Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica
Mathematical Journal

Cepauka

MareMaTnuyeCcKo CIIMCAHUE

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Serdica Mathematical Journal
which is the new series of

Serdica Bulgaricae Mathematicae Publicationes
visit the website of the journal http://www.math.bas.bg/~serdica

or contact: Editorial Office

Serdica Mathematical Journal

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



Serdica Math. J. 37 (2011), 261-276 Serdica
Mathematical Journal

Bulgarian Academy of Sciences
Institute of Mathematics and Informatics

OUTER ENDOMORPHISMS
OF FREE METABELIAN LIE ALGEBRAS

Sehmus Findik

Communicated by V. Drensky

ABSTRACT. Let F,, be the free metabelian Lie algebra of rank m over
a field K of characteristic 0. We consider the semigroup IE(F),) of the
endomorphisms of F,,, which are identical modulo the commutator ideal of
F,,. We describe the factor semigroup of IE(F},) modulo the congruence
induced by the group of inner automorphisms.

Introduction. Let L,, be the free Lie algebra of rank m > 2 over a field
K of characteristic 0 and let F,, = L,,/L!, be the free metabelian Lie algebra.
This is the relatively free algebra of rank m in the metabelian (solvable of class
2) variety of Lie algebras 2 defined by the identity

[[x1, 2], [x3, z4]] = 0.
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The description of the group of automorphisms of free algebras of fi-
nite rank is one of the most interesting problems of modern algebra. In 1964
Cohn [7] proved that automorphisms of finitely generated free Lie algebras are
tame, i.e., the group of automorphisms is generated by the so called elemen-
tary automorphisms. A description of the defining relations between elementary
automorphisms was given in 2006 by Umirbaev [19].

Free metabelian algebras form another interesting class of Lie algebras.
There are many papers devoted to the study of automorphisms of free metabelian
algebras, although many crucial questions are still open. Quite often earlier re-
sults on automorphisms of free metabelian groups serve as a model of the investi-
gations in the Lie case. In 1965 Bachmuth [1] proved that automorphisms of free
metabelian groups of rank 2 are tame and the [A-automorphisms which induce
the identity automorphism in the abelianized group (i.e., modulo the commu-
tator subgroup) are inner. In the 1980’s Bachmuth and Mochizuki established
that the group of automorphisms of the free metabelian group of rank 3 is not
finitely generated and hence contains a lot of wild automorphisms [2]. On the
other hand, all automorphisms of free metabelian groups of rank > 4 are tame
[3]. There are analogues of these results for metabelian Lie algebras. Shmel’kin
[18] proved that all IA-automorphisms (i.e., the automorphisms which induce the
identity map modulo the commutator ideal of F,), are inner when m = 2. Since
the by the theorem of Cohn [7] the only automorphisms of the free Lie algebra
Lo are the linear ones, this immediately implies that F5 has wild automorphisms.
Bahturin and Nabiyev [5] proved that the inner automorphisms of F,, are wild
for all m > 2. Although wild, inner automorphisms form a very natural class.
Roman’kov [17] established that the algebra F3 has automorphisms which do
not belong to the group generated by the tame and inner automorphisms. He
announced in [16] that for m > 4 all automorphisms of £, are products of
tame and inner automorphisms. Let us mention also the recent papers by Dani-
yarova, Kazatchkov and Remeslennikov [8, 9, 10] on algebraic geometry of free
metabelian Lie algebra, by Drensky and the author [11, 12] on automorphisms of
free metabelian nilpotent Lie algebras, and Gerritzen [13] and Kurlin [15] on the
Baker-Campbell-Hausdorff formula for free metabelian Lie algebras.

