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ABSTRACT. A Euclidean submanifold is called a rectifying submanifold if
its position vector field x always lies in its rectifying subspace [7]. It was
proved in [7] that a Euclidean submanifold M is rectifying if and only if the
tangential component x” of its position vector field is a concurrent vector
field.

Since concircular vector fields are natural extension of concurrent vector
fields, it is natural and fundamental to study a Euclidean submanifold M
such that the tangential component x? of the position vector field x of M
is a concircular vector field. We simply call such a submanifold a concir-
cular submanifold. The main purpose of this paper is to study concircular
submanifolds in a Euclidean space. Our main result completely classifies
concircular submanifolds in an arbitrary Euclidean space.

1. Introduction. Let E? denote the Euclidean 3-space with inner prod-
uct ( , ). Consider a unit speed space curve z : I — E3, where I = (o, 8) is an
open interval. Let x denote the position vector field of # and its derivative x’
be denoted by t. Denote by {t,n,b, s, 7} the Frenet-Serret apparatus of = with
curvature k, torsion 7, unit tangent vector field t, the principal normal vector
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field n and the binormal vector field b. Then the famous Frenet-Serret equations
are given by

t' = kI,
(1.1) n' = —xt + 7b,
b’ = —7n.

At each point of the curve, the planes spanned by {t,n}, {t,b}, and {n,b} are
well-known as the osculating plane, the rectifying plane, and the normal plane of
the curve, respectively.

The fundamental theorem of curves states that for two given smooth
functions #(s) > 0 and 7(s), s € I, there exists a curve x : [ — E3 such that s is
the arc length, x(s) is the curvature function, and 7(s) is the torsion function of
x; moreover, any other curve satisfying the same conditions differs from x by a
rigid motion.

From elementary differential geometry, it is well known that a curve in
E? lies in a plane if its position vector lies in its osculating plane at each point,
and it lies on a sphere if its position vector always lies in its normal plane. In
view of these basic facts, the first author called a space curve a rectifying curve
in [3] if its position vector field always lies in its rectifying plane.

The first author extended the notion of rectifying plane to the notion
of rectifying subspace in [7]. Furthermore, he introduced the notion of rectifying
submanifolds, by defining a Euclidean submanifold to be a rectifying submanifold
if its position vector field always lies in its rectifying subspace. The first author
also investigated and classified rectifying submanifolds in [7, 9]. In particular, he
showed that a Euclidean submanifold is rectifying if and only if the tangential
component x! of its position vector field x is a concurrent vector field.

Since concircular vector fields are natural extension of concurrent vector
fields, it is natural and fundamental to study a Euclidean submanifold M such
that the tangential component x of the position vector field x of M is a concir-
cular vector field. We simply call such a submanifold a concircular submanifold.

In this paper, we study some fundamental properties of concircular sub-
manifolds. Our main result completely classifies concircular submanifolds of Eu-
clidean spaces.

2. Preliminaries. Let x : M — E™ be an isometric immersion of a
Riemannian manifold M into a Euclidean m-space E™. For each point p € M,
we denote by T,M and Tle the tangent and the normal spaces of M at p,
respectively.
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Let V and V denote the Levi-Civita connections of M and E™, respec-
tively. Then the formulas of Gauss and Weingarten are then given respectively
by (cf. [5, 10])

(2.1) VxY = VxY +h(X,Y),

(2.2) Vx§=—AcX + Dx¢,

for vector fields X, Y tangent to M and & normal to M, where h is the second
fundamental form, D the normal connection, and A the shape operator of M.

At a given point p € M, the first normal space of M in E™, denoted by
Im h,, is the subspace given by

(2.3) Imh, = Span{h(X,Y) : X,Y € T,M}.

For each normal vector £ at p, the shape operator A¢ is a self-adjoint
endomorphism of T, M. The second fundamental form h and the shape operator
A are related by

(2.4) (AeX,Y) = (WX, Y), &),

where ( , ) is the inner product on M as well as on the ambient Euclidean space.
The equation of Gauss of M in E™ is given by

(2.5) RX,Y:; Z,W) = (h(X,W),h(Y, Z)) — (h(X, Z), h(Y,W))

for X,Y,Z, W tangent to M, where R is the Riemann curvature tensor of M
defined by

R(X,Y;Z,W) =(VxVyZ W) —(VyVxZ,W) = (Vixy|Z,W).

The mean curvature vector H of a submanifold M is defined by

(2.6) H= (%) trace h, n = dim M.

