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ABSTRACT. Let Ay be an affinely connected space without a torsion. With
the help of N independent vector fields and their reciprocal covectors is built
an affinor which defines a composition X, X X,,, (n+m = N). The structure
is integrable. New characteristics by the coefficients of the derivative equa-
tions are found for special compositions, studied in [1], [3] . Two-dimensional
manifolds, named as bridges, which cut the both base manifolds of the com-
position are introduced. Conditions for the affine deformation tensor of two
connections where the composition is simultaneously of the kind (g-g) are
found.

1. Preliminary. Let Ay be a space with a symmetric affine connection,
define by Fzﬂ. Consider in the space Ay a composition X,, X X,,, (n+m = N)
of two base differential manifolds X,, and X,, (n + m = N). Two positions
P(X,) and P(X,,) of the base manifolds pass thought any point of the space
A N (Xn X Xm)
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Let in An(X, x X;,) be introduced as an arbitrary coordinate system
z* (« N) as well as a coordinate system (uf,u’) (i = 1,2,...,n
i=n+ 1 n + 2 N) adapted to the composition [3].

Accordlng to [1], [3] any composition is completely defined by the field of
the affinor ag, satisfying the condition

(1) agag = 0.

The affinor af is called an affinor of the composition [1]. According to [3], [5] the
condition for integrability of the structure is characterized by the equality

(2) agv[a a(';] — agv[g a(’;] =0.

The projecting affinors a
@0 =3(0a—ad) (3], [4].
According to [4 ] for any vector v* € An(X,, x X,) is fullfiled v* =

n m
GOy = VOV O where V@ = 6217 € P(X,), V=420 € P(X,).
The following characteristics for some special compositions are defined

, a 5 are defined by the equalities a 5 = %(6’8 + aa)

in [3]:

The composition of the type (c—c) € An (X, X X,,) for which the positions
P(X,) and P(X,,) are parallelly translated along any line in the space Ay is
characterized by the condition V, ag =0.

The composition of the type (ch — ch) € An(X,, x X,,) for which the
positions P(X,) and P(X,,) are parallelly translated along any line of X,,, and
X, respectively is characterized by the condition V[a 3= = 0.

The composition of the type (¢ — g) € An(X, X X,,) for which the
positions P(X,,) and P(X,,) are parallelly translated along any line of X,, and
X, respectively is characterized by the condition af Vo ag +ag Ve ag =0.

2. Integrability of the structure of the space of the compo-
sitions An(X,, X X,,,). Let My be an arbitrary differential manifold and let
us assume:

a7/87770-77/ 6 {]‘727"' 7N}; i7j7k7p7Q7r78 6 {1727' A 7n};
(3) o
i, kD, T, s€E{n+1,n+2,...,n+m=N};

Choose N independent vector fields of directions 1110‘, 12)0‘, ey }\J[a. The reciprocal

covector fields v, are defined by the equalities

(e}

v, = 0y.

(4) 0 by =88 iff o°
(0%

[0}
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Following [6], [7] let us consider the affinor
(5) ag =" bo =" b,
7

which according to (4) satisfy (1). Now the projective affinors have the following

m
representation a Z = Uﬂ Vay G o = vﬂ Ua

Let an affine connect1on F(’ﬂ without a torsion be given in My and let
us denote the space by Ay in this case. The affinor (5) defines a composition
X X Xy in Ap.

We chose the independent vector fields 1,8)& as coordinate one and the net

(111, e ¥ ) will be called coordinate. Then we have
« « .
v(L,0,...,0), ¥(0,1,...,0), ..., v%(0,0,....1);
(6) 1 2 N
0a(1,0,...,0), 04(0,1,...,0), ..., a(0,0,...,1).
The chosen coordinate net (111,12/, cel ]1\)7) defines adapted with the composition
coordinates [1], [3]. That is why as in [3] and here in the parameters of the
coordinate net (111, Ues ¥ ) the matrix (a2) has the following form

j
) (a2) = ( “ 0 )

Theorem 1. The structure defined by the affinor (5) is integrable.
Proof. Let us consider the tensor Njg, = a3 V|, aZ_] —ag Vs aZ]. Taking
into account (7) and I'] 5 = I'g,, we find for N§ in the chosen coordinate net

1
(8) Nj, = 3 { o5 <a6ﬁa aéag )}

Then from (7) and (8) we obtain

1 1
N13:§<Ff]—r;i) =0, Ng= 5( rs o+ Z) —0,
1 1
Ng = (-5 +12) =0, Neo= (T2, -T2,) =0,
(9) J 2 J J J 2 J J
1y -1 .
NG =5 (T5-T5) =0, N5 =2 (=15 +T5) =0,
1 . L1
Ng = (-5 +18) =0, Nf.=_ (T5.-1%.) =0
1) 2 1) Je 1) 2 1) g
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The equalities (9) means NJ; =0, i.e. the condition (2) is fulfilled. O

3. Other characteristics of the special compositions in Ay.
Let the affinor (5) define a composition X,, x X, in Ay. Denote by (v) the
[0

lines which are determined by the vector fields v?. According to [6] and [8] the
(6

following derivative equations are fulfilled
14 (6
(10) Voo’ =T, % | Vy5=-T,v5 .
« (03 12 v
From [8] it is known that the vector fields v are parallelly translated along the

(03
lines (v) if and only if the coefficients of the derivative equations (10) satisfy the
T

conditions

o™

(11) Ug”zo,a#ﬁ.

