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ABSTRACT. We study the asymptotic behaviour of the codimension se-
quence of varieties of Lie algebras variety over a field of characteristic zero.
We construct an infinite series of such varieties with different fractional ex-
ponents. This extends the special cases known before.

1. Introduction. There are different ways to investigate linear algebras.
Instead to study an individual algebra one can analyze a class of algebras with
similar properties. As such a class one may consider the variety, defined as
the class of algebras satisfying fixed polynomial identities. One can specify the
identities explicitly, for example — the identity of commutativity, or implicitly —
studying the variety generated by a fixed algebra A. All algebras of the variety
satisfy the identities of A, even if they are not described explicitly. In this case,
the chosen algebra A is said to be a support of the variety. For a support of
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variety we can take its relatively free algebra of countable rank. This is the
countable generated algebra having no relations, except of the fixed identities
and their consequences. It is known that the variety is a class of algebras stable
under subquotients and Cartesian products.

In this paper we consider some numerical characteristics of varieties of Lie
algebras over a field of characteristic zero. Here we have constructed an infinite
series of varieties with different fractional exponents. This extends the special
cases known before. In the sequel we shall follow the work [1], [4], where the
necessary background was stated.

In the middle of the XX century it was discovered that over a field of
characteristic zero any polynomial identity is equivalent to a system of multilinear
identities [7]. So, any information about the variety V is contained in properties
of the sequence of vector spaces P,(V), n =1,2,..., of the multilinear elements
of the relatively free algebra.

An important characteristic of the variety is the codimension sequence
cn(V) = dimP,(V), n = 1,2,.... The growth of this sequence determines
the growth of the variety. There are varieties with polynomial, exponential,
intermediate (between polynomial and exponential) and overexponential growth.
Unlike the associative case, for Lie algebras the sequence ¢, (V) is already not
necessarily exponentially limited. The existence of varieties of Lie algebras with
overexponential growth was established in [16]. In [12], [13] it was introduced
a scale to measure the overexponential growth for varieties of polynilpotent Lie
algebras.

In the case of exponential growth the sequence {/¢,(V) is bounded and
has lower and upper limits, known as the lower and the upper exponents of the
variety, respectively. When they are equal, the limit of the sequence exists and
is called the exponent of the variety. For example, for the variety of associative
algebras generated by the Grassmann algebra the codimensions sequence has the
form ¢, (V) = 2" (see [4], theorem 4.1.8) and the exponent is 2.

The question for the existence of the exponent of an arbitrary variety of
exponential growth is a very challenging and interesting problem. Up till now,
the proofs for the existence of the exponent and its evaluation are related with big
difficulties. Another interesting problem is to find varieties with integer exponents
and, in the contrary, examples of varieties with fractional exponents.

In the 1980’s S. A. Amitsur conjectured that any associative algebra sat-
isfying a polynomial identity has a non-negative integer exponent. His conjecture
was proved in the work [3].

The first example of a variety of Lie algebras with non-integer exponent
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was constructed in [19]. Then in [15] the existence of its exponent was proved
and its value was calculated. The integrity of the exponent of a variety of Lie
algebras generated by a finite dimensional algebra was proved in [17]. For Lie
algebras with nilpotent commutator the same was established in [10]. In general,
it was shown in [2] that for any real number o > 1 there exists a linear algebra
A, whihc generates a variety with exponent equal to . Note, that a similar
result for Lie algebras over a countable field would mean the affirmative answer
to the unsolved problem of the existence of a Lie algebra without finite basis of
its polynomial identities.

Another example of a variety of Lie algebras with fractional exponent was
constructed in [11]. It is generated by the infinite dimensional simple algebra of
Cartan type Wa, in other words — by the Lie algebra of the vector fields on the
plane.

The latest known result in this direction is our work [8], where we have
announced and briefly justified the existence of a discrete series of varieties of
Lie algebras with different fractional exponents. In the present paper we give the
detailed exposition of the result.

2. Main definitions and notations. Let ® be a field of charac-
teristic zero. We shall use left-normed arranging in the products, omitting the
parentheses, for example, (ab)c = abc.

Let F(X) be a free algebra, generated by a countable set X = {x1,zo,... }.
We shall write the identities as equalities in F'(X)

f(l'l,...,IEn)EO or f(q;la"'vxn)Eg(l‘l?"'?xn)v

where we use the equivalence instead of the ordinary equality.

Let A be any Lie algebra over ®. Recall that f(x1,...,z,) is a polynomial
identity of A if f(ay,...,a,) =0, for any aq,...,a, € A. Let Id(A) denote the set
of all identities of A. Then Id(A) is an ideal in F'(X) invariant under substitutions,
ie., f(g1,...,9n) € Id(A) for any ¢i1,...,9, € F(X) and f(z1,...,x,) € Id(A4).
Such ideals are called fully invariant ideals or T-ideals.

For any n > 1, P, denotes the vector subspace of F'(X) of multilinear
polynomials in z1,...,x,. Hence P, NId(A) is the vector space of multilinear
identities of A of degree n. In characteristic zero the sequence of vector spaces
P, NId(A), n = 1,2,..., completely determines Id(A) and we define P,(A4) =
P,/(P, N1Id(A)), which in some sense corresponds to the non-identities of A of
n-th degree.
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The important characteristic of the identities of A is the codimensions
sequence
cn(A) =dim P,(A), n=1,2,....

If the algebra B satisfied all identities of the algebra A, then we have
Id(B) D Id(A) and ¢, (B) < ¢,(A4). So, ¢,(A) = n! when A is the free associative
algebra, and ¢, (A) = (n—1)! when A is the free Lie algebra. The fastest growing

2n — 2
sequence is realized when A satisfies no identities. Then ¢, (A) = ( " ) “(n—

n—1
2n — 2
n—1

1)!, where ( ) /n is the n-th Catalan number, counting all arrangements of

2n — 2
parentheses on a word of length n. Notice that asymptotically ( " ) /n o~ 4",
n

There is a wide class of algebras with exponentially bounded growth of
the codimensions, i.e., ¢,(A) < a", for all n, with a a real number. Then the
sequence i/cp(A), n = 1,2,..., is bounded: 0 < {/c¢p(A4) < a. Its lower and
upper limits exist and are called the lower and upper exponent of A

exp(A) = liminf {/c,(A), exp(A) =limsup {/c,(A).

n—00 n—00

If the limit of the sequence {/c,(A) exists, then we call it the PI-exponent (poly-
nomial identity exponent) or just the exponent of A:

exp(A) = exp(4) = exp(A).