A Riemannian manifold is called a flat space if its curvature tensor R
vanishes identically. Further, a submanifold M is called totally umbilical (re-
spectively, totally geodesic) if its second fundamental form h satisfies h(X,Y) =
(X,Y) H identically (respectively, h = 0 identically).

Let B and @ be two Riemannian manifolds with metric tensors gp and
9q, respectively, and f be a positive smooth function on B. Then the warped
product B x ¢ Q is the product manifold B x @ equipped with the metric tensor

9= 95+ [*9q,
where f is called the warping function (cf. [1, 10, 13]).
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3. Basic results on x, x¥ and x™. It follows from the definition of
a rectifying curve z : I — E? that the position vector field x of a rectifying curve
satisfies

3.1) X(s) = A(s)t(s) +n(s)b(s)

for some functions A\ and 7.

For a curve z : I — B3 with s(sg) # 0 at s € I, the first normal space at
S0 is the line spanned by the principal normal vector n(sg). Thus the rectifying
plane at s is nothing but the plane orthogonal to the first normal space. For
an arbitrary submanifold M of E™, we simply call the orthogonal complement
subspace to the first normal space Im h, at p € M the rectifying space of M at p
(ct. [7]).

Analogous to rectifying curves in [3], the first author introduced the notion
of rectifying submanifolds in [7] defined as follows.

Definition 3.1. A submanifold M of a Euclidean m-space E™ is called
a rectifying submanifold if its position vector field x always lies in its rectifying
space. In other words, M is called a rectifying submanifold if and only if

(3.2) (x(p),Imhy) =0
holds at every point p € M.

Definition 3.2. A non-trivial vector field V' on a Riemannian manifold
M is called a concurrent vector field if it satisfies (cf. e.g. [10, 16])

(3.3) VxV =X

for any X € T'(T M), where V is the Levi-Ciwita connection of M and I'(T'M) is
the space of smooth cross sections in the tangent bundle T M of M.

Definition 3.3. A non-trivial vector field Z on a Riemannian manifold
M is called a concircular vector field if it satisfies (cf. e.g. [6, 10, 15])

(3.4) VxZ =pX, XeTM,
where @ 1s a smooth function on M, called the concircular function.

By a cone in E™ with vertex at the origin o we mean a ruled submanifold
generated by a family of half lines through o. Obviously, a linear subspace of E™
containing the origin o is a special case of cone in this sense. A submanifold of
E™ is called a conic submanifold with vertex at o if it is an open part of a cone
with vertex at o.

For a Euclidean submanifold M, there exists a natural orthogonal decom-
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position of the position vector field x of M; namely,

(3.5) x =x' +xV,

where x? and xV are the tangential and normal components of x, respectively.

Let |xT| and |x"| denote the length of x* and xV, respectively.

The following results can be found in [7].

Lemma 3.1. Let x : M — E™ be an isometric immersion of a Rieman-
nian n-manifold into a Euclidean m-space E™. Then x = x' holds identically if
and only if M is a conic submanifold with the vertex at the origin.

Lemma 3.2. Let z: M — E™ be an isometric immersion of a Rieman-
nian n-manifold into E™. Then x = x¥ holds identically if and only if M lies in
a hypersphere centered at the origin.

In view of Lemma 3.1 and Lemma 3.2, we make the following.

Definition 3.4. A submanifold M of E™ is called proper if its position
vector field x satisfies x # x! and x # x~ everywhere on M except a measure
zero subset.

We have the following characterization of rectifying submanifolds from [7].

Theorem 3.1. Let M be a proper submanifold of a Fuclidean m-space
E™. Then M is a rectifying submanifold if and only if X! is a concurrent vector

field on M.

Further basic results on x! and x" can be found in [2, 4, 8, 9] among
others.

Obviously, concircular vector fields are natural extension of concurrent
vector fields. Hence, in view of Theorem 3.1, we ask the following basic question.

Question 3.1. Which submanifolds of a Euclidean m-space E" have con-
circular vector field x7?

For simplicity, we make the following.

Definition 3.5. A proper submanifold M of a Fuclidean space with
dim M > 2 is called a concircular submanifold if the tangential component x* of
its position vector field x is a concircular vector field on M.

The concircular function of a concircular submanifold M is defined to be
the concircular function ¢ of the concircular vector field x* on M given in (3.4).



