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ABSTRACT. In the present paper the Lindeléf number and the degree of
compactness of spaces and of the cozero-dimensional kernel of paracom-
pact spaces are characterized in terms of selections of lower semi-continuous
closed-valued mappings into complete metrizable (or discrete) spaces.

Introduction. All considered spaces are assumed to be Tj-spaces. Our
terminology comes, as a rule, from ([10], [11], [12], [16]).

A topological space X is called paracompact if X is Hausdorff and every
open cover of X has a locally finite open refinement (see [10, 11, 14]).

One of the main results of the theory of continuous selections is the fol-
lowing theorem:

Theorem 0.1 (E. Michael [13]). For any lower semi-continuous closed-
valued mapping 0 : X — Y of a paracompact space X into a complete metrizable
space Y there exist a compact-valued lower semi-continuous mapping ¢ : X — Y
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and a compact-valued upper semi-continuous mapping ¢ : X — Y such that
p(x) CP(x) C O(x) for any x € X.

Moreover, if dim X = 0, then the selections p,v of 0 are single-valued
and conlinuous.

It will be shown that the existence of upper semi-continuous selections
for lower semi-continuous closed-valued mappings into a discrete spaces implies
the paracompactness of the domain (see [1, 2, 3, 4, 8, 15, 16]). The papers
[12, 16, 17, 15] contain some appications of the theory of selections.

A family v of subsets of a space X is star-finite (star-countable) if for
every element I" € v the set {L € v: L(\T # 0} is finite (countable).

A topological space X is called strongly paracompact or hypocompact if
X is Hausdorff and every open cover of X has a star-finite open refinement.

The cardinal number [(X) = min{m : every open cover of X has an open
refinement of cardinality < m} is the Lindelof number of X.

The cardinal number k(X) = min{m : every open cover of X has an open
refinement of cardinality < m} is the degree of compactness of X.

Denote by 77 the least cardinal number larger than the cardinal number
7. It is obvious that [(X) < k(X) <I(X)™.

For a space X put w(X) = J{U : U is open in X and dimU = 0} and
let cw(X) = X \ w(X) be the cozero-dimensional kernel of X (see [4]).

Lemma 0.2. Let X be a paracompact space, U be an open subset of X
and U N cw(X) # 0. Then dim clx (U Necw(X)) # 0.
Proof. See [4]. O

A family & of subsets of X is called 7-centered if Nn # () provided n C &
and |n| < 7.

Lemma 0.3. Let X be a paracompact space and T be an infinite cardinal.
Then:
1. (X) < 7 if and only if any discrete closed subset of X has cardinality < T.

2. The following assertions are equivalent:
a) k(X) <.
b) Any discrete closed subset of X has cardinality < T;
c) NE# O for any T-centered filter of closed subsets of X .
Proof. It is obvious. O

Assertions 2a and 2c¢ are equivalent and implication 2a — 2b is true for
every space X.
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Lemma 0.4. Let X be a metrizable space and T be an infinite non-
sequential cardinal. Then:

1. U(X) <7 if and only if w(X) < T.

2. k(X) <7 if and only if w(X) < 7.

Proof. It is obvious. O

The aim of the present article is to determine the conditions on a space
X under which for any lower semi-continuous closed-valued mapping 6 : X — Y
of the space X into a complete metrizable (or discrete) space Y there exists a
selection ¢ : X — Y for which the image ¢(X) is “small” in a given sense.

In Section 2 we study the mutual relations between the following proper-
ties of topological spaces:

K1. k(X) <.

K?2. For every lower semi-continuous closed-valued mapping 60 : X — Y into a
complete metrizable space Y there exists a lower semi-continuous selection
¢: X =Y of 0 such that k(cly p(X)) < 7.

K3. For every lower semi-continuous closed-valued mapping 0 : X — Y into a
complete metrizable space Y there exists a set-valued selection g : X — Y

of 0 such that k(clyg(X)) <.

K4. For every lower semi-continuous closed-valued mapping 0 : X — Y into a
complete metrizable space Y there exists a single-valued selection g : X — Y
of 0 such that k(clyg(X)) <.

K5. For every lower semi-continuous mapping 6 : X — Y into a discrete space
Y there exists a lower semi-continuous selection ¢ : X — Y of 0 such that
[p(X)] < 7.

K6. For every lower semi-continuous mapping 0 : X — Y into a discrete space
Y there exists a set-valued selection g : X — Y of 0 such that | g(X) |< 7.

K7. For every lower semi-continuous mapping 6 : X — Y into a discrete space Y
there exists a single-valued selection g : X —Y of 0 such that | g(X) |< .

K8. FEvery open cover of X has a subcover of cardinality < 7.

K9. For every lower semi-continuous closed-valued mapping 0 : X — Y into
a complete metrizable space Y there exist a compact-valued lower semi-
continuous mapping ¢ : X — Y and a compact-valued upper semi-conti-
nuous mapping ¥ : X — Y such that k(cly (¢¥(X))) < 7 and p(z) C ¢(x) C
0(x) for any x € X.

K10. For every lower semi-continuous closed-valued mapping 0 : X — 'Y into a
complete metrizable space Y there exists an upper semi-continuous selection
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¢: X =Y of 0 such that k(cly ¢(X)) < 7.

For every lower semi-continuous closed-valued mapping 0 : X — Y into a
complete metrizable space Y there exists a lower semi-continuous selection

¢: X =Y of 0 such that w(p(X)) < 7.

For every lower semi-continuous closed-valued mapping 0 : X — Y into
a complete metrizable space Y there exist a closed-valued lower semi-conti-
nuous selection ¢ : X — Y of 0, a selection : X —Y of 0 and a closed
Gs subset F' of the space X such that:
— §(x) C pla) for any v € X;
— $(@) = p(x) for any x € X \ F;
— the mapping p|F : F —'Y is upper semi-continuous and closed-valued;
— (X, 1) CF, ®=pu(F) is a compact subset of Y and k(ZN (X)) <7
provided Z CY \ ® and Z is a closed subspace of the space Y (Here
E(X,7) = U{U : U is open in X and k(clxU) < 7} and ¢(X,7) =
X\ k(X,7).);

— k(cy ¢(X)) < k(u(X)) <.

Let us mention that, in the conditions of K12:

k(u(X)) < 7 provided the set ® is compact and k(Z N u(X)) < 7 for a
closed subset Z C Y \ @ of the space Y;

the mapping p : X — Y is closed-valued and the mapping u|F : F — Y is
compact-valued;

the mapping u|(X \ F) : X \ F — Y is lower semi-continuous;

the mapping p : X — Y is Borel measurable, i.e. u~!(H) is a Borel subset
of the space X for any open or closed subset H of Y.

Theorems 2.3, 2.5, 2.7 and their corollaries contain the conditions under

which some of Properties K1 - K12 are equivalent.

Let II be the class of all paracompact spaces.
For every infinite cardinal number 7 we denote by II(7) the class {X €

IT: k(cw(X)) <7}. Weput IIj(7) = {X € Il : [(cw(X)) < 7}.

It is obvious that II(7) C II;(7) C II(7 ™).
We consider that II(n) = {X € II : dim X = 0} for any n € {0} UN.
In Section 3 we establish that the classes II(7), II;(7) may be characterized

in terms of selections (Theorems 3.1 and 3.2). In this section we continue the
investigations beginning in [4].
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1. On the degree of compactness of spaces. A subset L of
a completely regular space X is bounded in X if for every continuous function
f: X — R the set f(L) is bounded.

A space X is called p-complete if it is completely regular and the closure
clx L of every bounded subset L of X is compact.

Every paracompact space is y-complete. Moreover, every Dieudonné com-
plete space is p-complete (see [10]).

Definition 1.1. Let X be a space and T be an infinite cardinal. Put
E(X,7) = U{U : U is open in X and k(clxU) < 7} and ¢(X,7) = X \ k(X, 7).
For every x € X put k(x,X) = min{k(cixU) : U is an open in X neighborhood
of x}.

By definition, k(X,7) = {x € X : k(z, X) < 7}.

Lemma 1.2. Let X be a space, T be an infinite cardinal, {U, : o € A}
be an open discrete family in X and k(X) < 7. Then:

1. |Al<T;

2. If xq € UyNE(X,T) for every a € A, then sup{k(zs,X) v € A} < 71;

3. If xo, € Uy Ne(X,T) for every a € A, then | A |< cf(T).

Proof. Since k(X) < 7, every discrete family in X has cardinality < 7.

Suppose that z, € U, Nk(X,7) for every a € A and sup{k(zy,X) : a €
A} = 7. In this case 7 is a non-regular limit cardinal and cf(7) <| A |< 7. From
our assumption it follows that there exists a family of cardinals {7, : a € A}
such that 7, < k(zqa,X) for every a € A and sup{r, : @« € A} = 7. For every
a € A there exists an open family v, of X such that clxU, C (Jv, and | £ |> 74
provided § C 7, and clxU, C [J€. One can assume that Ug N’V = () for every
a, feAa#fand V € v,. Let v = (X \ | U{clxUs : € AU (U{1a: @ €
A}). Then v is an open cover of X and every subcover of v has a cardinality
> sup{7, : @« € A} = 7, which is a contradiction.

