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ABSTRACT. We consider some familiar subclasses of functions starlike with
respect to symmetric points and obtain sufficient conditions for these classes
in terms of their Taylor coefficient. This leads to obtain several new examples
of these subclasses.

1. Introduction and preliminaries. Let A denote the class of func-

tions
o0

(1.1) f(z) = Zanzn, ap =1,
n=1

which are analytic in the open unit disc U = {z : |z| < 1}. Let S denote
the univalent subclass of A, and S* denote the subclass of S for which f(U) is
starlike with respect to the origin. It is well known that f € S* if and only if
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Re(zf'(2)/f(2)) > 0 for z € U. A function f € A is starlike with respect to
symmetric points in U if for every r close 1, r < 1 and every zy on |z] = 1
the angular velocity of f(z) about f(zp) is positive at z = 2y as z traverses the
circle |z| = r in the positive direction. This class was introduced and studied by
Sakaguchi [9]. He proved that the condition is equivalent to

2f'(2)
f(z) = f(=2)

Recall the prominent subclasses studied in the theory of univalent functions, for
—1<B<A<1,0<06<1:

Re > 0.

ST(A,B) — {feA:Z]{ES)<112z; U}
S () = {feA:Re%>ﬁ; zeU}
s - {rea i < e
Sy = {feA: argf(jzf—/jf()_z) <%”; zeU},

where ‘<’ stands for the subordinate of two functions in A. Set S? = S¥(0).
Recently Wang et all [11], Elashwa and Thomas [1], Sudharasan et al.
[10], Reddy et al. [7], and Parvatham and Premabai [6] have obtained various
results concerning functions in S3(0), S¥(A, B), Sss.
Moreover Nezhmetdinov and Ponnusamy [2] has shown that any of the
following inequalities

2<3a3<4az3<---<(n+a, <---; na, <2 for n>2,
or

2/3>as>2a3>3a4>-->(n—1)a,>--->0; na,>ay for n>3

o0
implies that f(z) =2+ ) a,2" is starlike.

n=2
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Hence from the above inequalities it is easy to see that the function f(z) =

2 1
z4+ 522 + 523 is starlike, but a simple calculation shows that this function is not
0

starlike with respect to symmetric points. Indeed, for z = € we have

Re 2f'(2) ~ 8cosd (cosb + %)
f2) = f(=2) 3|14 Le20]

which is negative for 6 = 2%, so that f is not starlike with respect to symmetric
points.

Also Ozaki [4], Ponnusamy [5] and Obradovic and Ponnusamy [3] have ob-
tained coefficient conditions for close-to-convex functions and starlike and convex
functions.

Our main result is motivated by this problem. Find conditions on the
Maclaurin coefficients of f which guarantee the corresponding f belongs to S7(0),
S¥(A,B), Ssg. We use the duality technique developed by Ruscheweyh [8] to
obtain our results.

2. Main results.

Theorem 2.1. If a function f € A defined by (1.1) satisfies the condition

oo
(2.1) Z |(n+1)agn+1 — nagp—1| + |nagnr1 — (n—1)ag,—1|
n=1

+ 2|nag, — (n—1)agq—1| <1

with ag = 0, then f € S}.

1
Proof. It is well known that the function 1 T maps G ={w : |w| =1}

2 !/
onto the imaginary axis. At z =0, L(Z) =1, so that f € S} if and only
. f(z) = f(=2)
i
221'(2) 1+
#* forall |z|=1,z€ U,
& f-5) 1-= i

or equivalently if and only if

f(z)* 1—x 1+zx

- for all =1
. =22 (-3 #0 forall |z ,z2 €U,
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where * stands for the Hadamard product of the two functions. Equivalently,
this can be written as follows

> o0
—2x + Z agny1[2n(1 — ) — 2x)2*" + (1 — ) Z 2nag, 22" #£ 0.
n=1

n=1

After dividing the above inequality by —z and multiplying by a non vanishing
factor 1 — 22, it can be easily seen that f € S¥ if only

o0 oo
2+ Z Aony1[2n(t +1) + 2122 + (t + 1) Z 2nag, 2"t

n=1 n=1
=Y a2 = D+ 1)+ 227 = (t4+1) ) 2(n = Dagg1)2™" " #0
n=1 el

Clearly, for all |t| = 1, from (2.1) we find that the above inequality holds true
and we complete the proof. O

Corollary 2.1. Let the coefficients of f(z) = z + ioj anz" satisfy either
of the two conditions "

1) 1 < 2a3 < 3a5 < 4day <bag < -+ < (n+1)agpy1 < -+ and

2) 0 <ag <2a4 <3ag <dag < ---<nag, <--- and

3) (2n + 1)agn41 + 2naz, <2, n>1,

or
1) % > ag > 2a5 > 3a7 > 4ag > 5a11 > -+ > (n—1)agy—1 > --- >0 and
2) 0 <ay <2a4 <3ag <4dag <---<nag, <--- and
3) (2n + 1)agnpi1 > 2nag, + 2a3, n > 1,
then f € S3.
It is interesting to state a counterpart of Corollary 2.1 for odd functions
f(2).