Proposition 1. The composition X,, x X,, is of the kind (ch — ch) if
and only if the coefficients of the derivative equations (10) satisfy the conditions

(12)

J

s.?ﬂwl

k
s’ =0, Tov?=0.
j i

Proof. Let the positions P(X,) and P(X,,) are parallelly translated
along any line of X,,, and X, respectively. Then the equalities (12) follow from
(11).

According to (6), in the parameters of the coordinate net (11),12), . ,]1\2[),
(12) accepts the form

3
(13) T;=0, T;=0.

v
Then from (13) and V,v° = 9,v° + 8, v = T, v? we establish
(0% (0% (e} (0% 14

oNw

(14) s =I5 .

Now from (13) and (14) the equalities F% =0, I‘?j =0 follow [3]. O
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Proposition 2. The composition X,, X Xy, is of the kind (g — g) if and
only if the coefficients of the derivative equations (10) satisfy the conditions

(15)

kol

k
000:07 TU’I_)U:O-
J i J

Proof. Let the positions P(X,) and P(X,,) be parallelly translated
along any line of X,, and X,,, respectively. Then the equalities (15) follow from

(11).

According to (6), in the parameters of the coordinate net (11),12), R

v),
N
(15) accepts the form

< g

k
(16) =0, % =0.

From (14) and (16) the equalities Fl-Ej =0, F?E = 0 follow [3]. O

Proposition 3. The composition X, x X, is of the kind (¢ — ¢) if and
only if the coefficients of the derivative equations (10) satisfy the conditions

s g

k
(17) o7 =0, Tyv?=0.

Proof. Let the positions P(X,) and P(X,,) are parallelly translated
along any line of Ay. Then the equalities (17) follow from (11).
According to (6), in the parameters of the coordinate net (11),12), ce

v),
N
(15) accepts the form

ek

k

(18) a=0, To=0.

i
From (14) and (18) the equalities Ffa =0, F?a = 0 follow [3].

Let us denote by (Z U) and (Z y) the lines defined by vector fields

S S
11)"‘ + 1210‘ +-+v*and v+ v ¥4+ ]1\)7"‘, respectively. From (11) easily
n

n+1 n+2
follow

Proposition 4. 4.1 The positions P(X,,) and P(X,,) are parallelly trans-
lated along the lines <Z 1_)) and <Z U) , respectively if and only if the coefficients
S S
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of the derivative equations (10) satisfy the equalities
1%_‘ (6 (03 (6 % (03 o (e
(19) sa(ngl +n’l—&)—2 ++]’l\)f):07 Ea(’ll) +12] ++g):0

4.2 The positions P(X,) and P(X,,) are parallelly translated along the lines
<Z ’U) and (Z y) , respectively if and only if the coefficients of the derivative
S S
equations (10) satisfy the equalities
(20) IE“(UO‘—l—vO‘—i—---—&—Ua):O %(vo‘—&— v+ 0Y) =0
s 2 n »o5¢ n+1 n+2 N '

4.3 The positions P(X,) and P(X,,) are parallelly translated along the lines
<Z U) if and only if the coefficients of the derivative equations (10) satisfy the
S

equalities

k k
(21)  Tal™+ g%+ %) =0, Ta(e 40"+ +0%) =0,
S 1 2 n S 1 2 n

4.4 The positions P(X,) and P(X,,) are parallelly translated along the lines
<Z 1_)) if and only if the coefficients of the derivative equations (10) satisfy the
S

equalities

Because of (6) in the parameters of the coordinate net (11),12/, e ,]1\)[) we
v v
can write /Ia“a v* = ,18“0.. Then from (14) it follows
o2
Corollary 1. In the parameters of the coordinate net (11),121, .. ,]1\1[) (19),

(20), (21), (22) are equivalent to the equalities

rF o +TF 44 Thy =0, TF 4T, 4. 4Tk =0,
Th 4+ T8+ +TF, =0, L% 1 + 1% pp+ - +TE v =0,
Tk +Tk +... 4Tk =0, rh 4Tk, +. 4Tk =0,
TF i + T g4+ Thy =0, T8 TE oo 4 TE =0,

respectively.
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4. Bridges of compositions. Let the composition X,, x X,,, be defined
by the affinor (5). According to accepted notations v® € P(X,,) and v* € P(X,,).
S S

Consider all pairs from the vector fields v* and v®. These vector fields
p k

determine the lines v and v, which form a two-dimensional net (v, v).
P k Pk

Definition 1. We will call bridges of the composition X, x X, the two-
dimensional manifolds which contain the nets (v,v) and let denote them X, %
Pk

Definition 2. The bridge Xp 7 of the composition X, X Xy, will be called
chebyshevian, geodesic, cartesian and i.e. when its corresponding net (v,v) is
Pk

chebyshevian, geodesic, cartesian and i.e., respectively.