As we said, one of the main problems in the theory of codimensions is the existence
of the Pl-exponent of A, when ¢,(A) is exponentially bounded.

There are other numerical characteristics of T-ideals which are closely
related to the action of the symmetric group S, on F,. Recall that if f =
f(z1,...,2,) € P, and o € S, then

of (@1, 2n) = f(@o(1)s -+ To(n))-

This action defines a representation of the group S,, in the space P, (A). Since
Id(A) is invariant under endomorphisms, it follows that P, N Id(A4) is a ®S,-
submodule of P, and P,(A) = P, /(P,NId(A)) is also a ®S,-module. Explicitly,
two multilinear identities f = 0 and g = 0 are equivalent if and only if &5, f =
®S5,9.

Since char F' = 0, the ®S,,-module P,(A) is completely reducible and
can be decomposed into a direct sum of irreducible submodules. The number
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of irreducible summands, i.e., the length of the ®S,,-module P, (A) is called the
n-th colength of A, and is denoted by 1,,(A4). Hence a new numerical invariant of
Id(A) is given by the colength sequence [,,(A), n=1,2,....

The partitions A = (A1,...,Ax) of n are in one-to-one correspondence
with the set of nonequivalent irreducible representations of S,,, that are Specht
modules S*.

Finite-dimensional representations of S,, are determined by their charac-
ters (the traces of the corresponding linear operators) which are central functions
on S,. The characters of irreducible representations of S,, form an orthogonal
basis of the space of central functions and can be normalized if the field ® is al-
gebraically closed (we refer the reader to [5] for an account of the representation
theory of the symmetric group).

For describing the decomposition of an S,,-module M into irreducibles it
is convenient to use characters. Hence if x» denotes the character of S*, we write

X(M) = " myxa,

AFn

where x(M) is the character of M and m, is the multiplicity of x) in x(M).
The S,,-character x,(A) of P,(A) is said to be the n-th cocharacter of A.
Then

(1) Xn(A) - X(Pn(A)) = Zm/\X/\v
AFn

Then clearly

lh(A) = me cn(A) = me\dx\v

AFn AFn

where d) = xx(e) = deg x, is the degree of the irreducible character x.

The capital letter Y will denote the inner derivation ad y of the Lie algebra
A: ady(x) = Y = zy, where x, y € A. The bar or the tilde are used to denote
the alternation of the elements in the expression. For example,

X1 XoVaVsXsXa = Y (=1 w0mp)Ya(1)Tp(2) Ya(2)Va(3)Tn(3) Cn(4):
pES47 q653

where (—1)" is the parity of the permutation r € S,,. Note the equality
.’Eo...Xl...XQ...Xm = (—1)px0...Xp(1) Xp(Q) "'Xp(m)7 D E S
The above is explained on the following examples:

11 X1[Xo, Y] = 2(y12122y + y172yx1 + Y1yT1T2 — Y1T1YT2 — YIYT2T1 — Y1T2T1Y),
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Xl [X27 X?)] [[X47 XE)]? Y] = Z (_1)po(1) [Xp(2)7 Xp(3)] [[Xp(4) ) Xp(5)]7 Y]
PESs
Here the notation for the commutator for the associative composition of linear
operators is used. We also have applied the identity z(yz) = zyz — xzzy which
holds for any Lie algebra.

3. Main result. In this section we construct an infinite series of varieties
of Lie algebras with different fractional PI-exponents. It is the main result of this
paper.

Let A? be the variety of all metabelian Lie algebras determined by the
identity

(x122)(2324) =0,

and let My, = Fs_l(AQ), s = 3,4,..., denote the relatively free algebra of
this variety over the set of free generators {z1,29,...,2s—1}. Consider the linear
transformation d of the vector space (z1, 22, ..., 2s—1) spanned by 21, 29,...,2s_1,
defined by the rule z;d = z;41, ¢ = 1,2,...,5 — 2, z,_1d = 0. Then d can be
extended to a derivation of the algebra M;_;, denoted by the same letter. Let
(d) be the one-dimensional Lie algebra generated by d with zero-multiplication.
We may construct the semidirect product Ly = M,_1x(d). The variety generated
by the Lie algebra L is denoted by var(Ls), s = 3,4,....

Theorem. The following strict inequalities hold for the exponent of the

codimension sequences of the algebras Ly

3=-exp(Ls) <---<exp(Ls) <exp(Lst1) < --- <4, where s =4,5,....

The proof of the theorem will require the following statement.

Lemma 1. If the multiplicity my from (1) is different from zero for
the Lie algebra Ls and then the following inequalities hold for the partition A =
M,y ) Fn

s

dai<2, D> 2-i)A+(s—1)-(s—2)>0.

i>S =1

Proof. Let us establish the first inequality. Assume the contrary and
suppose that A - n has more than two cells outside of the first s rows in the
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corresponding Young diagram. Let )|, ... ,)\2( ") be the heights of the columns of
this diagram. Consider an element f of P,(L,) which generates an irreducible
Sp-module corresponding to A F n. According to [9], the element f is equal to a
linear combination of summands on \; skew-symmetric sets with A variables in
the i-th set. But any multilinear Lie polynomial, containing either s + 2 skew-
symmetric variables or two sets with s 4 1 skew-symmetric variables, vanishes in
algebra L, because the algebra contains the abelian ideal M2 | of codimension s.

Really, let the multilinear polynomial contain s+2 or more skew-symmetric
variables. It is sufficient to check, that it vanishes on the basis of the algebra,
replacing the skew-symmetric variables by pairwise different elements of the ba-
sis. We shall construct the basis of L, extending the basis of the abelian ideal
MSQ_l. But modulo this ideal there exist only s linearly independent elements
and we can choose the following basis elements {d, z1, 22, ...,2s—1}. Hence we
shall replace the skew-symmetric variables by at least two elements from M, 32—1-
Therefore any monomial from our multilinear Lie polynomial vanishes, because
it can be presented as a product of two elements of the ideal Mf_l with zero
multiplication.

Now, let the multilinear polynomial contains two different skew-symmetric
sets of s+ 1 variables. After the replacement of the skew-symmetric variables by
basis elements each skew-symmetric set gives rise to an element of M 32—1- Again,
every monomial from our Lie polynomial will vanish.

In this way, the polynomial f corresponding of the partition A vanishes
under any substitution by elements from L, and the multiplicity m) is equal to
Zero.