Corollary 2.2. Let f € A defined by (1.1) is an odd function satisfying
either of the following conditions:

1 <2a3 < 3a5 <4ay < bag < --- < (n41)agner < -5 (2n+1)agp <2, n > 1,
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> a3 >2a5 >3a7 > - > (n—1)agp—1 > -+ > 0; (2n+1)agn+1 > 2a3, n > 1,

DO | =

then f € S%.

Theorem 2.2. Letay = 0,a1 =1 and -1 < B<0< A< 1. Ifa
function f € A defined by (1.1) satisfies the condition

> I[A=B(n+1)]agnt1 — [A = B(2n — 1)]agn—1| + [2nagn 1 — 2(n — 1)agn_1|
n=1
+ 2[2nazn — 2(n — 1)agp-1)| < A— B,
then f € S (A, B).
Proof. We note that f € S¥(A, B) if and only if

f(2) . 1+ Bx 1+ Ax
z (1-2)2 (1-22)

#0 forall |z|=1,z€U.

Now by proceeding the same line of the proof Theorem 2.1 we get our result and
we omit the details. O

(o]
Corollary 2.3. Suppose the coefficients of f(z) = z+ > an2™ satisfies
n=2
either of the two conditions

1) (A—B)<(A—-3B)az < (A—5B)as <--- <[A—B(2n+1)]agn+1 < --- and
2) 0 <ay <2a4 <3ag <4dag <---<nag, <--- and
3) 2n(1 — B) + (A — B)lagn+1 + 4nag, <2(A—-B), n>1,

or

A—B
A—-3B
2) 0 <ag <2a4 <3ag <4dag < ---<nag, <--- and

1) > a3 > 2a5 > 3a7 > 4ag > Saip > - > nagp—1 > - >0 and

3) 2n(1 — B) + A — Blagp+1 > 4nagy, + 4as, n > 1,
then f € S¥(A,B).
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Proof. Under the first assumption we have

>A—B(2n—1) n—1
“ntl = AT B0+ 1)

and from the second assumption we have
nag, > (n—1)agp_1), n=>1.

Thus for any N > 1,

N
Z I[A—B(2n —1)|(agnt+1 — azn—1) — 2Bag, 41| + [2n(azni1 — azn—1) + 262,41

n=1
+2\2n(a2n—a2(n_1)) +2a2n] = [2N(1 —B) + (A—B)]a2n+1 +4Na2n < Q(A—B),
and Theorem 2.1 implies that f € S¥(A, B). The second assertion is verified in
a similar way. O

The proof of the following corollary is similar to Corollary 2.3 and we
omit the details.

Corollary 2.4. Let f € A defined by (1.1) satisfies either of the two
conditions

1) (A—B)<(A—-3B)az < (A—5B)as <--- <[A—B(2n+1)]agn+1 < --- and
2) ag > 2a4 > 3ag > 4ag > -+ > nag, > - >0 and

3) [2n(1 — B) + (A — B)]a2n+1 —4nag, + 8ag < 2(A — B), n>1,

or

A—-B
1) T B2@32261523@724@925@112---271612”,12---20cmd

2) ag > 2a4 > 3ag > dag > -+ > nag, > -+ >0 and

3) 2n(1 — B) + A — Blagp+1 + 4nag, > 8ag + 4as, n > 1,
then f € S;(A,B).

In the following corollary we generalize the results obtained in [2] for odd
functions.

Corollary 2.5. Suppose that f € A defined by (1.1) is an odd function
satisfying either of the two conditions
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1) (A—B)<(A-3B)azg < (A—5B)as <--- <[A—B(2n+1)]agn+1 < --- and
[2n(1 — B) + (A — B)lagny1 <2(A—-B), n>1

A-B

2 A-3B

2n(1 — B) + (A — B)lagnt+1 > 4az, n>1

> a3 > 2as5 > 3a7 > 4ag > dayyr = -+ > nagy—1 > - > 0 and

then f € ST(A,B).
A+2n+1

A+42n—1
a1 = 1 in the first part of Corollary 2.5 we obtain

By putting B = —1 and ag,4+1 = agn—1, (n=1,2,3,...) with

= 1+4
Example 2.1. The function f(z z} 1 A° 22" belongs to
ST(A,—1).
A+1 —1
Also by taking B = —1 and a3 = 1 i 3 and agn 1 = n asn—1, (n =

2,3,...) in the second part of Corollary 2.5 we obtain

A+1 1
Example 2.2. The function f(z) = z + A—13 Z 22"+ belongs to
ST(A,—-1).
A+1 A+1)?
Moreover by choosing as,+1 = + and a9, = (A+1) (N >1)

n(A+3) AnN(A+3)’
it is easy to see that the conditions of the second part of Corollary 2.4 is satisfied,
so we have

Example 2.3. The function

N N

A+1 L2+l (A+1)?
”Z (A+3) +nzl4nN(A+3)z

belongs to Sk (A, —1).