40 B.-Y. Chen, S. W. Wei

4. Some lemmas. Now, we provide five lemmas for the proof of our
main result.

Lemma 4.1. Let M a submanifold of a Fuclidean m-space E™. Then
the Levi-Civita connection V and the normal connection D of M satisfy

(4.1) Voxl =7+ A2,
(4.2) DyxN = —n(xT, 2),
for any Z € T(TM).
Proof. Let M be a submanifold of E”. Then, by using the fact that the

position vector field is a concurrent vector, we find from Gauss’ and Weingarten’s
formulas that

Z=Vx=Vx +h(x",2) - AnZ + DyxV

for any Z € T'(TM), where V is the Levi-Civita connection of E""!. Hence, by
comparing the tangential and normal components of the last equation, we obtain
formulas (4.1) and (4.2). O

Lemma 4.2. A proper hypersurface M of E"** (n > 2) is a concircular
hypersurface if and only if either

(1) M is an open portion of a hyperplane L™ of E™*1 such that o ¢ L", where
o is the origin of E"1, or

(2) M is an open portion of a hypersphere S™ such that the origin o of E™1 is
not the center of S™.

Further, M has constant concircular function ¢ =1 in case (1); and M

has non-constant concircular function ¢ =1+ (H,x) in case (2).
Proof. Let M be a concircular hypersurface of E"1. Then we have

Vzx! = ¢Z with a concircular function ¢. Combining this with (4.1) gives
(4.3) ANZ = (p—1)Z, ZeT(TM),

which shows that M is totally umbilical in E"*1.

Consequently, M is either an open portion of a hyperplane L™ or an open
portion of a hypersphere S™ depending on M is totally geodesic or not totally
geodesic.

From (2.4) and (4.3) we have

(4.4) Vox! =1+ (H,x"))Z, ZeT(TM),
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where H is the mean curvature vector of M.

Suppose that M is an open portion of a hyperplane L™. Then o ¢ L"
since we have x # z! according to Definition 3.5. Also, in this case it follows
from (4.4) that Vzx? = Z. Thus M has constant concircular function ¢ = 1.

If M is an open portion of a hypersphere S™. Then we know that the
center of S"~! is not the origin of E"*! due to x # x. Thus, in this case, it is
easy to show that the concircular function ¢ =1+ (H,x) of M is non-constant.

Conversely, if M is a hypersurface given either by case (1) or case (2),
then it follows easily from (4.4) that M is a concircular hypersurface. O

Lemma 4.3. Let M be a concircular submanifold of a Fuclidean m-

space E™ with codimension > 2. Then there exists a local coordinate system
{s,ug,...,upn} of M such that

0 0 0
(a) e P and <88’ 8uj> 0 for j N 7%

(b) %<XN,XN> =0forj=2,...,n;
j

0
(c) pr=p(s) and -(x",x") = 2u(s)(1 = 4/(5));
(d) Axn = (1/(s) — 1)1, where I denotes the identity map.

Proof. Assume that M is a concircular submanifold of E™ with codi-
mension > 2. Let us define the unit vector field e; and the function yu on M
by

(4.5) x!' = pey, p=|x].
We may extend e; to a local orthonormal frame ey, ..., e, on M. Since x* is a
concircular vector field on M, we derive from (3.4) and (4.5) that
(4.6) ©Z =Vzx' = (Zp)es + uVzer, Z € T(TM),
where ¢ is the concircular function of x*. From (4.6) we find
(4.7) et =@, Veer =0,
(4.8) ejp =0, Ve = %ej, ji=2,...,n.
If we define the connection forms wi, i,k = 1,...,n, by

(4.9) Vzer =Y wi(Z)ei, k=1,....n,
=1
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then (4.8) and (4.9) yield
(4.10) wi(ej) = %@-k, G k=2,....n,
where 4, denote the Kronecker deltas.
Let us put
D = Span{e; }, Dt = Span{ea, ..., e, }.

Then it follows from (4.10) that D' is an integrable distribution. Moreover, we
know from the second equation in (4.7) that D is an integrable distribution whose
integral curves are geodesics of M and hence D is a totally geodesic distribution.

Therefore there exists a local coordinate system {s,ua,...,u,} on M such that
0 0 0

4.11 = — and Dt =9 — e, ¢

(411) ‘=5 M batl { duy’ " Quy, }

Hence we have statement (a) of the lemma.
From (4.7) and (4.8) we find

(4.12) p=p(s), p=p'(s), p=_(xe1).
Thus, by applying (4.3) and (4.12), we get
(4.13) AnNZ = (p(s)—1)Z,

which gives statement (d).
After applying (2.4) and (4.13), we find

(4.14) (h(Z,x"),xN) = (A Z,xT) = (' (s) — 1) (Z,xT).
On the other hand, it follows from (4.2) and (4.14) that
(4.15) Z<XN,XN> =2 <DZXN,XN>
= -2 <h(xT, Z),XN> =2(1—4'(s)) (2, XT> ,
which implies statement (b).
Finally, we see from (4.15) that <xN xN > is a function depending only
on s. This if we choose Z = —, then we obtain statement (c) from (4.12) and