Let us prove the second inequality. Consider a partition A = (A1, Ag,...) F
n such that Z Ai > n—1and Z(Q—i)-)\i+(s—1)-(s—2) < 0. We shall show that

1<s 1<s
this partition determines a polynomial identity of the algebra L. It is sufficient to
prove that any multilinear polynomial f depending upon [ = A; skew-symmetric
sets of variables with |, ..., \], elements, respectively, takes only zero value in L.

Again, we fix a basis of the abelian ideal M? ; and extend it to a basis
of Ls by the elements d, 21, 29, ..., 25—1. We shall replace the variables of f with
some of the basis elements. The element d can enter not more than once in
each skew-symmetric set, otherwise f vanish. Let us identify the variables in
f which we replace by d, and denote them by b. The other variables will be
denoted by y1,...,yr. Taking into account that d is a derivation we can rewrite
the polynomial f as a linear combination of the following products

(2) (Y5107 ) (Ys,07) - - - (s, 0%),
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where aq,...,a; > 0. Note also, that a3 + -+ + ap < Aq.

The elements y;6%, o > 0, may be considered as new variables. Although
the polynomial f may be not multilinear in these variables, it can be written as
asum f = f;+ -+ fmm, such that each f; is a multilinear polynomial in some of
the new variables. If f is skew-symmetric in ¢; and g9, then those elements from

fi,..., fm, which depend on y1b, y2b are skew-symmetric in these variables too.
Similarly the skew-symmetry in y187, y20’, where j = 2,3, ... will be preserved.
Now shall we prove, that each component fi,..., f,, takes zero value.

For this purpose we write for example f; as a linear combination of elements
of the form (2), and then fix the indices si,s2. We shall show that the partial
sum f{ of fi for these fixed sy, s at the first two positions equals zero. Really,
let f be skew-symmetric in y1,y2,...,%, where 1,2,... r # 51,52 and let fll
depend on y1,y2 or on yib,ysb/ for some j = 1,2,.... Then the evaluations
of ys,0%, i = 1,...,k, belong to the metabelian ideal M,_; of algebra L,. We
shall use the identity z17224(3) ... To(k) = T17223 . .. T Which holds in M for
any permutation o of 3, ..., k. Hence the evaluations of y1’, 20’ commute and
are skew-symmetric in the same time. This implies that the component fll of f1
takes value zero.

In other words, if f{ depends on yb®!, 3262, ..., y;b% and takes a non-
zero value, then all aq, o, ..., a; are pairwise different and a7 + a9 + -+ - + ; >
i(i—1)/2,1=2,3,.... Recall, that the original polynomial f depends on \s skew-
symmetric sets of cardinality < s (> s, when Asy1 = 1) and depends on A\; — ;11
skew-symmetric sets of cardinality i, where ¢ = 3,...,s — 1. The variables ys,
and ys, are used not more than twice in these sets and it is possible to substitute
by d only one variable from each set. So we have at most \s — 2 skew-symmetric
sets with s elements and \; — \; 11 sets with ¢ — 1 elements, where ¢ = 3,...,s5—1.
We have shown above that fll may take non-zero values only if the following
condition holds

(i—1)(i—2)
2

s—1
a1+...+akZZ—.()\i_)\iJrl)_’_w.()\s_Q)'
=3

2

S
But a; + - - + a; < A; implies the inequality 2(2 — )N+ (s—1)(s—2)>0.
i=1

S
It means that if 2(2 — i) A+ (s—1)(s—2) <0, then fi, fi and hence f take
i=1
zero values only. Our Lemma 1 is proved. O

We return to the proof of the main theorem. Let M, be set of partitions
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of n which, according to Lemma 1, may have non-zero multiplicities. It consists
of partitions A F n which satisfy the inequalities

DN > 2= Ai+(s—1)-(s—2) =0.
1>8 1<s
Denote by T,, the set of partitions satisfying the following conditions
MFX+--+A = n
S

(3) d-i) N

i—1
M>A>-- 2>, > 0.

0

v

For the non-negative real variables oy, s, . . . , as we shall define the func-

tion
S

F(d) = F(ay,,...,0) :Ha;ai.
=1

By continuity from the right we set 0° = 1 for the zero values of the variables.
Let T be the compact subset of the real space R® defined by the conditions

ajtag+- 4o, =1
S

(4) Z(Q—i)'ai > 0
=1

oap>ay>--2>as > 0.

The function F(@) is continuous and takes its maximal value on T at some
= ©
o™ e’T

The maximal values of these functions depend on s. We denote them by
F(s), s =3,4,.... Next we need the following property of F(ay,as,...,as).

Proposition. If the function F(ay,aq, ..., as) reaches the mazimal value
on the compact subset T of R, then the last variable oy is different from zero
and the second condition of (4) becomes an equality. Besides, lim F(s) =4 and

S§— 00

the following inequalities hold:
3=F@3)<---<F(s)<F(s+1)<---<4.

The proof of the proposition will be given in the next section.
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Proof of the main theorem. Lemma 1 asserts that if A\ has at
least two cells outside the first s rows or 2(2 —1) A+ (s—1)(s—2) <0, then
1<s
the multiplicity m) is equal to 0. In particular, the variety var(L) satisfies the
system of Capelli identities in m = s + 2 skew-symmetric variables of the form:

Z (=DPzp1)Y11 - - Yin Tp2)¥21 * ** Y20, Tp(3) *** Tpm) = 0,

PESm

where some n; may be equal to zero. As it was proved in [18] if the Lie algebra
A satisfies a system of Capelli identities, then the colength of the variety ,,(A) is
polynomially bounded. Therefore, the upper and lower the limits of the exponen-
tial functions Ls can be found by analyzing the dimensions dy of the irreducible
modules of the symmetric group occurring in the decomposition of P, (Ls).

Let us recall the “hook-formula” ([6], p. 81) for the dimension of the
irreducible representations S of the symmetric group S, corresponding to the
partition A = (A1,...,As) Fn

dy = dim S* = n!/ [ ] hi (M)

Here the “length of the (i, j)-hook” is defined by hy;(X) = (A — ) + (X —
i) + 1, where A} = [{X; > j}| is the j-th part of the dual partition A\ and the
product in the denominator is taken over all natural pairs {(i,7) [i < A}, j < A}
from the “Young diagram” of the partition .

The hook-formula can be reduced to a more convenient form. It is proved
n ([14], p. 28) that in the above notation we have the equality

s—1s—1

A
TT 7500 = Al A HHA ﬂ*_‘?