The automorphism group Aut(F,) is a semidirect product of the normal
subgroup TA(F,,) of IA-automorphisms and the general linear group GL,,(K).
Since the group of inner automorphisms Inn(F},) is a subgroup of IA(F,,), for
the description of the factor group of the outer automorphisms Out(F,,) =
Aut(F,,)/ Inn(F,,) it is sufficient to know only IA(F},)/Inn(F,,). In the present
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paper we study the semigroup IE(F,,) of IA-endomorphisms of F,,, i.e., the
endomorphisms which induce the identity automorphisms modulo the commu-
tator ideal of F,,. Our main result describes the factor semigroup of IE(F,,)
modulo the congruence induced by the group of inner automorphisms Inn(F},)
of the Lie algebra F,. Since I0ut(F,,) = IA(F,,)/Inn(F,,) is canonically em-
bedded into IE(F},)/Inn(F,,), it is natural to work in the semigroup of outer
IA-endomorphisms and then to recognize the automorphisms in Out(F,).

A result of Shmel’kin [18] states that the free metabelian Lie algebra F),
can be embedded into the abelian wreath product A,, wr B,,, where A,, and B,,
are m-dimensional abelian Lie algebras with bases {a1,...,a,,} and {b1,..., b},
respectively. The elements of A,, wr B,, are of the form in: aifi(ti, ... tm) +

i=1

f: Bibi, where f; are polynomials in K[tq,...,ty,] and ; € K. This allows to
i=1

introduce partial derivatives in F, with values in K[t1,...,%,] and the Jacobian
matrix J(¢) of an endomorphism ¢ of F,. Restricted on the semigroup IE(F,,),
the map J : ¢ — J(¢) is a semigroup monomorphism of IE(F,,) into the mul-
tiplicative semigroup of the algebra M, (K|[t1,...,ty]) of m x m matrices with
entries from Klti,...,t,]. We use the explicit form of the Jacobian matrices
of inner automorphisms of F,, and give the coset representatives of the outer
[A-endomorphisms in IE(F},)/ Inn(F,,).

1. Preliminaries. Let L,, be the free Lie algebra of rank m > 2 over a
field K of characteristic 0 with free generators yi,...,yn, and let F,, = L,,/L!
be the free metabelian Lie algebra, where L], = [Ly,, L,,] and L), = [L},, L ]. Tt
is freely generated by the set X = {x1,..., 2}, where x; = y;+ L i =1,...,m.
We use the commutator notation for the Lie multiplication. Our commutators
are left normed:

[Uly ooy Up—1,Un] = [[U1, .« s un—1],un], n=3,4,....
It is well known, see e.g. [4], that
[x’iuq:izvx’ig(ig)v s 7$ig(k)] = [1‘11,1‘12,1‘13, s 7$ik]7

where o is an arbitrary permutation of 3, ..., k and that F), has a basis consisting
of all
[xi17$i27xi37"'7xik]7 ISZJSm, Z1>Z2§Z3§§1k
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For each v € F) , the linear operator adv : F,;, — F,, defined by
adov(u) = [u,v], u€ Fp,

is a derivation of F, which is nilpotent and ad?v = 0 because F. = 0. Hence
the linear operator

d d?
exp(ad v) :1—&—&1—'”—&—%—1—--- =1+adv
is well defined and is an automorphism of F;,,. The set of all such automorphisms
forms a normal subgroup of the group of all automorphisms Aut(F;,) of F,,,. This
group is called the inner automorphism group of F,, and is denoted by Inn(F},).
It is abelian because

exp(ad u) exp(ad v) = exp(ad(u +v)), wu,v € F),.

The set of all endomorphisms End(F,,) of F,, forms a semigroup. Let
IE(F,,) be the subsemigroup of all endomorphisms of F,, which are identical
modulo the commutator ideal F), .

Lemma 1. The set {Inn(F,,)0 | 0 € IE(F,,)} is a semigroup with the
multiplication

(Inn(Fy,)61) - (Inn(F,y,)02) = Inn(F,)(01602).