With the help of (11) it is easy to prove: All bridges X 1 of the com-
position X, x X,,, are chebyshevian if and only if the composition X,, x X,, is
chebyshevian.

Denote by P(X,, ) the positions of the bridges X, z. Then from (11)
follows

Proposition 5. 5.1 The positions P(Xp z) of the bridges X, i of the

composition X, X X, are parallelly translated along any line of the X, if and
only if the coefficients of the derivative equations (10) satisfy the equalities

i i
(23) Ty, v =0, Ty v? =0.
Pk p

5.2 The positions P(Xp z) of the bridges Xp 7 of the composition X, x X, are
parallelly translated along any line of the X, if and only if the coefficients of the
derivative equations (10) satisfy the equalities

i i
(24) T,v" =0, T, v =0.
P Pk

>

Since in the parameters of the coordinate net (111, Ueoh ¥ ) the conditions

(23) and (24) accept the form T, = 0, T} = 0 and T3 = 0, T3 = 0, respectively
P D P P
then according to (14) we can formulate
Corollary 2. In the parameters of the coordinate net (111,12/,,]1\)[) the

conditions (23) and (24) accept the form F;T;k =0, F%k =0 and F;T;k =0, F%k =0,
respectively.
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5. Transformation of connections. Let in the space Ay with the
connection I'7 3 be given the composition X, x X,,, defined by the affinor (5). Let
gﬁ be a new connection in Ay and let the new covariant derivative be denoted
by 'V . According to [2] T, op = Gog—Top is the tensor of the affine deformation.

Theorem 2. The composition X,, X X,, defined by the affinor (5) is
simultaneously of the type (g — g) with respect to the connections o5 and Ggﬁ if
and only if the tensor of the affine deformation satisfy the conditions

(25) o” ST W 7 =0,
s s k

wl S

T BT v T =0 .
E

Proof. Taking into account the definition of the composition of the type
(g —g) and [2] we can conclude that the compositions X,, x X, is simultaneously
of the type (g — ¢) in the connections Fgﬁ and Ggﬁ if and only if

(26) A\ z(’ =%, Va0 07 = .
S
Because of 'V,v® — V0 = T, v¥, V0% — Vo = TS o7 [2] we
S S S S
can write

(27) lvava za . Vo-Ua %U — TY UU7 1vaya QU o vo_yoz QU — Tgy QV o
s s s s & 5k s

>

Now from (26) it follows that the equalities (27) are equivalent to the following

ones \v® = T2 v¥ z", A = T2 v” v?. From the last equalities we obtain
s s 5 s L

MolByel = U[ﬁTg,l v w7 =0, \olByel = U[ﬂTg,l v¥ v? = 0, from where it follows
5 s s sk 5 3 3 5 %
(25). O
Corollary 3. In the parameters of the coordinate net (111,12}, e ,]7\)[) the

conditions (25) accept the form

(28) =T =0, Tl =T =0.
Proof. Let the net (11), Uy ,]1\/[) be chosen as a coordinate one. Then (25)

accept the form 01Ty = 0, 0TS, = 0 or 60T 80Ty, = 0, 82T, ~52 TP . = 0.
It is easy to verify:
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1. When a =i, =j then T}, = 0.
2. When a = i,§ = then Tjs =0, T}, =0.
3. When a =4,3=j thenT’_' =0, Ti 0.

©» \

4. When oo = 4,3 =j then TZ =0. O

Theorem 3. The bridges X sp of the composition X, x X,, defined by
the affinor (5) is simultaneously geodesic with respect to the connections I'2s and
Ggﬁ if and only if the tensor of the affine deformation satisfies the conditions

(29) v STl v v =0, T POl 0 0 =0
S S S S S S

Proof. According to [2], [8] we can write the equalities 'V 0% v —
S S

Vo v? =T2 v 7, 1V, v -V, v =72, 1_1 v , which are equivalent to
S S
At =T2 vW 07, )\y T"‘ y v smce the vector ﬁelds v® and v are simultane-
S S S S S S
ously geodesic with respect to the connections I'¢ 3 and G? e But the last equal-

» S

ities are equivalent to )\U[ﬁvo‘] = v[ﬁTa] v? =0, WPyl = Q[BT(?‘J v v? =0
S S S S S S S

from where it follows (29) O

Corollary 4. In the parameters of the coordinate net (111,12/,,]1\)7) the

conditions (25) accept the form

(30) T;s:Tsis:O7 TEiEZT%:O'

Proof. Let the net (11), Uy ,]1\/[) be chosen as a coordinate one. Then (25)

accept the form LTS = 0, 6T, = 0 or 6972 — 50T = 0, T2, — 52 TP = 0.
It is easy to verify:

1. When a = 4,3 =j then T¢, = 0.
2. When o =i, =] then T =0, Ti_=0.
3. When o =17, =j then T/, =0, T?_=0.

") \

i.=0. O

4. When o = 4,3 =j then
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