If x € UyNe(X, 1) for every aw € A and | A |[> ¢f(7), then there exists
a family of cardinals {7, : @ € A} such that 7, < 7 for every @ € A and
sup{7 : @« € A} = 7. Since k(z,, X) =7 > 7, for every a € A, one can obtain a
contradiction as in the previous case. O

Lemma 1.3. Let X be a completely reqular space, T be a sequential
cardinal and k(X) < 7. Then the set ¢(X, ) is closed and bounded. Moreover, if
X is a p-complete space, then:

1. ¢(X,7) is a compact subset;

2. If Y Ck(X,7) is a closed subset of X, then k(Y) < T.
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Proof. If 7 = Ny, then the space X is compact and k(X 7) is the subset
of all isolated in X points. Thus the set ¢(X,7) is compact and every closed in
X subset of k(X,7) is finite.

Suppose that 7 is uncountable. There exists a family of infinite cardinal
numbers {7, : n € N} such that 7, < 7,41 < 7 for every n € N and sup{7, :
n € N} = 7. Suppose that the set ¢(X,7) is unbounded in X. Then there
exist a continuous function f : X — R and a sequence {z,, € ¢(X,7) : n € N}
such that f(x1) = 1 and f(zp41) > 3 + f(zp) for every n € N. The family
¢ ={U, = fY(f(xn) = 1, f(zn) + 1)) : n € N} is discrete in X and x, € U,
for every n € N. Then, by virtue of Lemma 1.2, | £ |< ¢f(7) = Np, which is a
contradiction. Thus the set ¢(X, 7) is closed and bounded in X.

Assume now that X is a u-complete space. In this case the set ¢(X, 1) is
compact.

Suppose that Y C k(X,7) is a closed subset of X and k(Y) = 7. We
affirm that sup{k(y, X) : y € Y} < 7. For every = € k(X,7) fix a neighborhood
Uz in X such that k(cixU,) = k(z, X). Suppose that sup{k(y,X) : y € Y} =
7. For every n € N fix a point y, € Y such that k(y,,X) > 7,. Put L =
{yn : n € N}. If the set L is unbounded in X, then there exists a continuous
function f : X — R such that sup{f(y,) : n € N} = co. One can assume that
f(Yn+1) > 3+ f(yn). The family & = {U, = f'((f(yn) — 1, f(yn) +1)) : n € N}
is discrete in X and y, € U, Nk(X,7) for every n € N. Then, by virtue of
Lemma 1.2, sup{k(yn,X) : n € N} < 7, which is a contradiction. Thus the set
L is bounded in X. Hence clxL is a compact subset of Y and there exists an
accumulation point y € clx L \ (L \ {y}). In this case y € k(X,7), k(y,X) <7
and k(y,X) = sup{k(yn,X) : n € N} = 7, which is a contradiction. Hence
sup{k(y, X):yeY} <7 <.

Since k(X) < 7, then there exists a subset Y’ C Y such that | Y |[< 77,
7 <7’ <randY C|J{U, :y € Y'}. Since k(cixU,) < 7" < 7" for every y € Y’
and | Y |< 77, then I(U{cIxUy : y € Y'}) < 7" < 7. Thus I(Y) < 7”7 < 7 and
EY)<rt. O

A subspace Z of a space X is paracompact in X if for every open family
vy ={W, :p € M} of X for which Z C Uy there exists an open locally finite
family n = {W), : p € M} of X such that Z C Un and W, C W, for any p € M.

Lemma 1.4. Let X be a regular space, Z be a paracompact in X subspace,
T be a limit cardinal number, k(Z) < 7 and k(Y') < 7 for every closed subspace
Y C X\ Z of the space X. Then:

1 k(X)) <71, c(X,7) CZ and k(c(X, 7)) < cf(1);

2. If Y Ck(X,7) is a closed subset of X, then k(Y) < T.
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3. Z is a closed subspace of X.

Proof. Assertion 3 is obvious.

Let x € X \ Z. Fix an open subset U of X such that x € U C clxU C
X\ Z. Then k(clxU) < 7 and ¢(X,7) C Z.

Let v be an open cover of X. Since k(Z) < 7, there exists a subsystem &
of v such that |£| < 7 and Z C UE. Let Y = X \ U. Since k(YY) < 7, there exists
a subsystem ¢ of v such that || < 7 and Y C U(. Put n =(UE. Thennis a
subcover of v and |n| < 7. Thus k(X) < 7.

Suppose that k(c(X,7)) > c¢f(7). Since Z is paracompact in X, the
subspace ¢(X,7) is paracompact in X and there exists an open locally-finite
family {V,, : @ € A} of X such that ¢(X,7) C (V. : a € A} |A| > cf(1)
and ¢(X,7) \U{Vs : B € A\ {a}} # 0 for every o € A. For every o € A
fix yo € (X, 7))\ U{Vs: 8 € A\ {a}} # 0. Then {y, : « € A} is a closed
discrete subset of X. There exists an open discrete family {W, : o € A} such
that y, € W, C V, for every a € A. By virtue of Lemma 1.2, | A |< cf(7),
which is a contradiction. Thus k(c(X, 7)) < cf(7).

Fix now a closed subset Y of the space X such that Y C k(X, 7). We put
S=YNZand 7" =sup{k(y,X) : y € S}.

Suppose that 7 = 7. There exists a family of cardinals {7, : « € A}
such that | A |= cf(7), sup{rq : @« € A} = 7 and 7, < 7 for every @ € A.
One can assume that A is well ordered and 7, < 73 for every a,3 € A and
a < . For every a € A there exists y, € S such that k(yn, X) > 7,. Let
L = {y, : @« € A}. The cardinal cf(7) is regular. If y € X and [W N L| =
|A| for every neighborhood W of y in X, then y € Y C k(X,7),k(y,X) < 7
and k(y, X) > sup{k(ya,X) : @« € A} = sup{7, : @« € A} = 7, which is a
contradiction. Thus for every y € X there exists an open neighborhood W, of
y in X such that |cIxWy, N L| < |A| = cf(7). There exists an open locally-
finite family {H, : z € Z} of X such that Z C U{H, : z € Z} and H, C W,
for every z € Z. Let Z/ = {z € Z : H,NL # (}. The set Z' is discrete
and closed in X. Since Z is a paracompact space, we have |Z'| = 7" < 7 and
|H.NL| =7(2) <cf(r) forany z € Z'. Thus |L| =|U{H,NL:z€ Z'}|<T,a
contradiction. Therefore 7/ < 7.

Since S is paracompact in X and S C k(X,7), there exist a set M C S
and a locally finite open in X family {U, : p € M} such that k(clxU,) < 7/,
IM| =7 <7and S C U{U, : p € M}. Then k(S1) = 70 < 7, where S| =
Uf{clxUy :p€ M}. Let Y1 =Y \U{U, : p € M}. Since Y7 is a closed subset of
Xand V1 CX\Z, k(Y1) =m<7. Thus &(Y) < k(Y1) + k(S1) <7. O
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Corollary 1.5. Let X be a paracompact space, T be a limit cardinal and
kE(X) < 7. Then:

1. k(e(X, 7)) <cf(r);

2. If Y Ck(X,7) is a closed subset of X, then k(Y) < T.

A shrinking of a cover £ = {U, : « € A} of the space X is a cover
v =A{Va: a € A} such that V,, C U, for every a« € A (see [10], [11]). The
operation of shrinking preserves the properties of local finiteness, star-finiteness
and star-countableness.

Let 7 be an infinite cardinal number. A family 7 of subsets of a space X is
called 7-star (1~ -star)if | {H € v: HNL# 0} |<7(|{H €~v: HNL #0} |<T)
for every L € ~.

A family {H, : a € A} of subsets of a space X is closure-preserving if
UlclxHp : B € B} =clx(U{Hp : B € B}) for every B C A (see [14]).

Proposition 1.6. Let 7 be an infinite cardinal and X be a paracompact
space. Then the following assertions are equivalent:

1. k(ew(X)) <.

2. For every open cover of X there exists an open T~ -star shrinking.

3. For every open cover of X there exists a closed closure-preserving T~ -star
shrinking.

4. For every open cover of X there exists a closed T~ -star shrinking.

Proof. (1 = 2)and (1 = 3) Let £ = {U, : a € A} be an open cover
of X. There exist a subset B of A and an open-and-closed subset H of X such
that cw(X) C H C|{Us: a € B} and | B |< 7 (see the proof of Proposition 4
[4]). Since dim(X \ H) = 0 (unless X \ H is empty) there exists a discrete family
{W, : a € A} of open-and-closed subsets of X such that [ J{W, : a € A} = X\H
and W, C U, for every a € A. Let V, = (U, N H)UW, for « € B and V,, = W,
for « € A\ B. Obviously v = {V, : a € A} is an open 7~ -star shrinking of &.

Since X is paracompact, there exists a closed locally finite family {H,, :
a € B} such that H = U{H, : « € B} and H, C U, for any « € B. Put
H, =W, for any a € A\ B. Obviously A\ = {H, : a € A} is a closed locally
finite 77 -star shrinking of £. Every locally finite family is closure-preserving.
Implications (1 = 2) and (1 = 3) are proved.

Implication (3 = 4) is obvious.