Proof. Since Inn(F},) is a subgroup of the semigroup IE(F,,), the rela-
tion

o = {(601,05) € (IE(F,,), IE(F,)) | Inn(F,,)8; = Inn(F, )02}

is an equivalence and (61,62) € o if and only if #; = exp(ad u)fs for some u € F) .
Now let 0,61, 05 € IE(F,,,) be such that (61,602) € o and 6; = exp(ad u)bs,
u € F),. Hence
010 = exp(ad u)(026),

we have that (010, 6,0) € o and o is right compatible. It remains to check that
o is left compatible. One can easily show that 6 exp(ad u) = exp(ad(6(u)))0 and
6(u) € F)},. Then

001 = 0 exp(adu)fy = exp(ad(0(u)))(0602)
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which gives that (601, 6002) € 0. Hence o is left compatible and o is a congruence.
For details see e.g. [14]. Consequently the multiplication

(Inn(F),)01) - (Inn(F,,)02) = Inn(F,,)(60162)
is well defined. O

We denote the semigroup defined in Lemma 1 as IE(F,,)/Inn(F,,). As
we mentioned in the introduction, the IA-component of the outer automor-
phism group of F}, is canonically embedded into the semigroup IE(F},)/ Inn(F,,).
Hence, it is natural to work in the semigroup IE(F,,)/Inn(F,,) of outer IA-
endomorphisms of F}, in order to derive information for the automorphisms in

Out(F,).
Now we collect the necessary information about wreath products and
Jacobian matrices. For details and references see e.g. [6]. Let K[t1,...,tn] be

the (commutative) polynomial algebra over K freely generated by the variables
t1,...,ty and let A,, and B, be abelian Lie algebras with bases {a1,...,an}
and {b1,...,bn}, respectively. Let Cy, be the free right K|[tq,...,t,,]-module with
free generators aq,...,a,. We give it the structure of a Lie algebra with trivial
multiplication. The abelian wreath product A,, wr B,, is equal to the semidirect
sum C,, N\ B,,,. The elements of A,, wr B,, are of the form

D aifity,. . otm) + > Bibi,
=1 =1

where f; are polynomials in KJti,...,t,] and 3; € K. The multiplication in
A wr By, is defined by

[Cm7 Cm] = [Bma Bm] = 07

[aifi(tl, ... ,tm),bj] = aifl-(tl, - ,tm)tj, 1,7 =1,...,m.

Hence A,, wr By, is a metabelian Lie algebra and every mapping {z1,...,2m} —
A, wr By, can be extended to a homomorphism F,, — A,, wr B,,. As a special
case of the embedding theorem of Shmel’kin [18], the homomorphism ¢ : F,, —
Ay, wr By, defined by e(z;) = a; + b;, i = 1,...,m, is a monomorphism. If

f= Z[$i;$j]fij(ad$17- .. ,ad:cm), fij(tl, coylm) € K[tl,. .. ,tm],

then
S(f) = Z(aﬂfj — ajti)fij(tl, e ,tm).
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Let us define Tj = {t;,...,t,n} for each j = 1,...,m. In the sequel we
shall need the following obvious property. If f;(1;) € K[T}], 1 < j < m, and
fj(T5) # 0 for some j, then ¢; f;(T}) + - -+ + tm fm(Tm) # 0, because t; f;(1}) is
the only summand which depends on x;.

The next lemma follows from [18], see also [6].

m
Lemma 2. The element Y a;fi(t1,...,tm) of Cp, belongs to e(F),) if
i=1

m
and only if > t;ifi(t1,...,tm) =0.
i=1
The embedding of F}, into A,, wr B,, allows to introduce partial deriva-
tives in F,, with values in K[t1,...,t,]. If f € F,, and

e(f) =D _Bibi+> aifi(ts, - tm), B €K, fi € K[t1,...,tw),
i=1 i=1

then
of
61:1'

The Jacobian matrix J(¢) of an endomorphism ¢ of F,, is defined as

9¢(x1) 9 (wm)

= filt1, .., tm).