Theorem 2.3. Let ag = 0,a1 =1 and 0 < a < 1. If a function f € A
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defined by (1.1) satisfies the condition

Z [(2n — ™™ (aznt1 — a2n—1) + (a2n+1 — a2n—1)| +|2na2,+1 — 2(n — 1)ag,—1|
s
+ 2[2nag, — 2(n — 1)agp_1)| < 2sin 5%

then f € Ssq.-

Proof. It is well known that f € S, if and only if

f(2) 1

(1+2) — (1 — 2)tetlion/2)
5 1 tetlan/2)

(=220 +2)

]7&0 (z € U,t >0)

Equivalently, this can be written as follows

2n 2n—1
+Za2n |: — tex( wz7r/2):| z 7 0.

Then after multiplying (2.2) by 1 — 22, we need to maximize the modulus of

on + 1 — tetlion/2)
1 — tetlian/2)

o0
(2.2) 14> agni1

n=1

An — an Cn
where An = [(2n + 1)a2n+1 — (2n — l)agn_l], Bn = (a2n+1 — agn_l), Cn =

2nag, —2(n — 1)ayp_1) and w = tet(iam/2) ¢ >,
Note that the functions H, and G,, maps the two rays w = te*(®™/2) onto
two circles with radii

RIZ%CSC( )]A By,|, R//—§CSC< )]C!

n

whereas their centers are at the points

£ = b By - e (2]

and
=1 [Cn +iC, cot (@)} ,
2 2
respectively. Since, by our assumption, A,, B, and C,, are real, and so the
required maxima are |Pf| + R.,|T<| + R, and the rest of the proof readily

follows. 0O
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3. Applications.
Theorem 3.1. Let 0 < A < 1. Suppose that a > 0 and, in addition,

11424 — A?
(3.1) b>max{1+a,a+—}

(A+1)2

Then the function
da 3 = (a7 TL) 2n
(3.2) P(z)=2+ ————2"+ Z ——

belongs to Si(A,—1).

Proof. Consider

B(2) = 2+ A3z + Z Ay, 22"

n=2
Then we find that
a,n—1
(TL — 1)A2n_2 — TLAQn = W[(n — 1)(b — 1) — a]

which is nonnegative for all n > 2 if b > 1 + a.
(o9}
Now we let T1 = »_ [2nA2, — 2(n — 1)Ay(,—1)|, and
n=2

T =|A3(A+3) — (A+1)| + |243| + |242]| + T1.
Next, we evaluate T7. We obtain

Tl_QZ a+bn (n—1)(b—1)—d

F(a+b+1)F(b—1)_1}_ 2ab [F(a+b+1) (b)—l]
L'(b)T(a+b) a+b |I'(b+1I'(a+0)

a
=2(b—-1
( )a—i-b[
_ 2a

Ca+b
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We note that, under the condition (3.2), we have

4
T:(A+1)—A3(A+3)+2A3+a—fb:A+1

and by Theorem 2.2 we get our result. 0O
Theorem 3.2. Let 0 < A < 1. Suppose that a,b > 0 and, in addition,

I(a+0b) - (A+1)?
T(a)L(b) ~ 2(A+3)

(3.3)

Then the function

(3.4) U(z) =z +

F(a)F(b) i £y a+b el n)zM

n:l
belongs to St(A,—1).

Proof. Write the function ¥(z) as

o0
U(z) =2+ Bs23 + Z Bop 22"

n=1
First we observe that, if ¢ = a + b, then
(a,n)(b,n)
(¢,n)(1,n)
(a,n—1)(byn —1)

_ b
@t+bn)(Ln-1""

ntn — (n — I)Bgn_g =N

and, therefore we get

My =" [2nBay — 2(n — 1) By, 1)

n=2
)
_QQbZ a+bn 1n—1)
( +b) 2ab

L)) a+b
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Now if we let
M = |B3(A+3) — (A+1)| + |2Bs| + |2B2| + My,
then, by (3.4) and the definition of B3 we find that

2I'(a + b)(A + 3) A'(a +b) 2ab 2I'(a+b)  2ab

M=) Tarm i+ 4) " T+ 4) T arb T T@IE)  ath
—1+4,

and by Theorem 2.2 our proof is complete. O

1
By putting A=1,a=b= 3 in the Theorem 3.2 we have

Example 3.1. The function

= [(2n)1?
U(z) =2+ %23 + Z 72[513(2;!])422”
n=1

belongs to S7(1,—1).
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