This implies the following connection between the dimensions of the representa-
tions and the generalized binomial coefficients:

slszA_i_]_ H— s—1s—1 i
(5) dx = )\1')\2 )\vHH N+ ]_)\11)\2 AvHH( )\+]j)'

=1 j=1

'L+_7

For a positive integer ¢ we define the partition At = (Ait, Aat, ..., Ast) F
nt. Let dy. be the dimension of the irreducible S,;-modules S™!. Next, we use
the following known fact.
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Remark. Under the above conditions we have the equality
tlim "/dye = F(a1,as,...,as), where o = \;j/n.
— 00
Really, by (5) the dimension dy.; and the generalized binomial coefficient

differ by a rational factor of ¢ of degree which does not depend on t. So, we
can estimate the generalized binomial coefficient by the Stirling formula for the

factorials .
n! = 27rn-<ﬁ> -(1—1—0(—)).
e n

For fixed n and A; > 0, and for ¢ — co we obtain the equalities

(e ) - (W (%) H Ve (1) M)«l +0(1/1)

1—s n nnt e\ A1+ +As—n)t
= @ TR AN AN (?) {1+ 00/0)

s

—s n n \ M
— ()2 ﬁH<A_> (1+0(1/t)).

=1

If As =0, the expression for the binomial coefficient is similar, but the products
contain only the non-zero A\;. Then we get the value of the desired limit

+ 7
" ! = F(aj,a9,...,a5)-(1+0(1)) = F(aq,ag,...,as), for t — oo.
Aty .oy Ast

Let the maximal value F'(s) of the function F(a, ..., as) on the compact set T' be

reached in a point a0 = (ago), .. ,ago)). According to the proposition above,

it satisfies the conditions: ago) > 0 and 2(2 — 1) - al(-o) = 0. in We construct
i<s

a sequence al ), j =1,2,..., with similar conditions and rational components

G ), such that

a;

lim @9 =30 lim F(@W) = F(s).
j—oo j—oo
Let n') be the common denominator of components of @Y. Define the parti-
tions: A9 = @W.n0) 1 n0) and AW .4 - n(j)-t, for positive integers t.
Now we shall take free generators x1,...,%s_1, %91, and zg of the rela-
tively free algebra F'(var(Ls)). Recall that the capital letter denotes an appro-
priate inner derivation of the algebra. Denote

R = [ .. [Xl,X()l], .. .X()l”. .. [XQ,X(H], S XOl] B [Xk_2,X01]Xk_1,
S—— S——

k—2 k-3
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where k = 3L' .., S Let alsg Rl,: )(:01, R2 = Xl. For example, R3 == [Xl, XOl]XQ
and Ry = [[X1, Xo1], Xo1][X2, Xo1] Xs.

Consider the following element of the relatively free algebra F'(var(Ls)),
(@)

using for simplicity «; instead of o

gr = g R\ =D plas—agnt | plas—awpant | paunt

In the element g; we additionally alternate the variable X7 from Ry with X
S

from Ry, where 4 < k < s. Since E , 1(2 —1) - a; = 0, we obtain that
1=

_ (ag—as)nt (ap—agy1)nt asnt
gt = w2 Ry Ry oo RS

nt

Remark that if s = 3 then oy = a9 = a3 = % and g: = Zpo ([Xl,)?m]f(g) 3
without the additional alternating pair X, Xp;.

The degree of g; is m = nt + 1, because the degree of Ry, k > 2, equals
k- (k-1)/2.

Let f; be the complete linearization of the element ¢;, and let V; be the
submodule of the S;+1-module P,;41(Ls), generated by f;. The element g; con-
tains agnt alternating sets of s variables {zg1, 21, x2,...,2s—1} and (q; — @jp1)nt
alternating sets of ¢ variables {xg1,21,...,2;—1} in each, where i = 2,...,s — 1.
All other variables, except xg2, which are not included in alternating sets, are
equal to the same xp;. Therefore, the decomposition of the module V; into a
direct sum of irreducible components has only modules indexed by Young dia-
grams with nt+1 cells which contain a subdiagram corresponding to the partition
A9t nt, that is consisting of nt cells.

We shall prove that at least one of these irreducible submodules of the
module of multilinear polynomials P,;+1(Ls) is not zero. Consider the elements
h;i = xRy, k= 2,...,s and make the following substitution in hso, ..., hs

m
o2 — 2:1Z571, Tl = Z5—1y L2 = Z5-2y -+, LTg—1 = 21, o1 = d.

If two elements z;, z; in the summation participate in the same commutator
bracket, then such a term is zero, because M is a metabelian ideal of L. Hence
only one from the k! terms is not equal to zero and the result of this substitution
is be equal to lef__le.

Thus, if in the element ¢g; we make the following substitution of ele-
ments of L

m
o2 — 2:12 , L1 = Zg—1y, T2 = Z5—92y...,Lg = 21, L1 = d,



On Lie algebras with exponential growth of the codimensions 221

then the result of the substitution is not zero.
In this way we have proved that

lim inf "/ cnir1(Ls) > F(s),

— 00

and, therefore, the inequality exp(Ls) > F(s) holds.

To complete the proof we shall show that exp(L,) < F(s). Consider the
sequence of partitions A  n, A e M, i.e., A is a partition with nonzero
multiplicity. In this case, in particular, )\Si)l <1 and )\Ei)z = 0.

Define a constant k = (s — 1)-(s — 2) and a partition ™% + n+k in
s parts by the following equalities: ,ugnJrk) = )\gn)—i—k, M§n+k) = /\l(-n) for i =
2,3,...,8. According to Lemma 1, the partition M(’”k) belongs to T}, 1;. Note
that the Young diagram corresponding to the partition A s a subdiagram of
the diagram corresponding to the partition p(nht) — (Mgn+k)7 . ,ug”+k), 1) of
n+k+1. Therefore, the next relations follow from the representation theory of
the symmetric groups

d,\(n) S dy(n+k+1) S (n + k + 1) ' d'u(ﬂ-!-k)? n= 17 27 R

Sincet k& does not depend on n, we derive from these inequalities that

limsup {/dym <limsup {/d,mr <limsup "/d mir) < F(s).
n—00 n—00 n—o0

Therefore exp(Ls) < F(s), and the proof of the theorem is completed. O

4. Investigation of the function F'(aq,...,as). Now we shall
prove the results about the maximum of the function F'(aq,...,as) in stated in
the previous section.