5 al‘l al‘l
J(¢) = ( q;(;j)) = : : € My (Klt1,. .. tm]),
0p(x1)  O(m)
0xm 0T

where M, (K[t1,...,tn]) is the associative algebra of m x m matrices with entries
from K[ty,...,tm]. Let I, be the identity m x m matrix and let S be the subspace
of M,,(K[t1,...,tn]) defined by

S = {(f”) € Mm(K[tl,...,tm]) | Ztifij =0,5 = 1,...,m} .
=1

Clearly I,,+S is a subsemigroup of the multiplicative group of M, (K|[t1, ..., tn]).
If ¢ € IE(F,,), then J(¢) = I, + (i), where (s;;) € S. It is easy to check that if
¢, € IE(F,,) then J(¢) = J(¢)J(v). The following proposition is well known,
see e.g. [6].
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Proposition 3. The map J : IE(F,;,) — L, + S defined by ¢ — J(¢) is
an isomorphism of the semigroups IE(F,,) and I, + S.

The following well known lemma gives the Jacobian matrix of the inner
automorphisms of F,,,. We include the proof for completeness of the exposition.

Lemma 4. Let u € F), such that

U= T, Tglhpg(ad xg, ..., ad x,,).
Z[ P> Ll Pipg ( EREEN) )

p>q

where hpg(ty, ..., tm) € Kltq, ..., tm]. Then

J(exp(edw)) = I+ D, D= (%)

More precisely

—t1fi —taofi - —tmhfi

—ti1fa —tafa -+ —tmfo
D= ,

_tlfm _t2fm T _tmfm

where

0 hyo(ad zg, ..., ad z,,
fizz ([zp, 4] pq(%qu» ,ad 7y,))

p>q

i—1 m
:thhiq(tq,...,tm)— Z tohpi(tis .-y tm).
q=1

p=i+1
Proof. By definition,
exp(adu)(z;) = xj + [zj,ul, j=1,...,m.
By direct calculations we obtain

u= Z[:ﬁp,xq]hpq(adxq, coadxy),

p>q

[z, u] = — (Z[yp,yq]hpq(adxq, e ,adxm)> ad z;,

p>q
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Olx;,u olx,,x
[z; ]:_tjz [p q]hpq(tqa---vtm)v

8901- g 8901
tq p=1t,
Olap, xq] _ 4 iy
8951- p q ’
0  pqg#i,
a[l‘j?u]

830,- = _tjfl(tlvvtm)v

1—1 m
filt, .. tm) :thhiq(tq,...,tm)— Z tohpi(tis . tm)
q=1

p=i+1

and in this way we obtain the explicit form of the matrix D. O

2. Main results. In this section we give the explicit form of the
Jacobian matrix of the coset representatives of the outer endomorphisms in
IE(F,,)/Inn(F),,), i.e., we shall find a set of [A-endomorphisms € of F,, such
that the factor semigroup IE(F,,)/Inn(F,,) of the outer IA-endomorphisms of
F,, is presented as the disjoint union of the cosets Inn(F,,)6.

Recall that the augmentation ideal of the polynomial algebra K|[tq,. .., ty]
consists of the polynomials without constant terms. We denote this ideal as w.

Theorem 5. Let © be the set of endomorphisms 6 of F,, with Jacobian
matriz of the form

S(tg,...,tm) f12 flm

tiga(ta, ta, ... tm) +12(t2, .. stm) fo2 - fom
J(O) = I + t1q3(ts, ... tm) +7r3(to, ... tm) fa2 0 fam 7

tlQm(tm) +rm(t27---atm) fm2 fmm

where s,7;, fij € w?, ¢; € w are polynomials satisfying the conditions

m m m
5+Zti%’:07 Ztmzoa Ztifijzoa J=2,...,m,
i=2 =2 i=1
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ri = ri(ta, ... tm), © = 2,...,m, does not depend on t1, qi(ti,...,tm), i =
2,...,m, does not depend on ti,...,t;_1. Then © consists of coset represen-
tatives of the subgroup Inn(F,,) of the semigroup IE(F,,) and IE(F,,)/Inn(F,,)
is a disjoint union of the cosets Inn(F,,)0, 6 € ©.