(2=1) and (4 = 1) Suppose k(cw(X)) > 7. There exists a locally finite
open cover £ = {U, : a € A} of cw(X) such that cw(X)\ J{Us: a € B} #0
provided B C A and | B |[< 7. One can assume that cw(X)\U{Us : « € B} # 10
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for every proper subset B of A. Fix a point 24 € cw(X) \|U{Ug: B € A\ {a}}
for every a € A. The set {z, : a € A} is discrete in X. There exists a discrete
family {V,, : « € A} of open subsets of X such that z, € V, C clxV, C U,
for every a € A. Let X, = clxV,. Then dim X, > 0 and there exist two closed
disjoint subsets F, and P, of X, such that if W, and O, are open in X and
Fo C W C X\Pa, Py C Oy C X\F, and Xo C WaUO,, then XaNWaNO, # 0.
The family {F, : a € A} and the family {FP, : a € A} are discrete in X. There
exists a discrete family {Qq : o € A} of open subsets of X such that ((J{Qa :
a€ ANN(U{Fa: a€A}) =0, P CQqand QuN(U{Xp: B € A\{a}t}) =0
for every oo € A. Let p ¢ A, M = AU{p} and Q, = X \ U{Pn : o € A}).
Then ( = {Q : m € M} is an open cover of X. If y = {H,,: m € M} is an
open shrinking of ¢, then H, N H, # 0 for every a € A. The last contradicts 2.
Suppose now that v = {H,, : m € M} is a closed shrinking of (. Let & € A and
H,NH, = (). There exist two disjoint open subsets W, and O, of X such that
Hy € Wy and Hy, € O,. Then Xo € Ho U H, € Oq UWy, Py C Wo C X\ Fy,
F,CO0,CX\P,, Xog CWaUO, and X, NW,NO, = (. The last contradicts
4. Implications (2 = 1) and (4 = 1) are proved. O

2. The degree of compactness and selections. Let X and Y be
non-empty topological spaces. A set-valued mapping 0 : X — Y assigns to every
x € X a non-empty subset §(z) of Y. If ¢, ¥ : X — Y are set-valued mappings
and ¢(x) C ¢(x) for every z € X, then ¢ is called a selection of 1.

Let 0: X — Y be a set-valued mapping and let A C X and B C Y. The
set 074(B) = {x € X : 0(z) (B # 0} is the inverse image of the set B, §(A) =
01(A) = U{0(x) : x € A} is the image of the set A and 0"T1(A) = 0(0~1(0"(A)))
is the n+ 1-image of the set A. The set 0°(A) = |J{0"(A) : n € N} is the largest
image of the set A.

A set-valued mapping 0 : X — Y is called lower (upper) semi-continuous
if for every open (closed) subset H of Y the set §~(H) is open (closed) in X.

In the present section we study the mutual relations between the proper-
ties K1 — K12 of topological spaces.

The o-algebra generated by the open subsets of the space X is the algebra
of Borel subsets of the space X.

Lemma 2.1. Let X be a space and T be an infinite cardinal. Then the
following implications (K9 — K2 — K3 — K4 —- K3 — K6 — K7 — K8 —
K1 — K5 — K6, K10 — K3) and (K12 — K11 — K2 — K5 — K6) are true.
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Proof. Implications (K12 — K11 — K2 — K5 — K6, K9 — K2 —
K3 — K6), (K4 — K7, K4 — K3), (K7 — K6, K8 — K1 — K8) and
(K10 — K3) are obvious.

Let ¢ : X — Y be a set-valued selection of the mapping 6 : X — Y and
E(cly (X)) < 7. For every x € X fix a point f(x) € ¢(x). Then f: X - Y is a
single-valued selection of  and ¢, f(X) C ¢(X) and k(cly f(X)) < k(cly¢(X)) <
7. The implications (K3 — K4) and (K6 — K7) are proved.

Let v = {Uy : @ € A} be an open cover of X. One may assume that
A is a discrete space. For every x € X put 6,(z) = {o € A: 2 € U,}. Since
0~'({a}) = U,, the mapping 6., is lower semi-continuous. Let ¢ : X — Y be a
set-valued selection of 6, and | ¢(X) |< 7. Put B = ¢(X) and H, = ¢ '(a) for
every a € B. Then H, C 0~ '({a}) = U, for every a € B, X = |J{H, : a € B},
¢ ={H, : a € B} is a refinement of v and | B |< 7. Implications (K3 — K38)
and (K6 — K8) are proved.

Let k(X) <7 and 6 : X — Y be a lower semi-continuous mapping into
a discrete space Y. Then {U, = 671(y) : y € Y} is an open cover of X. There
exists a subset Z C Y such that | Z |[< 7 and X = J{U, : y € Z}. Now we put
¢(x) ={y € Z:x € Uy}. Then ¢ : X — Y is a lower semi-continuous selection
of 8, p(x) = ZN6O(x) for every x € X and | ¢(X) |=| Z |< 7. Implication
(K1 — K35) is proved. The proof is complete.

Proposition 2.2. Let X be a space, T be an infinite cardinal and 6 :
X — Y be an upper semi-continuous mapping onto Y. Then:

L. If (X) <7 and [(6(x)) < T for every x € X, then [(Y) < 7;

2. If k(X) <7 and k(0(z)) < cf(7) for every x € X, then k(Y) < 7;

3. If 0 is compact-valued, then [(Y) < U(X) and k(Y') < k(X).

4. If X is a p-complete space, T is a sequential cardinal number and 0 is
compact-valued, then c¢(Y,7) C 0(c(X, 7)) and k(Z) < T provided Z CY \ ¢(Y, )
and Z is closed in the space Y.

Proof. If V is an open subset of Y, then 0*(V) ={x € X : 0(z) CV} is
open in X.

1. Let 7 be an infinite cardinal, {(X) < 7 and [(0(z)) < T for every = € X.
Let v = {V, : a € A} be an open cover of Y. If x € X, then [(6(x)) < 7. Thus
every open family in Y, which covers 6(x), has a subfamily of cardinality < 7
covering 6(z). Hence there exists a subset A, C A such that | A, |= 7, < 7 and
(z) C U{Va:ae Az}, Weput W, = U{V,:a€ Ay} and U, = {z € X :
0(z) CW,}.

Obviously A = {U, : € X} is an open cover of X. Since {(X) < 7, there
exists an open subcover ( = {U, : x € X'} of X such that | X’ |[< 7 and X’ C X.
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Let B =U{A4, : x € X'}. Obviously |B| < 7. Since §(U,) C W, for any z € X,
we have Y = 0(X) = 0(U{U, : 2 € X'}) = U{0(U,) : 2 € X'} CU{W, : 2z € X'}
= U{V, : a € B}. Hence v/ = {V, : « € B} is a subcover of v of cardinality < 7.
Assertion 1 is proved.

2. One can follow the proof of the previous assertion 1. Let 7 be an infinite
cardinal, k(X) < 7 and k(f(x)) < cf(7) for every z € X. Let v = {V, : a € A}
be an open cover of Y. For any z € X there exists a subset A, C A such that
| Ay |= 7 < cf(r) and O(z) C (Vo : € Ay} Weput W, = U{V, : a € A, }
and U, ={z € X : 0(z) C W,}.

Obviously A = {U, : x € X} is an open cover of X. Since k(X) < T,
there exists an open subcover ( = {U, : * € X'} of A such that | X' |= 79 < 7
and X’ C X. Let B =U{A4, : x € X'}. Since §(U,) C W, for any =z € X, we
have Y = 0(X) =0(U{U, : 2 € X'}) =U{0(U,) : 2 € X'} CU{W, : 2z € X'} =
U{V, : « € B}. Hence 7/ = {V,, : « € B} is a subcover of ~.

We affirm that |[B| < 7.

Consider the following cases:

Case 1. 7 is regular, i.e. cf(r) = 7.

Since | X' |= 70 < 7 = c¢f(7) and | A, |< 7 for every x € X, it follows
that |B| <¥{r:z € X'} =7 < 1.

Hence 4" = {V, : @ € B} has cardinality < 7.

Case 2. 7 is not regular, i.e. c¢f(7) =m < 7.

In this case 7 is a limit cardinal, 79 < 7 and m < 7. Hence 7/ =
sup{m, o} < T.

Since | Ay |= 7, < m for every x € X, it follows that |B| < X{7, : z €
X' <7 <7

Hence v = {V, : @ € B} has cardinality < 7.

Assertion 2 is proved.

3. Assertion 3 follows easily from assertions 1 and 2.

4.0bviously, ® = 0(c(X, 7)) and ¢(Y, 7) are compact subsets of the space
Y. Let Z C Y \ ® be a closed subspace of the space Y. Then X; = 071(Z) is
a closed subspace of the space X and X; N¢(X,7) = 0. By virtue of Lemma
1.3, k(X1) < 7. Let Y1 = 6(X;). Then 0, = 0|X; : X; — Yj is an upper semi-
continuous mapping onto Y7. From assertion 2 it follows that k(Y7) < k(X7) < 7.
Since Z is a closed subspace of the space Y7, we have k(Z) < k(Y1) < 7. In
particular, Y\ ® C k(Y,7) and ¢(Y,7) C ®. Since ® is a compact subset of Y,
k(Z) < 7 provided Z C Y \ ¢(Y,7) and Z is closed in the space Y. O
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Theorem 2.3. Let X be a reqular space and T be a reqular cardinal
number. Then Properties K1 — K8 and K12 are equivalent. Moreover, if the
cardinal number T is reqular and uncountable, then assertions K1 — K8, K11
and K12 are equivalent.

Proof. Let k(X) <7and #: X — Y be a lower semi-continuous closed-
valued mapping into a complete metric space (Y, p).

Case 1. 7 = Ng.