Js
(4.15). O

Lemma 4.4. If M is a concircular submanifold of a Fuclidean m-space

with codimension > 2, then M is locally a warped product I X s Q with warping

function p, where @ is a Riemannian manifold, p = \XT| and xT = ,u&.
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Proof. If M is a concircular submanifold of a Euclidean space, then it
follows from [6, Theorem 3.1] that M is locally a warped product I x .,y N with

warping function f(s) for some Riemannian manifold N such that s is parallel
s

to x”.

Since the metric tensor of I Xy N is

(4.16) g =ds® + f*(s)gn,
the Levi-Civita connection V of M satisfies
0 d(nf)

4.17 Vy— = v
(4.17) Vs ds
for any tangent vector V of N (see, e.g., [10, 13]).

On the other hand, (4.6) and (4.12) imply that the Levi-Civita connection
of M also satisfies

0 d(lnp)
4.18 — =
(4.18) Vs ds
Hence, after comparing (4.17) and (4.18), we obtain (In f)’ = (Inpy)’, which
implies f(s) = Au(s) for some nonzero constant A. Consequently, M is lo-

cally a warped product I x ., ¢ such that the metric tensor of @) is given by

9gQ = )\2 gnN- Od
The next lemma is an easy consequence of Nash’s embedding theorem
[12].

Lemma 4.5. For sufficiently large integer m, every Riemannian manifold
M can be isometrically immersed in the unit hypersphere ST1(1) of E™ centered
at the origin o € E™.

Proof. Nash’s embedding theorem states that every Riemannian man-
ifold can be isometrically embedding in a Fuclidean k-space E* for some large k.
Clearly, E¥ can be isometrically mapped into a flat k-torus 7% in S2*~1(1) c E?*,
Therefore, for sufficiently large m, every Riemannian manifold can be isometri-
cally immersed into the unit hypersphere S™1(1) of E™ centered at the origin. O

5. Main results. The following main result completely classifies con-
circular submanifolds.

Theorem 5.1. Let M be a proper submanifold of a Fuclidean m-space
E™ with origin o. If n = dim M > 2, then M is a concircular submanifold if and
only if one of the following three cases occurs:

(i) M is an open portion of a linear n-subspace L™ of E™ such that o ¢ L.
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(ii) M is an open portion of a hypersphere S™ of a linear (n+ 1)-subspace L™

of E™ such that the origin of E™ is not the center of S™.

(iii) m > n+2. Moreover, with respect to some suitable local coordinate systems

{s,ug,...,up} on M the immersion x of M inE™ takes the following form:
(5.1) x(s,ug, ..., up) = \/2pY(s,ug,...,uy), (Y,Y)=1,

where Y : M — ST 1(1) C E™ is an immersion of M into the unit hyper-

sphere S™1(1) such that the induced metric gy via Y is given by

2
(5.2) gy = p4pp ds® + Z gij(u, ..., up)du;du;.
1,j=2

where p = p(s) satisfies 2p > p'> > 0 on an open interval I.

Proof. Assume that M is a concircular submanifold of E™ with n =
dim M > 2. If M lies in a totally geodesic E"! of E™, then we obtain (i) or (ii)
according to Lemma 4.2. Hence from now on we may assume that m > n + 2.

Since M is a concircular submanifold, Lemma 4.4 implies that M is locally

0
a warped product I x5 @ such that 75 is parallel to x', where W= |xT| and
S

@ is a Riemannian (n — 1)-manifold. Thus the metric tensor of M is

(5.3) g = ds® + 11 (s)gq,
where
n
(5.4) 9gQ = Z Gij (UQ, e ,un)duiduj
1,]=2

is the metric tensor of (). Moreover, we also know that

(5.5) X" = pu(s) o

It follows from (4.5) or (5.5) and Lemma 4.3(3) that

= P b P =g 2 ()1 — ().