Lemma 2. If s > 3, then for the maximum wvalue of the function

F(ay,...,as) all inequalities in the third condition of (4) are strict

ap > >, > 0.

Proof. Instead of the function F(aq,...,as) we can consider its loga-
rithm

In(F(ag,...,05)) = —ag - In(ag) — -+ — as - In(ag).
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We shall show that if some of the inequalities oy > --- > a5 > 0 in the third
condition of (4) are equalities, then some of the variables a; can be changed with
saving the other conditions of (4) in such a way that the number of the equalities
will decrease, and the value of In(F") as well of F' will increase. Thus after a finite
number of changes we can remove all of the equalities increasing the value of the
function in each step. Really, we can consider the few possible cases.

Case 1 (leftmost and center). There is a fragment of the form:
a1 >op=-=a>ap1 >0, where ]l <l <k<sand ag:=1ifl =1.
Then we change three of the variables « in the following way:
(an, ok, agy1) = (aq + B, o — 28, g1 + B).

If 8 is small and positive, the variation also respects (4). We consider F as a
function of the variable §: F = F(f). For small positive § the function F'(3)
increases, because the function In(F') and its derivative have the form

In(F(B) = C—(q+pP) In(aqg+P) — (g —20) - In(ag, — 25)
—(ag41 + B) - In(ag41 + B),
(In(F(B)) = —In(a+p) —1+2In(ay —28) +2 —In(ag +6) — 1
(o, — 20)° (e, — 26)°

= (1 +8) (1 +5) o (o + B) - (g1 +0)

Hence (In(F(83)))3=0+ = In(ar/ars1) > 0, and for small positive § the function
F(f) increases (this is true also for a1 = 0, when this derivative tends to +00).

Case 2 (right extreme trivial). There is a fragment of the form
Qp—g > Q1 > O > Qg1 = - =g =0, where k > 2 and ag:=11if k= 2.

Then the variation (ax—_1, g, k1) = (ag—1 + B, — 20, axy1 + [) for small
positive (3 respects (4). It also increases both F(f) and the number of strict
inequalities in the line.

Case 3 (the rightmost positive). There is a fragment of the form
Qp_9 > Qp_1>ap=-=a; >0, where2 <k <sand ay:=1if k =2.

The changing of the variables (a_1,ax, as) = (ag—1 — B, ax + 20,05 — (3) re-
specting (4). Then the value of the function F'(3) increases for small positive 3
as its partial derivative is as follows

(ag—1—8) - (as — B) (ag—1 — B)-(ax — B)

(In(F(B))) = In (ak + 28)2 =In (ar + 203)2 ]
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(In(F(8)))s=0r = In(ag-1/ax)>0.
There are still two cases to be considered
o o] >y =--=ag=0;
e ap =y =---=aqaz>0.
In the former case, if s > 2, the function does not achieve its maximum
F(d)=F(1,0,...)=1< 2= F(0.5,0.5,0,...).

In the latter case we have a; = 1/s, and the second inequality of (4) implies the
restriction s < 3

S S

Z(z—i).ai:Z@—i)é:?’;s20.

i=1 i=1

Lemma 2 is proved. 0O

Remark. If s =1,2,3 the condition (4) reduces to the first equality and
the non-negativity of the variables. In these cases the maximum Fy,,y is achieved
for equal variables «;, and it is 1, 2, and 3, respectively.

Corollary 1. The mazimum of F(aq,...,as) on the domain satisfying
(4) is attained only at a point satisfying cs > 0. Therefore these mazimums
strictly increase with s:

Flai,...,as1,05) > F(at,...,as_1,05) = max F(aq, ..., as_1).
H(lf)x (a1 Q1 0) (4{}12?:0 (a1 Qs_1,0) rr(lgx (aq Qs—1)

Lemma 3. When s > 3, then the condition (4) can be replaced by more

exact
ajt+as+...+ta; = 1
S
(6) Y @e-i)a =0
i=1

ap>ar>...>a > 0

Proof. First, we shall find the maximum of F(aq,...,as) = a] ' -
ag @ subject to the single condition a3 + ...+ a5 = 1, oy > 0. We form the

Lagrangian

L(oa,...,00)N) =In(F(ag,...,a5) + A (a1 + - +as — 1),
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and write the equations for stationarity

oL
9 =—In(eyy)) =14+ = 0,i=1,...,s
aptag+--t+as = 1
Hence all o; are equal and we have the only point of stationarity o’ =(1/s,...,1/s).

Study it for extremality

PL(A5N) = —s Y _do,
=1

s—1 s—1
CL(A;N)|7r = —s- (Z da? + (— Zdai)Q) =—2s- Z day - doj,
i=1 i=1

1<i<j<s—1
where 7 : dag + - - - + das = 0 is the equation for the tangent space.
The (s—1)x(s—1)-matrix of the last quadratic form is negative definite

21 -+ 1 s 0 -+ 0
1 2 ... 1 o1 --- 0
1 1 --- 2 o o0 --- 1

So (1/s,...,1/s) is the unique local maximum of F' and F'(1/s,...,1/s) = s. But
we have
lim o ¢ =1, lim o *=0, a %< el/e,
a—0+ a——400
then on the boundary of the domain by the continuity the corresponding factors
become unit, and the maximal value of F' decreases. If some of the «; grows
infinitely the function F' converges to zero. Hence, the obtained stationary point

is a strict global maximum.

S
The domain U : Z(z —2)-a; <0 for s > 3 does not include the extremal
i=1
point (1/s,...,1/s). Thus, the local maximum of F for the conditions (4) belongs
to the boundary of the domain U, — otherwise it would be another local extremum
of the more general problem with the single restriction which we consider. So it
satisfies (6) and Lemma 3 is proved. O

Lemma 4. If s > 3, then H(la)XF(Ozl, o as) =57 %/(2—q), where q
6

is a root of the polynomial

Pla)=—ao""t4+a53 4+ 22524 4 (s — )z + (s — 2).
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Proof. The Lagrangian function of the problem has the form (6)

Loy, ..., a5\, 1) :ln(F(al,...,as))—i-)\-(ozl—i—---—&-Ozs—l)—i-,u-Z(i—Q)-ai.
i=1

The equations of stationarity are

( OL

80@
art+ag+ - t+as=1
S

D (i-2) ;=0

=1
ap >ag > > ag > 0.