In this case the space X is compact. Thus, from E.Michael’s Theorem [13]
(see Theorem 0.1), it follows that there exist a lower semi-continuous compact-
valued mapping ¢ : X — Y and an upper semi-continuous compact-valued map-
ping ¢ : X — Y such that ¢(z) C ¢(x) C §(z) for any x € X. The set ¢(X) is
compact and ¢(X) C ¢(X). The implication (K1 = K9) is proved.

Case 2. 7 > Ng.

There exists a sequence vy = {v, = {U, : @ € A, } : n € N} of open covers
of the space X, a sequence { = {&, = {V, : a € A,,} : n € N} of open families
of the space Y and a sequence m = {7, : A,+1 — A4, : n € N} of mappings such
that:

— U{Us: B € W,jl(a)} =U, CclxU, C 9_1(Va) for any a € A, and n € N;

— Wy Vs : B € myl(a)} C V, and diam(V,) < 27" for any a € A, and
n eN;

— |Ay| < 7 for any n € N.

Let n = {V : V is open in Y and diam(V) < 271}. Let v = {U : U is
open in X and clxU C 0=1(V) for some V € n}. Since k(X) < 7, there exists
an open subcover v1 = {U, : « € A1} of 4/ such that |A;] < 7. For any o € A;
fix V, € n such that clxU, C 0~1(V,,).

Consider that the objects {v;,&,mi—1 : ¢ < n} are constructed. Fix
a € Ay Let o = {V : Vs open inY, clyV C V, and diam(V) < 2771},
Let o/, = {W : W is open in X and cIlxW C 6=1(V) for some V € n,}. Since
k(clxUs) < 7 and clxU, C U7, there exists an open subfamily v, = {Ws: 3 €
Ay} of 4/, such that |Ay| < 7 and clxU, C U{Wp: 8 € A,}. For any § € A, fix
Vi3 € 1q such that clxWs C 071(Vj). Let A1 = U{Aq: a € A}, (@) = Aq
and Ug = U,NWpg for all a € A,, and 3 € A,. Since 7 is regular and uncountable,
then [Ap+1] < 7.

The objects {7y, &n, ™, : n € N} are constructed.

Let x € X. Denote by A(x) the set of all sequences a = (o, : n € N) for
which a,, € A,, and x € U,,, for any n € N. For any o = (o, : n € N) € A(x)
there exists a unique point y(a) € Y such that {y(a)} = N{V,, :n € N}. It is
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obvious that y(a) € 0(z). Let ¢(x) = {y(«) : « € A(x)}. Then ¢ is a selection of
0. By construction:

— Uy C o Y(V,) for all a € 4, and n € N;
— the mapping ¢ is lower semi-continuous;
— if Z = ¢(X), then {Hy =2ZNV,:a € A=U{A, : n € N}} is an open

base of the subspace Z.
We affirm that w(Z) < 7.

Subcase 2.1. 7 is a limit cardinal.
In this subcase m = sup{|A,| :n € N} <7 and w(Z) < |[A| <m < 7.

Subcase 2.2. 7 is not a limit cardinal.
In this subcase there exists a cardinal number m such that m*t = 7 and

|A] < m. Thus w(Z) < 7.

In this case we have proved the implication (K1 — K11).
Lemma 2.1 completes the proof of the theorem. O

Corollary 2.4. Let X be a regular space and T be a cardinal number.

Then the following assertions are equivalent:

L1.
L2.

L3.

L4.

L5.

L6.

L7.

LS.

I(X)<r.
For every lower semi-continuous closed-valued mapping 0 : X — Y into a
complete metrizable space Y there exists a lower semi-continuous selection

¢: X =Y of 0 such that l(cly (X)) < 7.

For every lower semi-continuous closed-valued mapping 60 : X — Y into a
complete metrizable space Y there exists a set-valued selection g : X — Y
of 0 such that l(clyg(X)) < 7.

For every lower semi-continuous closed-valued mapping 60 : X — Y into a
complete metrizable space Y there exists a single-valued selection g : X — Y
of 0 such that l(clyg(X)) < .

For every lower semi-continuous mapping 6 : X — Y into a discrete space
Y there exists a lower semi-continuous selection ¢ : X — Y of 0 such that
[p(X)] < 7.

For every lower semi-continuous mapping 6 : X — Y into a discrete space
Y there exists a set-valued selection g : X — Y of 0 such that | g(X) |< 7.

For every lower semi-continuous mapping 0 : X — Y into a discrete space Y
there exists a single-valued selection g : X —'Y of 0 such that | g(X) |< 7.

Every open cover of X has a subcover of cardinality < .
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Proof. Let [(X) < 7. Then k(X) < 7% and 71 is a regular cardinal.
Theorem 2.3 completes the proof. 0O

Theorem 2.5. Let X be a reqular space, F' be a compact subset of X, T
be a cardinal number and k(X') < T for any closed subset X' C X\ F of X. Then
assertions K1 — K8 and K12 are equivalent. Moreover, if the cardinal number T
is not sequential, then Properties K1 — K8, K11 and K12 are equivalent.

Proof. Let k(X) < 7, F be a compact subset of X, 7 be a cardinal
number and k(X') < 7 for any closed subset X’ C X\ Fof X and 0 : X — Y
be a lower semi-continuous closed-valued mapping into a complete metric space
(Y, p)-

Case 1. 7= Ng.

In this case the space X is compact. Thus, from Theorem 0.1, it follows
that there exist a lower semi-continuous compact-valued mapping ¢ : X — Y
and an upper semi-continuous compact-valued mapping ¢ : X — Y such that
o(x) Cp(x) C f(x) for any x € X. The set ¢(X) is compact and p(X) C (X).
The implications (K1 = K9) and (K1 = K12) are proved.

Case 2. 7 is a regular cardinal number.

In this case Theorem 2.3 completes the proof.

Case 3. 7 is an uncountable limit cardinal.

Let 7" = ¢f (7).

The subspace F' is compact. Thus, from the E.Michael’s Theorem 0.1,
it follows that there exists an upper semi-continuous compact-valued mapping
¢ : F — Y such that ¢(z) C 0(x) for any x € F. The set & = ¢)(F') is compact.
There exists a sequence {H,, : n € N} of open subsets of Y such that:

— b C Hyyq CelyHyy1 € Hy, for any n € N;

— for every open subset V' O ® of Y there exists n € N such that H,, C V.

There exist a sequence v = {v, = {Uy : @ € A,} : n € N} of open
covers of the space X, a sequence & = {&, = {V, : @« € A,} : n € N} of open
families of the space Y, a sequence {U,, : n € N} of open subsets of X, a sequence
m = {m, : Aps1 — A, : n € N} of mappings and a sequence {7, : n € N} of
cardinal numbers such that:

— WU :Bem ()} = Uy CelxUy CO71(V,) for any a € A, and n € N;

— UWely Vs : B € ml(a)} C V, and diam(V,) < 27" for any a € A, and
n € N;

— |A4,| < 7 for any n € N;

— if A, ={a € A, : FNcxU, = 0} and A = A, \ A}, then the set A is
finite and F C U, C elxU, CU{U, : a € A };



Selections, paracompactness and compactness 313

— Tn < Tpe1 < 7 for any n € N;
— cxU, CO7Y(H,) and |[{a € Ay, : Uy \ Uy, # 0} < 7, for all n,m € N;
— cxU,NelxU, =0 for any n € Nand a € A,.

Let n = {V : V is open in Y and diam(V) < 271}. There exists a finite
subfamily {V3 : 8 € By} of 1) such that ® C U{Vz: € B1} C Hy. Let Wi be an
open subset of Y and ® C W C cly W) C W{V,, : o € By }.

Let 7/ = {U : U is open in X and clxU C §71(V) for some V € n and
UCX\U}and v = {U : U is open in X and clxU C 07Y(Vp) for some
I6XS Bl}

Since F' is compact, there exist a finite family v{ = {U, : a € A} of v
and an open subset U of X such that FF C Uy C clxU; C U{U, : a € A/} and
FNU, #0 for any o € A]. For every o € Al fix V,, = Vj3 for some 8 € By such
that clU, C 0~ 1(V,). Let Y1 = X \ U;. Since k(Y;) = 7| < 7, there exists an open
subfamily 7] = {Uy : a € A}} of 4/ such that |A)| < 7, Y1 CU{U, : a € A}}
and clxUy N (U{clxU, : a € A|} = 0. For any o € A] fix V,, € 1/ such that
clxUy, C O (V,). Let Ay = AYUAY, 1 = {Uy i € Aj}and g = {V, : a € Ay},

Consider that the objects {7;, &, mi—1,U;, 7, i < n} are constructed.

We put Ajp, = {a € A; : Uy N U, # 0} for all i,m < n.

Fix a € A,.

Let o = {V : V is open in Y, clyV C V, and diam(V) < 27!} and
AL, =AW : W is open in X and clxW C 0=1(V) for some V € n,}.

Assume that o € A”.

Since F, = F NclxU, is a compact subset of X there exists a finite
subfamily oo = {Wp : B € Af,} of v, such that F,, C U{Wp : B € A{,},
F,NWg3 # 0 for any 3 € Afj, and for any [ € Af, there exists Vj € 1, such that
Vs C Hpyq and clx W5 C 071(V3). Now we put Ug = W N U,.