Proof. Let A= I, + (fij) € Im + S,
f11:S7 fﬂ:thi—’_ri? i:27"'7m7

be an m X m matrix satisfying the conditions of the theorem. The equation

m
S+ Z tiqgi =0
=2
implies that
m
t1s + Zti(hqi) =0.
i=2
Hence Lemma 2 gives that there exists an f; in the commutator ideal of F},, such

that
oh _, oh
ox 1 ’ 8901

Similarly, the conditions

m m
Ztiri:07 thfl]:07 j:27"'7m7
=2 i=1

imply that there exist f{, fj, 7 =2,...,m, in Fy, with

:thi, i:2,...,m.

off _ ofn .. _
e =0, o2, =7y 1=2,...,m,
of;

8{Ei:fij7 izl,...,j, j:2,...,m.

This means that A is the Jacobian matrix of a certain TA-endomorphism of F,.
Now we shall show that for any ¢ € IE(F),) there exists an inner au-

tomorphism ¢ = exp(adu) € Inn(F,) and an endomorphism # in © such that
1 = exp(adu) - 0. Let 1) be an arbitrary element of IE(F,,) and let

Y(@r) =1+ Y [wp il fuad ... adzy,),
k>l
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1/)(352) = X2 + Z[xkv LUl]gkl(ad Ty 7ad lim)»
k>l1

where fr = fu(te, .- tm), gt = gu(te, - 1) € K[t1, ... -
Let us denote the m x 2 matrix consisting of the first two columns of J(v))

by J(1)2. Then J(1)2 is of the form

1 —tafor —tafs1 — - —tmfm1  —togor —t3931 — -+ — tmGm1
tifor —t3fsa — - —tmfmz 14+ tig21 —t3932 — - — timgm2
J(W)s = tifs1 +tafze — - — tmfm3 * :
t1fm1 + -+ tan—1) frnm—1) *

where we have denoted by * the corresponding entries of the second column of
the Jacobian matrix of ¢. We can rewrite J(¢)2 as

1+t181(t17"'7tm)+82(t27"'7tm) *
tp2(t1, - tm) +t1ga(ta, - oo tm) +12(t2, . ) %
J(T/J)QZ t%pg(tl,...,tm)—‘rt1Q3(t2,...,tm)—‘rT’g(tQ,...,tm) * 7

2oty tm) Ft1gm(tas o tm) F (e, oo tm)  *

where we have collected the components t?p; divisible by ¢, the components t1¢;
divisible by t1 only (but not by #?) and finally the components r; which do not
depend on t1, ¢ = 2,...,m. By Lemma 2 we obtain

t1(s1 4 tap2 + -+ + tmpm) = 0,
t1(s2 +t2q2 + - + tmgm) =0,
toro + -+t = 0.
Recalling the fact that Ty = {ts,..., ¢}, we can rewrite J(1))s as

1 —titopo — -+ — tilmpm — t2qo — -+ — tpGm *
12 + t1g2(To) + r2(T3) *
J()2 = t%p:’, + t1g3(T2) + r3(13) * 7

t%pm + thm(T2) + Tm(T2) *
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Now we define

m

o1 =expladuy), u = Z[wi,ml]pi(adxl, coad ).
=2

The Jacobian matrix of ¢, has the form

tid tipi tay tipi 0 tm oy tips
i#1 i#1 i#1
—tipo —titopa -+ —titmpa
J(¢1) =Im+
—2py —titopm 0 —titmpm

The element uq belongs to the commutator ideal of F},, and the linear operator
adu; acts trivially on F) . Hence exp(adu;) is the identity map restricted on
F),. Since the endomorphism 1 is TA, we obtain that

Y(xj) =x; (mod F,), ¢19(x;) = (x;) +xjadu.