S0

Hence we have
(5.6) x|* =2p >0,
where p(s) is an anti-derivative of u(s), i.e., u(s) = p/(s). If we put

(5.7) F(s) = \/2p,



Differential geometry of concircular submanifolds 45

then, according to (5.6), the position vector field of M takes the form:
(5.8) X(5, 13,y tn) = F(5)Y (5,03, ., ),

where Y : M — S™1(1) € E™ is a map of M into the unit hypersphere S™ (1)
centered at the origin o. Clearly, from (5.7) and (5.8) we have

ox 0 ox
. —=—=Y +/2pY;, — =+20Yu,, J=2,...,n.
(59) 68 \/% + PLs, auj p Uz J ’ )T
Also, we find from (5.3), (5.9), (Y,Y) =1 and p’ = u that
20 — /12
<}/;>}/;> = ;)47;)7 <}/;7Yu]> =0,
(5.10) 1”
<Yu¢>Yuj> = % <Xuiaxuj>7 4J=2,...,n.

So, we conclude from (5.3) and (5.10) that the induced metric tensor gy of the
spherical submanifold defined by Y is given by

2p o pl2 pl2 n
(5.11) gy = WdSQ + 2— Z gij(UQ, ... ,un)duiduj.
ij=2

Clearly, in order that gy to be well-defined, it requires that 2p > p> > 0.

Conversely, we know from Lemma 4.2 that submanifolds given by (i) and
(ii) are concircular submanifolds.

Next, we would like to prove that a submanifold defined by (5.1) and (5.2)
in (iii) gives rise to a concircular submanifold. In order to do so, let us assume
that p = p(s) is a function satisfying 2p > p’> > 0 on an open interval I. We also
assume that @ is a Riemannian (n — 1)-manifold with metric tensor gq.

Let us consider the warped product P = I x () with the warped product

metric:

p/2

20—p” 5
= d —J3go.
s+ 2ng

12 —
(5.12) grp 4p?

According to Lemma 4.5, for a sufficient large integer m, the warped product
(P, gp) admits an isometric immersion:

(5.13) Y : (P,gp) — ST (1) cE™

into the unit hypersphere S7~!(1) of E™ centered at the origin o.
Let us define the map z : I x Q — E™ by

(5.14) x(s,ug, ..., up) = /2p(s) Y(s,ua,...,up),
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where {ug,...,u,} is a local coordinate system of Q. It is easy to verify from
(5.12) and (5.14) that the induced metric tensor on I x @ via x is given by
(5.15) g =ds*+p'(5)gq.
A direct computation shows that the Levi-Civita connection of (I x @, g) satisfies
0 o p'(s) 0
5.16 Voo=0 Vo 2 i=2...n
(5.16) % 0s au s p'(s) Ou; "
Also, it follows from (5.14) that the position vector field x of x satisfies
ox
1 —:\/QY. | =2,...
(5 7) 88 2 S u] P Ujo J ) ,
Therefore we obtain
0
5.18 T=p(s)=.
(515) X7 = p(s) 5

By using (5.16), (5.17) and (5.18), it is easy to verify that Vyx! = p"(s)Z
holds for every Z € I'(T'M). Hence the immersion of I x @ into E™ via (5.14)
is a concircular immersion whose concircular function is given by ¢ = p”(s).
Consequently, (5.1) together with (5.2) gives rise to a concircular submanifold in
E™. O

6. An explicit example of concircular surfaces in E*. Theo-
rem 5.1 shows that there exist ample examples of concircular submanifolds in
Euclidean spaces.

The following provides one explicit example of concircular surface in E*.

3
Example 6.1. If we choose n = 2 and p(s) = §32, then the function

defined by (5.7) becomes F = ?s. Thus (5.11) reduces to

3
(6.1) gy = —ds + - du

Let us define Y : I} x Iy — S3(1) € E* to be the map of I} x I» into S3(1) given
by

(6.2) Y(s,u) = % (cos (% In s),sin (% In s),cos (@u),sin (@u))

Then the induced metric tensor of I; x I via the map Y is given by (6.1).
Therefore P? = (I x I, gy) with the induced metric tensor gy is a flat surface.
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Consider z(s,u) : I x Iy — E* given by z(s,u) = F(s)Y (s, u), i.e.,

(6.3) x(s,u) = QL\?; (cos (% In s),sin (% In s),cos (@u),sin (@u))

Then it is easy to verify that the induced metric via x is

9
4 — ds? 4+ —s2du>.
(6.4) g=ds” + 6S du
Hence the Levi-Civita connection of M = (I; x Io, g) satisfies
0 o 10

(6:5) Veas =" Véies  sou
Using (6.3) and (6.4), it is easy to verify that the tangential component

3 0
x! = Zsa— of the position vector field x is a concircular vector field satisfy-

s

3
ing Vyx! = ZZ for Z € TM. Consequently, M is a concircular surface in E?.
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