Let A7\ =U{Aoa:B€ AL}, vy ={Us: B e Ay yand ), ={V5:
Be Al

Let @, = clxUy \U{Us : B € Afj,} and U}, = U, \ U{®, : @« € A}. Then
U, is an open subset of X and F C U, NU{U;z: 5 € Aj,})-

There exists an open subset U,y of X such that U,y1 C clxU,+1 C
Uy NU, N (U{Ug: B € Ab,})-

Let X; = X\ U; for any i <n+ 1. Then 7; = k(X;) for any i <n + 1.

For any a € A, there exist the subfamilies v/, = {Wz : g € A} },
i <n+1, of 7/, and the subfamilies n}, = {Vg: B € 4},.}, i <n+1, of 4/, such
that:

— AL | <7 for any i <n+1;

mo

— XiNelxUy CU{Wgz: € U{Ajnq : j <i}} for any ¢ <n+1;
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— Xin(U{Ws:BeU{djna:i<j<n+1}})=0forany i <n+1.
Now we put Ape = U{Ajna 10 <i<n+1}, Ay = U{Ana @ € Ay},
Us = WgNUq, Yoyl = {Uﬂ B € An—&—l}, M1 = {Vg B € An+1} and
W;il(a) = Ana-
The objects {Vn,&n, Ty Un, 7 : n € N} are constructed.
Let x € X. Denote by A(x) the set of all sequences a = (o, : n € N) for
which a,, € A,, and x € U,,, for any n € N. For any o = (o, : n € N) € A(x)
there exists a unique point y(a) € Y such that {y(a)} = N{V,, :n € N}. It is
obvious that y(a) € 0(z). Let ¢(x) = {y(«) : « € A(x)}. Then ¢ is a selection of
0. By construction:
— Uy C oY (V) forall a € A, and n € N;
— the mapping ¢ is lower semi-continuous;
— if Z = ¢(X), then {Hy =2ZNV,:a € A=U{A, : n € N}} is an open
base of the subspace Z.
We affirm that k(cly Z) < 7.

Subcase 3.1. 7 is not a sequential cardinal.
In this subcase m = sup{|A,| : n € N} <7 and w(Z) <|A| <m < 7. In
this subcase we are proved the implication (K1 — K11).

Subcase 3.2. T is a sequential cardinal.

Let Z, = ¢(X,) and A, = {a € A, : X NU, # 0}. Then |Ank| < 7,
for all n,k € N. Thus w(Z,,) < 7.

Since ¢(X) \ Z,, C H,,, we have k(cly ¢p(X) <.

In this subcase we have proved the implication (K1 — K2).

Let H={U, :n €N} pu={u, ={HNUy : « € A} and q =
{gn = mn|Ans1” : App” — A" n € N} By construction, we have U{Wp; 5 €
g, (@)} = Wy C cxWy C 074V,) for any a € A,” and n € N. Let z € H.
Denote by B(z) the set of all sequences @ = (v, : n € N) for which «,, € A,,”
and x € clxW,,, for any n € N. For any o = (o, : n € N) € B(z) there exists
a unique point y(«a) € Y such that {y(a)} = N{V,, : n € N}. It is obvious that
y(a) € N O(x). Let p1(z) = {y(a) : @ € B(x)}. The mapping p1 : H — @ is
compact-valued and upper semi-continuous. Let p(z) = ¢(x) for x € X \ H and
w(x) = py(z) for x € H. Then p is a selection of §. Fix a closed subset Z C Y\ &
of the space Y. Then ZNu(X) C ¢(Y;,) for some n € N}. Thus w(ZNu(X) < 7.
In this subcase we have proved the implication (K1 — K12), too.

Lemma 2.1 completes the proof of the theorem. O

The last theorem and Lemma 1.3 imply
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Corollary 2.6. Let X be a p-complete space and T be a sequential car-
dinal number. Then assertions K1 — K8 are equivalent.

Theorem 2.5 is signicative for a sequential cardinal 7. Every compact
subset of X is paracompact in X. In fact we have

Theorem 2.7. Let X be a reqular space, F' be a paracompact subspace
of X, T be an infinite cardinal number, k(F) < 7, k(X') < 7 for any closed
subset X' C X \ F of X. Then assertions K1 — K8 are equivalent. Moreover, if
the cardinal number T is not sequential, then Properties K1 — K8 and K11 are
equivalent.

Proof. It is obvious that for any open in X set U O F there exists an
open subset V of X such that F CU CclxU CV

Case 1. 7 is a regular cardinal number.
In this case Theorem 2.3 completes the proof.

Case 2. 7 is a sequential cardinal number.
In this case Theorem 2.5 and Lemma 1.4 complete the proof.

Case 3. 7 is a limit non-sequential cardinal.

Let 7* = c¢f(7) < 7. Obviously, 7* is a regular cardinal and 7" < 7.

There exist a sequence v = {v, = {Uy : @ € A,} : n € N} of open
covers of the space X, a sequence £ = {&, = {V, : @« € A,} : n € N} of open
families of the space Y, a sequence {U,, : n € N} of open subsets of X, a sequence
m = {m, : Aps1 — A, : n € N} of mappings and a sequence {7, : n € N} of
cardinal numbers such that:

— WUz Bem ()} = U, CexU, COYV,) for every a € A, and n € N;

— Wy Vs 8 € T, ()} C V, and diam(V,) < 27" for every a € A, and
n eN;

— |Ap| < T < Tpy1 < 7 for every n € N;

— if Al ={a € A,: FNclxU, =0} and A = A, \ A}, then | A |< 7* and
FCU,CelxU, CUU,:aec Al};

— the family 7)) = {U, : a € A!} is locally finite in X for every n € N;

— cxUp,NelxU, =0 for every n € N and a € A),.

Let n = {V : Vs open in Y and diam(V) < 271} and v' = {U : U is open
in X and clxU C 0=Y(V)) for some V € n}. There exist a locally finite subfamily
v =A{Us : a € A} of o/ such that | A |< 7% < k(F) and an open subset Uj
of the space X such that F C Uy C clxUy C U{U, : o € A]} and FNU, # 0
for every a € AY. For every a € AY fix V,, € n such that clU, C 6~(V,). Let
X1 =X\U; and 1y = k(F) + 7*. Since k(X1) < 71 < 7, there exists an open



316 Mitrofan M. Choban, Ekaterina P. Mihaylova, Stoyan I. Nedev

subfamily 7] = {U, : @ € A}} of 4/ such that |A]| < 71, X1 C U{U, : a € A}}
and clxU; N (U{clxU, : o € A}}) = (0. For every a € A} fix V,, € i/’ such that
cxUy, C O (V,). Let Ay = AYUAY, 1 = {Uy i€ Aj}and g = {V, : a € Ay},
The objects {v1,&1,U 1} are constructed.
Consider that the objects {v;,&;, mi—1,U;, 73, : @ < n} are constructed. Fix
a € A,
Let o = {V : V is open in Y, clyV C V, and diam(V) < 27!} and
vE ={W : W is open in X and clxW C 0=1(V) for some V € n,}.
Assume that o € A”.
Since F, = FFNclxU, is a closed subset of X, then there exists a locally
finite subfamily v/ = {Wp : 8 € AL} of ~%, where | AZ |< 7* such that F, C
U{Wg : g € AL}, F, N Wg # 0 for every 3 € A} and for every § € Al there
exists V3 € 1, such that clx Wz C 071(V3). We put Uz = U, N Wy for every
B e AL
Let A7 =U{AD ra € AT}, iy ={Ua: € A7} and 1y = {Va
a €Ay}
The family 4, is locally finite.
Let @, = clxUy\U{Us : B € A}, and U}, = U, \U{®, : € A};}. Since the
family ~;, is locally finite, the set U}, is open in X and FF C U}, C U{Ug : B € A}
There exists an open subset U,y of X such that U,11 C clxU,+1 C
U{Ug NS Ag[}.
Let Xn+1 =X \ Un+1 and Tn+1 = ki(Xn+1) + 7.
For every o € A,, there exist the subfamily v, = {Wp : 8 € AL} of 7},
and the subfamily 7}, = {Vj : 8 € A} of 7/, such that:
— ALl < Tt
— CxUa \Un CU{W5: B € ALY};
— dxWpNexUpyr =0 for any g€ Al
Now we put A, = A UA}, A1 = U{An: a € A,}, Ug = UyNUp for any
B € Aa, Ynt1 = {Ua NS An—i—l}y n+1 = {Va HIONS An—‘rl} and W;—&l—l(a) = Ana-
The objects {Vn,&n, Ty Un, 7 : n € N} are constructed.
Since 7 is not sequential, we have m = sup{r, : n € N} <.
Let x € X. Denote by A(x) the set of all sequences a = (ay, : n € N) for
which o, € A, and x € U, for every n € N. For every a = (o, : m € N) € A(x)
there exists a unique point y(a) € Y such that {y(a)} = N{V,, :n € N}. It is
obvious that y(«) € 0(z). Let ¢(x) = {y(a) : « € A(x)}. Then ¢ is a selection of
0. By construction:
— Uy C o Y(V,) for all a € 4, and n € N;

— the mapping ¢ is lower semi-continuous;
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— if Z = ¢(X), then {Hy =2ZNV,:a € A=U{A, : n € N}} is an open

base of the subspace Z and w(Z) < m.

Thus we have proved the implication (K1 — K11).
Lemma 2.1 completes the proof of the theorem. O

Remark 2.8. Let X be a paracompact space and ¥ C X. Then

lelxY) <U(Y) and k(clxY) < k(Y).