=—In(ey)) —1+A+(i—2)-p=0,i=1,...,s

Hence
Q;

+pn=0.

oL oL
_ =1 N1 ) -1
5a¢+1 aai n(az) n(az-‘rl) +u n Qi1

Let us define the constant ¢

ap o Q51 _ —
— =" =...= 2 —.¢ whereqg=e*>1, and a; =¢* " a.

(5] (0%} Qg

The condition on q is determined by the substitution of «; in the second equation
of (6)

S S

D=2 -ai=) (i-2) ¢ a;=0, ay>0:

i=1 i=1
s .
Z(i_Q)‘qs—l:_qS—1+qS—3+2'qS—4+”‘+(5_2) :0
i=1
The variable «; is defined by the substitution of «; in the first equation of (6)

s o s s—i | L _( s—1 i)*l_q—l
Zizlal_zizlq as=1: a; = Zizoq _qs_l'

The equation for ¢ can be simplified if we increase its degree

S

s—1
0 = (¢=1)-> (i-2)-¢" " ="+ ¢ ' —s5+2,
i=1

=1
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5 s—1
0 = (¢-1D>) ((-2¢ "= (~¢"+Y ¢ ~5+2)
=1 =1

= " +2°—(s—1)-q+s-2=("-1)-(2—¢) —s(g—1).

Note that ¢ > 1 and therefore oz has another form

-1 2 _
Qg = q = —q, in particular, ¢ < 2.
q° —1 s
Then we can calculate max F'(aq, ..., as)

(6)

7 2

s ) . Y
H Oz,i_ai = H(qias)—q’as = q_as ’ Zi<s g, Qs Qs ZZ<s q
i=1 1<s

2—s —1 1 S

fr— q -a f— — pr— — .
s ¢ 2oy ¢*2-(2—9q)

Here we have used the following equalities:

s—1 . s—1 .
oY g =ay ((s=1)a" =Y d) /la—1)
s . qu q571+_~_q+1
B as'(qu_zizlqz)/(q_l):%.q— T qg—1

s—1 2—
— a sl -1 s \_ e _ s 274 4 _ . 4
q—1 qg—1 qg—1 q—1 s q—1

Lemma 4 is proved. O
Notation. Let ¢(s) be a root of the equation

S
Py(z) = Z(z —2) 2 = et T (5= 3+ (s —2)=0.
i=1

Note that the another equations satisfied by ¢(s) have the forms:
s—1 '
—acs—&—z.ac’—s—i—Q:O and — 2" 4225 — (s —1D)x+s—-2=0.
i=1

Lemma 5. If s > 3, then

(1) the equation Ps(x) =0 has a unique positive solution;
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(2) The sequence q(s), s = 3,4,..., belongs to [1,2) and strictly increases;

(3) lim gq(s) =2.

§——+00

Proof. (1) Clearly, z = 0 is not a solution. We rewrite the equation in
the form

(L) 420/ .+ (5= 3) - (1/2) 2 + (s —2) - (L) = 1.

The left side is strictly increasing for positive 1/z, from 0+ to +00, so the equality
is realized in a unique x = ¢(s).
(2) It is easy to calculate the values of Ps(z) at the endpoints of [1, 2]

s

) . s-(s—2-1
P = Zlu—z)-l“:%zo,
1=
S
L =25t 42,25 (s —1)- 2452
Py(2) = ) —2)- 2570 = =—-5<0
5(2) ;(z ) a1P s <0,

so q(s) € [1,2).
As we have already shown y = 1/¢(s) is a root of the equation

2+ (s—3) -y (s —2) -yt = 1.
Similarly, z = 1/q(s + 1) is a root of the equation
2 3 s—2 s—1 s __
2242224+ .+ (s—3)- 2+ (s—2)- 2+ (s—1)- 2" =1.

If for some s the inequality g(s + 1)~ > ¢(s)™" holds, then the expression de-
pending on z exceeds the expression depending on y, but both are equal 1. Hence
q(s +1)7 < q(s)7! and g(s+1) > ¢(s) for all s > 3.

(3) The sequence ¢(s) is monotone and bounded, hence ¢(+00) = SETOO q(s)

exists and belongs to (1,2]. Then 1/¢(+00) € [0.5,1) is a solution of the equation:
l=a? 4223+ 4 (s—2) 21 +... =22/(1 — 2)°.

Consequently, 1/q(4+00) = 0.5 and ¢(400) = 2.
This limit can be calculated also ina different way. The number ¢(4) is
the positive root of the equation

—Brr+2=x4+2-2% =0,
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s0 2 — q(4)® < 0 and for s > 4 we have q(s) > V/2.
Now, from the equation —q(s)*™! 4 2¢(s)* — (s — 1) - q(s) + 5 — 2 =0 we
obtain and evaluate

(s—1)-q(s)—s+2 (s—1)-2—s+2 s

0<2—gq(s)= 2(s)° < E = 553 — 0.
This gives us the value of the required limit. Lemma 5 is proved. O
Let F(s) = max(g) F'(a1,...,as) and a;(s), i = 1,...,s, be the extreme

values of the variables.

Lemma 6.

(1) lim F(s)=4;

S§—+400
(2) 3=F@3)<---<F(s)<F(s+1)<---<4;

(3) lim a;(s) =27"

S§——+00

Proof. According to Lemma 5, lim ¢(s) =2, and by Lemma 4:

$—+00

q(s) -1 s—1 _ —s -
as(s) = a(s)* — 1’ a;(s) = q(s) as(s), F(s)= Q(S)2 as(s) !
(1) Then
. Y (G R (C) el W
sgrfooF(s) N sl»+oo q(s)—1  q(s)s ;H2 g—1 4

(2) By Corollary 1, the sequence F(s) strictly increases. Therefore it
holds:
sup F((s) = lim F(s) =4.

820 $——+00

(3) Using part 1, we deduce

-1 s
lim a;(s) = lim a(s) — . ats) = ,
s—+00 s—+00 q(s)l q(s)s -1 —2 ¢

Lemma 6 is proved. 0O
Now the proposition from the previous section follows from Lemmas 2-6.
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5. On the algebraicity of exponents.

Remark. According to Lemma 4, F(s) is algebraic. As we have already
proved, F'(3) = 3. Using linear algebra or the Grobner elimination of variables we
can show that F'(4) ~ 3.61... and F(5) ~ 3.83... are roots of the polynomials

423 —112% — 82 — 16 and 27z* — 9423 — 1522 — 502 — 125, respectively.

