. Magnus. Über diskontinuierliche Gruppen mit einer definierenden Re-
lation (der Freiheitssatz). J. Reine Angew. Math. 163 (1930), 141–165.

[13] L. Makar-Limanov. Algebraically closed skew fields. J. Algebra 93, 1

(1985), 117–135.

[14] H. Neumann. Varieties of Groups. Ergebnisse der Mathematik und ihrer
Grenzgebiete, Band 37, Springer-Verlag, Berlin, Heidelberg, New York,
1967.

[15] A. I. Shirshov. Some algorithmical problems for Lie algebras. Sib. Mat.
Zh. 3 (1962), 292–296 (in Russian).

[16] A. L. Shmel’kin. Wreath products of Lie algebras and their application
in the theory of groups. Trudy Moskov. Mat. Obshch. 29 (1973), 247–260
(in Russian); Translation: Trans. Moscow Math. Soc. 29 (1973), 239–252.
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