Theorem 2.7, Corollary 2.6 and Lemma 1.4 yield

Corollary 2.9. Let X be a paracompact and T be an infinite cardinal.

Then Properties K1 — K10 are equivalent.

One can observe that the Corollary 2.9 follows from Proposition 2.2,

Lemma 2.1 and Theorem 0.1, too.

Corollary 2.10. Let X be a space and T be an uncountable not sequential

cardinal number. Then the following assertions are equivalent:

1. X is a paracompact space and k(X) < 7.

2. X is a paracompact space and for every lower semi-continuous closed-valued

mapping 0 : X — Y into a complete metrizable space Y there exists a lower
semi-continuous selection ¢ : X — Y of 0 such that w(p(X)) < 7.

. X is a paracompact space and for every lower semi-continuous closed-valued

mapping 0 : X — Y into a complete metrizable space Y there exists a single-
valued selection g : X —'Y such that w(g(X)) < 7.

. X is a paracompact space and for every lower semi-continuous mapping

0 : X — Y into a discrete space Y there exists a single-valued selection
g: X —Y such that | g(X) |< 7.

. For every lower semi-continuous closed-valued mapping 0 : X — Y into

a complete metrizable space Y there exist a compact-valued lower semi-
continuous mapping p : X — Y and a compact-valued upper semi-continuous
mapping ¢ : X — Y such that w(¢Y(X)) < 7 and p(z) C ¢Y(x) C 0(x) for
any z € X.

. For every lower semi-continuous closed-valued mapping 0 : X — Y into a

complete metrizable space Y there exists an upper semi-continuous selection

¢: X =Y of 0 such that w(p(X)) < 7.

Example 2.11. Let 7 be an uncountable limit cardinal number and

m = cf(7). Fix a well ordered set A and a family of regular cardinal numbers

{7a

:«a € A} such that sup{7, : o € A} =7and 7, <73 <7 forall o, € A

and o < (. For every a € A fix a zero-dimensional complete metric space X,



318 Mitrofan M. Choban, Ekaterina P. Mihaylova, Stoyan I. Nedev

such that w(X,) = 7,. Let X’ be the discrete sum of the spaces {X, : « € A}.
Then X’ is a complete metrizable space and w(X’) = 7. Thus I(X') = 7 and
k(X') = 71T. Fix a point b € X’. Put X = {b} U X’ with the topology generated
by the open base {U C X' : U is open in X'} X \ U{Xs: 08 <a}:ac A}
Then X is a zero-dimensional paracompact space and x(X) = x(b, X) = c¢f(7). If
cf (1) = Vg, then X is a complete metrizable space. If Y C X’ is a closed subspace
of X, then there exists a € A such that Y C U{Xj3 : 8 < a}, w(Y) < 7, and
k(Y') < 7. Therefore k(X) = 7.

Let Z = X x [0,1]. Then k(Z) =7 and k(Z,7) = {b} x [0, 1].

Suppose that 7 is not a sequential cardinal number, N is a discrete space
and S = X x N. Then k(S) = 7 and k(S,7) = {b} x N.

Moreover, if m = ¢f(7) is uncountable, X is a complete metrizable space,
w(X,;) <mand Z, = X x X,, then k(Z;) = 7 and k(Z,,7) = {b} x X

3. On the geometry of paracompact spaces. Our aim is to prove
that the classes II(7) may be characterized in terms of selections. The main
results of the section are the following two theorems.

Theorem 3.1. Let X be a space and T be an uncountable non-sequential
cardinal number. Then the following assertions are equivalent:

1. X € II(7), i.e. X is paracompact and k(cw(X)) < 7.

2. X is a paracompact space and for every lower semi-continuous closed-valued
mapping 0 : X — Y into a complete metrizable space Y there exists a lower
semi-continuous selection ¢ : X —'Y of 6 such that w(¢(cw(X))) < 7.

3. X is a paracompact space and for every lower semi-continuous closed-valued
mapping 0 : X — Y into a complete metrizable space Y there exists a single-
valued selection g : X —'Y such that w(g(cw(X))) < 7.

4. X 1is a paracompact space and for every lower semi-continuous mapping
0 : X — Y into a discrete space Y there exists a single-valued selection
g: X —Y such that | g(cw(X)) |< 7.

5. For every lower semi-continuous closed-valued mapping 6 : X — Y into
a complete metrizable space Y there exist a compact-valued lower semi-
continuous mapping p : X — Y and a compact-valued upper semi-continuous
mapping P : X — Y such that w(y¥(X)) < 7 and p(z) C ¢(x) C 0(x) for
any z € cw(X).

6. For every lower semi-continuous closed-valued mapping 0 : X — Y into a
complete metric space Y there exist a closed Gg-set H of X and an upper
semi-continuous compact-valued selection 1 : X — 'Y such that:
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i) cw(X)C H and w(yY(H)) < 7;
i1) ¥(x) is a one-point set of Y for every x € X \ H;
iii) clyy(H) = clyy(cw(X)).
7. For every lower semi-continuous closed-valued mapping 6 : X — Y into

a complete metric space Y there exists an upper semi-continuous compact-
valued selection v : X — 'Y such that k(¢*°(z)) < 7 for every x € X.

8. For every lower semi-continuous mapping 0 : X — Y into a discrete space
Y there exists an upper semi-continuous selection 1 : X — Y such that
| p>°(z) |< T for every x € X.

Theorem 3.2. Let X be a space and T be an infinite cardinal number.
Then the following assertions are equivalent:

1. X € II(7), i.e. X is paracompact and k(cw(X)) < 7.
2. X is a paracompact space and for every lower semi-continuous closed-valued

mapping 0 : X — Y into a complete metrizable space Y there exists a lower
semi-continuous selection ¢ : X —Y of 6 such that k(cly p(cw(X))) < 7.

3. X is a paracompact space and for every lower semi-continuous closed-valued
mapping 0 : X — Y into a complete metrizable space Y there exists a single-
valued selection g : X — 'Y such that k(cly g(cw(X))) < 7.

. X is a paracompact space and for every lower semi-continuous mapping
0 : X — Y into a discrete space Y there exists a single-valued selection
g: X =Y such that | g(cw(X)) |< 7.

5. For every lower semi-continuous closed-valued mapping 6 : X — Y into
a complete metrizable space Y there exist a compact-valued lower semi-
continuous mapping p : X — Y and a compact-valued upper semi-continuous
mapping ¢ : X — Y such that k(cly (Y(cw(X))) < k(¥ (cw(X))) < 7 and
o(x) Cp(x) C O(x) for any x € cw(X).

6. For every lower semi-continuous closed-valued mapping 0 : X — Y into a
complete metric space Y there exist a closed Gg-set H of X and an upper
semi-continuous compact-valued selection ¢ : X —'Y such that:

i) cw(X)C H and k(Y(H)) < 7;
i1) () is a one-point set of Y for every x € X \ H;
i11) clyy(H) = clyy(cw(X)).
7. For every lower semi-continuous closed-valued mapping 6 : X — Y into

a complete metric space Y there exists an upper semi-continuous compact-
valued selection ¢ : X — Y such that k(y"(z)) < 7 for every x € X and

W
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any n € N.

8. For every lower semi-continuous mapping 0 : X — Y into a discrete space
Y there exists an upper semi-continuous selection 1 : X — Y such that
| Y™ (z) |< T for every x € X and any n € N.

Proof of the Theorems: Let X € II(7) and 6 : X — Y be a lower
semi-continuous closed-valued mapping into a complete metric space (Y, d). For
every subset L of Y and every n € N we put O(L,n) = {y € Y : d(y,L) =
inf{d(z,z) : z € L} < 27"}. Obviously, clyL = N{O(L,n) : n € N and
clyO(L,n+ 1) C O(L,n) for any n € N.

By virtue of the Michael’s Theorem 0.1, there exist a compact-valued
lower semi-continuous mapping ¢ : X — Y and a compact-valued upper semi-
continuous mapping ¥ : X — Y such that ¢(x) C ¥(z) C 0(z) for any x € cw(X).

From Proposition 2.2 it follows that k(cly (¢ (cw(X))) < k(¥(cw(X))) < T
and k(cly (¢(cw(X))) < k(cly (¥ (cw(X)))) < 7. Moreover, if 7 is a not sequential
cardinal number, then w(p(cw(X)) < w(¥(cw(X))) < 7.

Therefore, the assertions 2, 3, 4 and 5 of Theorems follow from the asser-
tion 1.

It will be affirmed that there exist a sequence {¢,, : X — Y : n € N} of
lower semi-continuous compact-valued mappings, a sequence {t, : X — Y :n €
N} of upper semi-continuous compact-valued mappings, a sequense {V,, : n € N}
of open subsets of Y and a sequense {H,, : n € N} of open-and-closed subsets of
X such that:

1) Yny1(z) € dp(x) C hp(z) C O(x) for every x € X and every n € N;

2) on(z) = Yn(
every n € N;

3)Hpi1 C{z € X : Yp(z) C Vu}, Hypy1 € Hy and Vi1 = O(Yp(caw (X))
for every n € N;

Let V1 = O(0(cw(X)) and Uy = 6~1V4. From Lemma 0.2 it follows that
there exists an open-and-closed subset Hy of X such that cw(X) C Hy C Uj.