For larger s the algebraic expression for F'(s) is less elementary. For example,
F(6) ~3.92... is a root of

2562° — 1077z* + 36023 — 10822 — 4322 — 1296.

An explicit equation for F'(s), for all s > 3, can be found using the idea
of the Cayley-Hamilton theorem:

Lemma 7. Let ¢ € ® be a root of the polynomial P(z) € ®[x] of degree
d and let r = R(q), where R(x) € ®[x]|. Then

(1) r is algebraic over ® of degree not greater than d;

(2) r is a root of the characteristic polynomial of the linear operator of multi-
plication by R(x) in the algebra ®[x]/(P(x));

(3) if P(x) = Pi(x) - Pa(x) is a product of two nontrivial relatively prime poly-
nomials over ®, then the characteristic polynomial (from the previous item)
1s reducible.

Proof. (1) The powers R(z), i =0, ...,d are linearly dependent modulo
P(x). Therefore, there exists a nontrivial linear combination:

ag - R°(z) + - + aq - RY(z) = P(x) - S(x), where S(z) € ®[z]
with a; € ®. Hence

ag %+ +aq-r?=ayg- R%(q) + - +aq- R(q) = P(q) - S(q) =0,

and 7 is a root of the polynomial ag - 2° + - -+ + aq - z°.

(2) Let ¢ be the linear operator of multiplication by R(x) in the algebra

®[z]/(P(x))

p(T(x)) = R(x) - T(x) (mod P(z)), T(z)e P[],
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and let x,(t) = det(¢ — Id-t) be its characteristic polynomial. By the Cayley-
Hamilton theorem we have:

Xe(0) =01 xp(R(x)) = xp(R(x)) -1 =0 (mod P(z)).
So there is an S(x) € ®[z], such that x,(R(z)) = P(z) - S(z) and
Xe(r) = Xp(R(q)) = P(q) - S(q) = 0.
(3) According to the Chinese Remainder Theorem,
D[z]/(P(x)) = @[z]/(P1(2)) & P[z]/ (P2()).

Consequently, over the field ® there is a decomposition:

X<P(t) = X1 (t) - X2 (1),

where ¢; is the operator of multiplication by R(x) in the algebra ®[z]/(FP;(x)).
Lemma 7 is proved. 0O

Calculation. Now we shall find a polynomial with integer coefficients,
which annihilates F'(s), s > 4. First we take the polynomials from Lemma 4
S
P(x) = (:c—l)Z'Z(i—2) Tl = 5T 22t (s — 1)z 45— 2,
=1
R(z) = z572%.(2—ux).

We write the matrix of the operator of multiplication by R(z) in the algebra
®[x]/(P(x)) with respect to the basis {1,z,...,z°}. It has a regular diagonal
form

0 0 2—s 0 0 0
0 0 s—12-s 0 0
0 0 0 s—1 2—s5 . 0
Aps = 0 0 s—-1 2-s 0 0
0 0o . 0 s—1 2—35 0
2 0 0 0 s—1 2—35
-1 2 0 0 0 s—1
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This (s + 1) x (s + 1) matrix has a similar form for s = 4

p,d =

SO = N O O

The characteristic polynomial of ¢ has the form

A 0o C

0 A B

0 0 A

Xo,s(t) = det s
2 0 0

-1 2 0

0 -1 0

0

N OO

o

A
0
0

-2

O O O W

0
0
0

B
A
0

)

Qe

231

We compute it, expanding the determinant along the rows (or the columns)
containing not more than 2 non-zero elements. When s > 5, we obtain

Xos(t) = (1A A(s— 1)+ 2(—1)°A2- A(s — 2) + (—1)*1A2C - A(s — 3)
+ 2(=1)5TA3C - A(s —4) + AT L C52(4A + 2B + O).

Here A(n) denotes the determinant of the regular n x n matrix of the form

B
A

A(n)=det | :
0
0

It is defined by the recurrence relation

An)=B-A(n—1)—AC-A(n—2):

C
B

0
0

B
A

0
0

C
B

A(0) =1, A(1) = B, A(2) = B>~ AC.

Hence we obtain an expression for the generating function of the sequence (A(n))

(1-B-z+AC-2%)- > A(n)-2" = A(0) + (A(1) = B- A(0)) - 2

n>0
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+ Y (A(n)=B-A(n—1)+AC-A(n—2))-2" = 1.

n>2
Consequently,
ZA 1 B 1
= (1-B-2z+AC-22) (1—z-(B—-AC-2z))
= Y (BoAC ) =Y Z( ) (—AC)™ . BEm
k>0 k>0
i k
m
k>0m=0
[n/2] n—m
— n, Lamo m  pn—2m
= Zz Z ( - ) ZM - (—AC)™ - B .
n>0 m=0

Hence we obtain the following explicit expression for A(n)

n

A(n)= [nf] (“;@m) 2" (—AC)™ B 2= (“;@m) 2" (—AC)™- B,

Here we have assumed that

<k>:k-(k—1)....-(k—m+1)

m m!

=0, for integers 0 < k < m.
In particular,

(S - m> =0 for the integer s with s >m > [s/2] >0
m

We now return to the expression for x, s(t). Using the above recursion,
we find the formula which holds also for s > 4

Xos(t) = AT 4 C2. (4A+2B+C)+ (—1)°A- (4A+ B) - A(s — 2)
+ (=1)571A%. A(s - 3).

Substituting the value of A(n) and the expressions for A, B, C, after some
simplifications, we have an expression:

Xp,s(t) = (=)™ 4 (2 —5)572. (s — 4t)
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— (s Y tm.<S;1m>,<2—s)m'(s—1)s—2m‘

0<rmzis/2] (s—=m)(s—m—1)

The number ¢(s)*2 - (2 — ¢(s)) is a root of the polynomial (—1)*!

(5—2)872-(475—5)4-75'8' Z tm'<5 ;nm)‘(Q—S)m-(S—l)S—Zm +ts+1'

0<mls/2] (s—m)(s—m—1)

*Xe,s(t)

According to Lemma 7, this polynomial has another double root corresponding
=1
t=1"2.2-1)=1

To get rid of the factor (t — 1)* in (—1)**! -y, 5(¢), we need preliminary
combinatorial formulas.