Easy calculations give that

L —topg — -+ —tmpm *

tiga(T) +r2(T2)  *

J(pr1p)s = t1g3(T2) + r3(T>) *
tigm(T2) + rm(T2)

Now we write g;(T») in the form
¢i(Ta) = t2qi(T2) + ¢ (T3), i=3,...,m,

and define

m

¢y = exp(ad ug), uz = Z[:ci,:@]qg(ad T2y ad Tpy,).
i=3
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Then we obtain that

L—topy — -+ —tmpm *
t1Q2(T2) +r2(T2) =
!
J(p2019)2 = hos(T) +r3(T) |

tigm (T5) + rm(T2)  *

m
Q2(Ty) = q2(T2) = Y tigi(To).
i=3
Repeating this process we construct inner automorphisms ¢s, ..., ¢,,—1 such that

0= dm—1-- 201000,

1 +S(T2) *
t1Q2(T2) +ro(T2)  *

J( 1 -+ Pa1))g = t1Q3(T3) + r3(1»)

t1Qm(Tim) +rm(T2)  *

s(Tp) = —tapa(T2) — -+ — tmpm(12).

Hence, starting from an arbitrary coset of IA-endomorphisms Inn(F,;, ), we have
found that it contains an endomorphism 6 € © with Jacobian matrix prescribed
in the theorem. Now, let #; and 0y be two different endomorphisms in © with
Inn(F,,)0; = Inn(F,,)02. Hence, there exists a nonzero element u € F), such that
61 = exp(ad u)fy. Since f(z1) = 21 modulo F),, as above we obtain

01(x1) = exp(ad u)fz(z1) = O2(x1) + x1 ad u.

Hence
J(ad U)2 = J(91)2 — J(92)2.

If u is of the form

u = Z[J:p,xq]hpq(ad Zg,...,adzy,)
p>q
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then, by Lemma 4, J(ad u)2 is of the form

+itohor + titshar + -+ + titmhma *
—t3hoy + titghsa + -+ + titmhme <

J(adw)s = —tihg — tibshay + -+ Oitnhs x|
—3him1 — titohme — -+ — titm—1hmm—1  *

hpg = hpe(Ty) € K[Ty) = Kltg,....tm], p>q.
On the other hand, J(601)2 — J(02)2 is of the form

S(tay .. ytm) *

t1QQ(t2,t3,...,tm)+T2(t2,...,tm) *
J(91)2 —J(92)2 — tng(tg,...,tm) +7’3(t2,...,tm) * ,

tIQm(tm) +Tm(t27'-'atm) *

where the polynomials s,r;, fi;,q; satisfy the conditions in the statement of the
theorem. Comparing the degrees of ¢; in the monomials of the entries of the first
columns of both matrices we derive that

s=0, hp=0, r=0 p=2,...,m.
By similar arguments we conclude that hy, = 0 for all p > ¢ which implies that
u:()and91:02. O
Example 6. When m = 2 the results of Lemma 4 and Theorem 5 have
the following simple form. If
u = [acg,xl]h(adxl,adxg), hZh(tl,tQ) S K[tl,tg],
then the Jacobian matrix of the inner automorphism exp(adu) is

2
J(exp(adu)) = I + <t1t2h t3h )

—t2h  —titoh
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The Jacobian matrix of the outer IA-endomorphism 6 € © is

(L +tafite)  tafo(ty,to) _ _
J(Q) - ( _tlfl(t2) 1— t1f2(t1,t2)> ) fl(OvO) - f2(070) =0.

This allows to show easily the result of Shmel’kin [18] that IA(F») = Inn(Fy). If
0 € © is an IA-automorphism, then its Jacobian matrix

6) = (1 +tafitz)  tafa(ti,t2) >

—t1fi(ta) 1 —t1fa(t1,ta)

is invertible and

det(J(0)) = (1 +t2f1(t2))(1 — tafa(ts, t2)) + (t1f1(t2))(t2fa(t1, t2)) =1

which giVES t2f1 (tg) == tlfg(tl,tQ) and hence f1 (tg) == f2(t1,t2) = 0. Therefore 0
is the identity automorphism which means that all IA-automorphisms of F5 are
inner.

Finally, we want to raise the following natural problem.
Problem 7. Describe the group 10ut(F,,) = IA(F,,)/Inn(F,,), m > 3,

of outer IA-automorphisms of F,,. This would give immediately the description
of the group Out(F,,) = Aut(F,,)/Inn(F,,) of outer automorphisms of Fy,.

Acknowledgements. The author is grateful to Vesselin Drensky for
many useful suggestions.
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