Since dim(X \ Hy) = 0 there exists a single-valued continuous mapping
hi : X\ Hi — Y such that hi(x) € 6(z) for every x € X \ H;. Since H;
is a paracompat space, V7 is a complete metrizable space and 61 : Hy — Vi,
where 01 (x) = V1 Né(z), is a lower semicontinuous closed-valued in V; mapping,
by virtue of Theorem 0.1, there exist a compact-valued lower semi-continuous
mapping 1 : Hi — V; and a compact-valued upper semi-continuous mapping
A1 : Hi — Vi such that ¢1(x) C A\ (z) C 61(z) for any x € H;.

) is a one-point subset of Y for every = € X \ H,, and for
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Put ¢1(z) = ¢1(x) = hi(z) for x € X'\ Hy and ¢1(z) = A (2), ¢1(x) =
1(z) for x € Hj.

The objects ¢1 and 1)1 are constructed.

Suppose that n > 1 and the objects ¢, _1,%n_1, Ho—1 and V,,_1 had been
constructed.

We put F,, = clytp—1(cw(X)), Vi, = O(F,,n) and U, = {x € H,_1 :
tn—1(x) C V, }. From Lemma 0.2 it follows that there exists an open-and-closed
subset H,, of X such that cw(X) C H,, C U,.

Since dim(X \ H,) = 0 there exists a single-valued continuous mapping
hyn, : X \ H, — Y such that h,(x) € ¢p,—1(x) for every x € X \ H,,. By construc-
tion, we have ¢,,_1 C ¥ (z) C V,, for any x € H,,. Since H,, is a paracompat space,
V, is a complete metrizable space and 0,, : H,, — V,,, where 0,,(z) = V,,N¢p—1(x),
is a lower semicontinuous closed-valued in V,, mapping, by virtue of Theorem 0.1,
there exist a compact-valued lower semi-continuous mapping ¢, : H, — V,
and a compact-valued upper semi-continuous mapping A\, : H,, — V,, such that
#n() C Anl() C O (x) for any z € H,,

Put ¥, (z) = ¢n(x) = hy(z) for x € X \ H,, and ¢y, (x) = A\ (2), dn(z) =
on(z) for x € H,. The objects ¢,, and 9, are constructed.

Now we put A(z) = N{¢,(x) : n € N} for any x € X and H = N{H,, :
n € N}.

Sinse A71(®) = N{v;,;1(®) : n € N} for any closed subset ® of Y, the
mapping A is compact-valued and upper semi-continuous. By construction,

i) cw(X) C H and k(A(H)) < T;

ii) A(z) is a one-point set of Y for every x € X \ H;

iil) cly A\(H) = cly AMew(X));

iv) A(A"1(A)) € AUA(H) for every subset A of Y.

Therefore, the assertions 6, 7 and 8 of Theorems follow from the asser-
tion 1.

(8= 1) Let v = {U, : « € A} be an open cover of X. On A introduce
the discrete topology and put 0(z) = {a € A: 2z € Uy} for x € X. Since
01 (H) = U{U, : a € H} for every subset H of A, the mapping 6 : X — A is
lower semi-continuous. Let 1 : X — A be an upper semi-continuous selection of 6
with | ¥?(z) |< 7 for every x € X. Then ¢ = {¥, =~ !(a): a € A} is a closed
closure-preserving 7 -star shrinking of the cover £. By virtue of Proposition 1.5,
the assertion 1 follows from the assertion 8. O

Corollary 3.3. For a topological space X the following assertions are
equivalent:

1) X is paracompact and cw(X) is compact.
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X is strongly paracompact and cw(X) is compact.

For every lower semi-continuous closed-valued mapping 0 : X — Y into
a complete metric space Y there exist an upper semi-continuous compact-
valued selection ¥ : X — Y and a closed Gg-subset H of X such that
cw(X) C H, cly(y(H)) is compact and 1p(x) is an one-point set for every
re X\ H.

For every lower semi-continuous closed-valued mapping 0 : X — Y into
a complete metric space Y there exists an upper semi-continuous selection
Y X =Y such that clyyp>(zx) is compact for every x € X.

For every lower semi-continuous mapping 0 : X — Y into a discrete space
Y there exists an upper semi-continuous selection vy : X — Y such that the
set Y™ (x) is finite for every x € X.

For every open cover of X there exists an open star-finite shrinking.

Proof. For the implication (1 = 2) see Proposition 4, [4].
For the implications (1 < 6) see Proposition 5, [4]. O

Corollary 3.4. For a space and an infinite cardinal number T the fol-

lowing assertions are equivalent:

)
2)

X is paracompact and l(cw(X)) < 7.

For every lower semi-continuous closed-valued mapping 0 : X — Y into
a complete metric space Y there exist an upper semi-continuous compact-
valued selection ¥ : X — Y and a closed Gg-subset H of X such that
cw(X) C H andw(y(H)) < 1;1¢(x) is an one-point set for every x € X\ H.
For every lower semi-continuous closed-valued mapping 0 : X — Y into
a complete metric space Y there exists an upper semi-continuous compact-
valued selection ¢ : X —'Y such that w(y>®°(x)) < 7 for every x € X.

For every lower semi-continuous mapping 6 : X — Y into a discrete space
Y there exists an upper semi-continuous selection ¢ : X — Y such that
| v>°(x) |< 7 for every x € X.

Corollary 3.5. For a topological space X the following assertions are

equivalent:

)
2)
3)

X is paracompact and cw(X) is Lindeldf.
X is strongly paracompact and cw(X) is Lindeldf.

For every lower semi-continuous closed-valued mapping 0 : X — Y into
a complete metric space Y there exist an upper semi-continuous compact-
valued selection ¥ : X — Y and a closed Gg-subset H of X such that
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cw(X) C H, Y(H) is separable and () is a one-point set for every x €
X\ H.

4) For every lower semi-continuous closed-valued mapping 0 : X — Y into
a complete metric space Y there exists an upper semi-continuous compact-
valued selection ¢ : X — 'Y such that ¥>°(z) is separable for every x € X.

5) For every lower semi-continuous mapping 0 : X — Y into a discrete space
Y there exists an upper semi-continuous selection iy : X — Y such that the
set > (x) is countable for every x € X.

6) For every open cover of X there exists an open star-countable shrinking.

Example 3.6. Let A be an uncountable set and X, be a non-empty
compact space for every o € A. Let X = @{X, : «a € A} be the discrete
sum of the space {X, : a € A}, Let B = {a € A: dimX, # 0}. Then
cw(X) is compact if and only if the set B is finite. If the set B is infinite then
l(ew(X)) =| B | and k(cw(X)) =| B |*.

Example 3.7. Let 7 be an uncountable non-sequential cardinal number.
Fix an infinite set A,, for every cardinal number m < 7 assuming that A,,NA, =
0 for m # n. Put A = |J{An : m < 7}. Let {X, : a € A} be a family
of non-empty compact spaces assuming that X, N X3 = 0 for o # (. Put
By, ={a€ A, : dimX, # 0} and 1 <| B, |< m for every m < 7. Fix a point
b U{Xo: a€ A} Let X = {b} U (U{Xn: a € A}). Suppose that X, is an
open subset of X and {H,, = {b} U (U{Xa: a€ 4y, n<m}): m<T}isa
base of X at b. If Z = {b} U (U{Xwa: « € B,,, m < 7}), then cw(X) C Z and
k(cw(X)) <k(Z)=UZ)=T.

Example 3.8. Let 7 be a regular uncountable cardinal number, A be
an infinite set, 7 <| A |, {Xo : a € A} be a family of non-empty compact
spaces, Xo N Xg =0 fora # 3, B={a € A: dimX, # 0}, 7 =| B | and
b | U{Xa: a€ A} Let X = {b} U (U{Xa : a € A}). Suppose that X, is
an open subset of X and {Uy = X\ U{Xo: a€ H} : HCA, | H|< T}
is a base of X at b. If Z = {b} U (U{Xa : a € B}), then cw(X) C Z and
Elew(X)) <k(Z)=1(Z)=T.

Example 3.9. Let 7 be a regular uncountable limit cardinal number and
2™ < 7 for any m < 7. Let {mq : @ € A} be a family of infinite cardinal numbers
such that |A| = 7, the set A is well ordered and mq < mg, [{p € A:p<a}| <7
provided a, 8 € A and o < 3. For any o € A fix a discrete space of the cardinality
me. Let X =II{X, :a € A}, If 2 = (zq : @« € A) € X and § € A, then
OB,z) ={y = Wo : a € A) € X : yo = xq for any a < f}. The family
{O(B,x) : B € Ajx € X} form the open base of the space X. The space X is
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paracompact and w(X) = [(X) = 7. It is obvious that ¢(X,7) = X, we have
E(X)=7".1f a € A, then 7, = {O(a,x) : € X} is an open discrete cover of
X and |y,| = 2™ < 7.

4. On the class II(0) of spaces. In the present section the class of
all paracompact spaces X such that dim X = 0 is studied.

Definition 4.1 A set-valued mapping ¢ : X — Y is called virtual single-
valued if Y>°(x) = P(x) for every x € X.

Remark 4.2 It is obvious that for a set-valued mapping 0 : X — Y
the following conditions are equivalent:
1. 9 is a virtual single-valued mapping;
2. Y?(x) = ¢(z) for every x € X ;
3. Y"(x) = ¢(x) for every x € X and some n > 2;
4. p(x) = (y) provided z,y € X and ¥(z) NY(y) # 0.
5. 9 1(y) = ¢~ 1(z) provided y,z € Y and v~ 1(y) Ny ~1(2) # 0.