Lemma 8. The following formulas hold for s > 4, but some of them are
true after reductions for smaller s:

_ m 1
1) sTmy _ 2 s+ A , and actually we have m < u < [s/2];
m 28 = 2u+1 m

20 @) e

) D ) BCRP AR o Rt

m s—3
s>m>0

s—m — )™ . (s —1)52m s—2)- (1= (s—2)1
K z:>0m‘< m >(2 )S—(ml) :( 2 (1s—§’> = );

5) 3 (5_7”)_(2—5)’”'(8—1)8‘2’”:(5—2)8+1_

s—m S ’

(s =m)(s —m—1) s_3 ;
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D SR Gl S

s fos0 m (s—m)-(s—m

) Z s—m\ (2—35)"(s—1)*72m 1 —(5—2)"2(s2-3s5+1)
10 m s—m-—1 s—3 ’
s—m\ (2—8)™-(s—1)52m 9
o> () — (- 8)- (s 2
s—is>m>0 N s—m—1
10) Z <s—m>‘(2—s)m-(s—1)s_2m: (s—4)-(s—2)2-1
etomso\ M (s—=m)-(s—m—1) s
Proof. 1) The binomial coefficients are involved in the series in two
variables
S
2D DI G B D G EACESD o ol (A B
s>0 m=0 m k,m>0 k>0 m>0
= k>0y 1'3/ 1 y—zy? 2 /1+4x 1+\/21+4:Jc 1_ 17\/21+4xy
B 5 L+ VIrde\"™ 1= vIra\
T Vit & 2 2 v
It follows
i s=m\ n__ 1 ((14+VITdu - VT a\
Z\m V1+4x 2 2

s+1
b DN W RUEECERR

s+1 9 1 s+1
(V1dz)?t = —. (1 4+ 4z)
\/1+4x ;()(211-1—1) +iz) 25 §<2u+1> (14 4z)

1 s+1 U 1 s+1 U
- . AMam — 4 M . )
P t;)(zuﬂ)%(m) o= g ) A Z<2u+1> (m>

m>0 u>0
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The comparison of the coefficients of ™ gives us the desired equality 1).
Note that these binomial coefficients are involved in the interesting series

széO(S;zm).(_l)m:%.Sin@’ Szmz:zo(s;nm) 5

where Fy are the Fibonacci numbers 1,1,2,3,....
To obtain the equality 2) we use the previous identity

= () () - e @) G5
- 2%'”2()(;111)'% <Z><(§:7411;>m:210 (;;11)( 8— 43>
R R )

o Los=1 () s-3 R AN D G (s
T og0tl g3 s—1 s—1 (5= 3)-(s— 1)

To prove 3) we use 2), assuming that o = s

;(5;;”)-(2—8) (5—1)° 2P —(s—1)°. mio (S;nm>'((s2__15)2)m
B %: S (s —2)".
k=0

Similarly, to prove 4) we use 2) for 0 = s — 2

S () e oy

s>m>0

= 2 (S;”i[l)-<2—s>m-<s—1>”m

s>m>1

= (-1 @28 Y <S_ifm)'<<82—_ls>2>m

s—1>m2>0
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(s-2) (1= (s=2"")
s—3

To prove 5) we use the formulas 3) and 4), and the equality

1 1 ( m )
== (1+ :
s—m s s—m
The identity 6) is similar to 4), with the additional substitution o = s —4.
To prove 7) we use the formulas 4) and 6), if we observe that

m 1 (m m-(m—1) )

(s—m)-(s—m—l):s—2. s—m (s—m)-(s—m—1)

To prove 8) we use the formula 6) and 7), applying the equality

m m m-(m—1)

(s—1)- —

(s—m)-(s—m—1) (s—m)-(s—m—1)

s—m—lz

To prove 9) we use the formulas 3) and 8), and the equality

1 _ 1 14 m
s—m—1 s—1 s—m—1/"

The identity 10) follows from 5) and 9), due to the equality:

1 1 1

(s—m)-(s—m—1) s—-m—-1 s—m

This completes the proof of the lemma. O
We use the above results to remove the factor (t—1)? from the polynomial

(=1 s (t)

P() = e = G st 3, (k)

= —s5-(s—2)"2. Zkzotk-(k +1)+4-(s =202 ) S (k1)

k>

T SUCERIED DUGT (S " m) N CEa ) Gt il

= m>0 m (s—=m)-(s—m—1)

+ Zkzo st (k4 1) = — Zkzot’“-(k +1)-s-(s—2)°2
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Zk>14 k(s =2 +Zk>s

[s/2] fhtm s—m\ (2_5) '(S—l)S_Qm
Zk>1z k- ( m > (s—m).(s_m_l)
—s (s =27 Zk21 t5-(s = 2)" 2 (4k — s-(k+1)) + Zkzs th-(k—s)

min([s/2], k)

k.og. —m) .- s—m ‘(2—3)m.(8_1)372m
;t mZ:O (k ) < m ) (s—m)-(s—m—1)
(s —2)%~ 2—|—Z _ s2(4k—s(k+1 +st (k—s)

[S/Q]k's' k ). s—m ‘(2_5) ,(5_1)8 2m
Zk:lt Zmzo(k ) < m ) (s—m)-(s—m—1)
[s/2] s—m (2 — S)m . (S _ 1)8*2m

Zk>[s/2]tk-s.zm0(k—m)-< m > (s—m)-(s—m—1)
—s-(s—2 82+Z ( - 2. (4k —s(k+1))
I A T K Chk )

Zm:o(k ) < m > (3—m)-(8—m—1)>

(s/2] L (5T ‘(2—3)m.(s_1)sf2m
S Zmzo(k ) < m > (3—m)-(8—m—1)>
Dt ((s — 22 (k= s(k+ 1))+ k—s

o D ) B g

Corollary 2. The number ¢(s)*™2- (2 —q(s)) is a root of the polynomial

P(t) = 8—252+Z[S” < — 22 (4 —s)k —s)
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k s—m\ (2—38)" (s— 1)5_2’”
+ S'Zmzo(k m)( m >'(s—m)-(s—m—1)
s—1 ko _
Zk>[s/2] " (s—k).

And, finally, the exponent of F(s) = s/(q(s)*"2- (2 — q(s))) is a root of
the polynomial z*~! - P(s/z)/s obtained from the polynomial P(t) given above
by the substitution x = s/t:

(S . 2)3—2 . 1:8_1 o Z[S/Q] xs—l—k . Sk—l . <(S - 2)3—2 . ((4 - S)'k: . S)

k=1
e e (") (<25__i)§.'<(§__n?s__2;>
s—1

o Z ms_l_k~8k_1-(8—k).
k=[s/2]+1
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