Note that, if f: X — Y is a single-valued mapping onto a space Y, then
f~! and f are virtual single-valued mappings.
Denote with D = {0,1} the two-point discrete space.

Theorem 4.3. For a space X, the following assertions are equivalent:
1. X is normal and dim X = 0,

2. For every lower semi-continuous mapping 0 : X — D there exists a virtual
single-valued lower semi-continuous selection;

3. For every lower semi-continuous mapping 0 : X — D there exists a virtual
single-valued upper semi-continuous selection;

4. For every lower semi-continuous mapping 0 : X — D there exists a single-
valued continuous selection.

Proof. Implications (1 < 4) is a well known fact. Implications (4 = 2)
and (4 = 3) are obvious as every single-valued continuous selection is virtual
single-valued.

(2 =1) and (3 = 1) Let Iy and F» be two disjoint closed subsets of
X. Put 0(z) = {0} for x € Fy, 0(x) = {1} for x € F» and O(x) = {0,1} for
x € X\ (F1 UF). The mapping 6 : X — D is lower semi-continuous. Suppose
that A\ : X — D is a virtual single-valued selection of #. Put H; = A~1(0) and
Hy = A71(2). Then Fy C Hy and F5> C Hy., X = Hi UHy and Hi N Hy = 0. If



Selections, paracompactness and compactness 325

A is lower semi-continuous (or upper semi-continuous)) the sets Hi, Ho are open
(closed). O

Let 7 be an infinite cardinal number. A topological space X is called
T-paracompact if X is normal and every open cover of X of the cardinality < 7
has a locally finite open refinement.

Theorem 4.4. For a space X and an infinite cardinal number T the
following assertions are equivalent:

1. X s a T-paracompact space and dim X = 0.

2. For every lower semi-continuous mapping 0 : X — Y into a complete
metrizable space Y of the weight < T there exists a virtual single-valued
lower semi-continuous selection;

3. For every lower semi-continuous mapping 0 : X — Y into a complete
metrizable space Y of the weight < T there exists a virtual single-valued
upper semi-continuous selection;

4. For every lower semi-continuous mapping 0 : X — Y into a complete
metrizable space Y of the weight < T there exists a single-valued continuous
selection;

5. For every lower semi-continuous mapping 0 : X — Y into a discrete space
Y of the cardinality < T there exists a single-valued continuous selection.

Proof. Let v = {Uy : @ € A} be an open cover of X and |A| < 7.
Consider that A is a wellordered discrete space and 6(z) = {a € A: x € U,} for
any x € X. Then 0 is a lower semi-continuous mapping. Suppose that ¢ : X — Y
is a a virtual single-valued lower or upper semi-continuous selection of 8. For any
x € X we denote by f(x) the first element of the set ¢(z). Then f: X — Y is
a single-valued continuous selection of the mappings 6 and 1. Therefore {H, =
f1(a) : a € A} is a discrete refinement of . The implications (2 = 1), (2 = 4),
(3=1), (3=4) and (5 = 1) are proved. The implications (4 = 5), (4 = 2) and
(4 = 3) are obvious. The implication (1 = 4) is wellknown (see [1, 2]). O

Corollary 4.5. For a space X the following assertions are equivalent:

1. X is a paracompact space and dim X = 0.

2. For every lower semi-continuous mapping 0 : X — Y into a complete
metrizable space Y there exists a virtual single-valued lower semi-continuous
selection;

3. For every lower semi-continuous mapping 6 : X — Y into a complete
metrizable space Y there exists a virtual single-valued upper semi-continuous
selection;
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4. For every lower semi-continuous mapping 0 : X — Y into a complete
metrizable space Y there exists a single-valued continuous selection;

5. For every lower semi-continuous mapping 0 : X — Y into a discrete space
Y there exists a single-valued continuous selection.
Remark 4.6. Let Y be a topological space. Then:

1. If the space Y is discrete, then every lower semi-continuous virtual single-
valued mapping or every upper semi-continuous virtual single-valued map-
ping 6 : X — Y into the space Y is continuous.

2. If the space Y is not discrete, then there exist a paracompact space X and
a virtual single-valued mapping 6 : X — Y such that:

— 0 is upper semi-continuous and not continuous;
— X has a unique not isolated point.

3. If Y has an open non-discrete subspace U and |U| < |Y'\U]|, then there exist
a paracompact space X and a virtual single-valued mapping 0 : X — Y
such that:

— @ is lower semi-continuous and not continuous;

— X has a unique not isolated point.

Remark 4.7 Let v = {Hy : y € Y} be a cover of a space X, Y be a
discrete space and 6(z) = {y € Y : x € Hy}. Then:

— the mapping 6, is lower semi-continuous if and only if v is an open cover;

— the mapping 6, is upper semi-continuous if and only if v is a closed and
conservative cover;

— the mapping ¢ : X — Y is a selection of the mapping ¢, if and only if
{Vy=¢ 1(y) : y € Y} is a shrinking of ~.

Therefore, the study of the problem of the selections for the mappings
into discrete spaces is an essential case of this problem.

Addendum. The main results of the present paper were announced in
[5, 6, 7]. The main results from section 3 were announced in 2007 in [7]. At the
time when this manuscript was in process, the authors were informed that results
similar to those in section 3 were announced by V. Gutev and T. Yamauchi. These
results of V. Gutev and T. Yamauchi are now published in [9].



Selections, paracompactness and compactness 327

REFERENCES

[1] M. M. CHOBAN. Many-valued mappings and Borel sets, I. Trudy Moskov.
Matem. Ob-va 22 (1970), 229-250 (in Russian); English translation Trans.
Moscow Math. Soc. 22 (1970), 258-280.

[2] M. M. CHOBAN. Many-valued mappins and Borel sets, II. Trudy Moskov.
Matem. Ob-va 23 (1970), 272-301 (in Russian); English translation Trans.
Moscow Math. Soc. 23 (1970).

[3] M. M. CHOBAN. General theorems on selections. Serdica. Bulg. Math. Publ.
4 (1978), 74-90.

[4] M. M. CHOBAN, E. P. MIHAYLOVA, S. Y. NEDEV. On selections and
classes of spaces. Topology and Appl. 155, 8 (2008), 797-804.

[5] M. M. CHOBAN, E. P. MIHAYLOVA, S. Y. NEDEV. Selections of lower semi-
continuous mappings and compactness. The 16-th Conference on Applied
and Industrial Mathematics, CAIM 2008, Oradea, Romania, October 9-11,
2008.

6] M. M. CHOBAN, E. P. MiHAYLOVA, S. Y. NEDEV. On the geometry of
paracompact spaces. Conference Mathematics and information technologies:
research and education (MITRE 2008), Chisinau, Moldova, October 1-4,
2008.

[7] M. M. CHOBAN, E. P. MIHAYLOVA, S. Y. NEDEV. On paracompactness via
selections. International Conference “Algebraic Systems and their Applica-
tions in Differential Equations and other domains of mathematics”, Chisinau,
Moldova, August 21-23, 2007, Math Rev N 2392049.

[8] M. M. CHOBAN, V. VALOV. On one theorem of Michael on selection. C. R.
Acad. Bulg. Sci. 28, 7 (1975), 671-673.

9] V. GuTEV, T. YAMAUCHI. Strong paracompactness and multi-selections.
Topology and Appl. 157, 8 (2010), 1430-1438.

[10] R. ENGELKING. General Topology. Warszawa, PWN, 1977.
[11] R. ENGELKING. Dimension Theory. Warszawa, PWN, 1978.

[12] E. MicHAEL. Continuous selections I. Ann. Math. (2) 63, 2 (1956), 361-382.



328 Mitrofan M. Choban, Ekaterina P. Mihaylova, Stoyan I. Nedev

[13] E. MICHAEL. A theorem on semi-continuous set-valued functions. Duke
Math. J. 26, 4 (1959), 647-656.

[14] E. MICHAEL. Another note on paracompact spaces. Proc. Amer. Math. Soc.
8 (1957), 822-828.

[15] S. I. NEDEV. Selection and factorization theorems for set-valued mappings.
Serdica. Bulg. Math. Publ. 6, 4 (1980), 291-317.

[16] D. REpoOVS, P. V. SEMENOV. Continuous Selections of Multivalued Map-
pings, Kluwer Acad. Publ., 1998.

[17] D. H. WAGNER. Survey of measurable selections theory, I: STAM J. Control
and Optim. 15 (1977), 859-903; II: Lecture Notes in Math. vol 794, 1980,
Berlin, Springer, 176-219.

Mitrofan M. Choban

Department of Mathematics

Tiraspol State University

5, str. Gh. Iablocichin

MD-2069 Chisinau, Republic of Moldova
e-mail: mmchoban@mail .md

Ekaterina P. Mihaylova

Faculty of Mathematics and Informatics
University of Sofia

5, J. Bourchier Str.

1164 Sofia, Bulgaria

e-mail: katiamih@fmi.uni-sofia.bg

Stoyan I. Nedev

Institute of Mathematics and Informatics

Bulgarian Academy of Sciences

Acad. G. Bonchev Str., Bl. 8

1113 Sofia, Bulgaria Recieved October 22, 2009
e-mail: nedev@math.bas.bg Revised November 16, 2010



