Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica
Mathematical Journal

Cepauka

MareMaTnuyeCcKo CIIMCAHUE

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Serdica Mathematical Journal
which is the new series of

Serdica Bulgaricae Mathematicae Publicationes
visit the website of the journal http://www.math.bas.bg/~serdica

or contact: Editorial Office

Serdica Mathematical Journal

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



Serdica Math. J. 43 (2017), 221-266 Serdica
Mathematical Journal

Bulgarian Academy of Sciences
Institute of Mathematics and Informatics

TRUNCATED ESTIMATION METHOD
AND APPLICATIONS

Tatiana V. Dogadova, Marat I. Kusainov, Vyacheslav A. Vasiliev

Communicated by P. Jagers

ABSTRACT. This paper presents an estimation method of ratio type func-
tionals by dependent sample of fixed size. This method makes it possible to
obtain estimators with guaranteed accuracy in the sense of the Lo,,-norm,
m > 1.

As an illustration, some parametric estimation problems on a time in-
terval of a fixed length are considered. In particular, parameters of lin-
ear continuous-time and non-linear discrete-time processes are estimated.
Moreover, the parameter estimation problem of non-Gaussian Ornstein—
Uhlenbeck process by discrete-time observations with guaranteed accuracy
is solved.

In addition to non-asymptotic properties, the limit behavior of presented
estimators is investigated. It is shown that all the truncated estimators have
rates of convergence of the estimators they are based upon. These estimators
are used for the construction of adaptive predictors for dynamical systems
with unknown parameters.
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The problem of asymptotic efficiency of adaptive one-step predictors for
stable discrete- and continuous-time processes with unknown parameters is
considered. The proposed criteria of optimality are based on the loss func-
tion, defined as a linear combination of sample size and squared prediction
error’s sample mean. As a rule, the optimal sample size is a special stopping
time.

1. Introduction. The main purpose of this paper is to present applica-
tions of the truncated estimation method in order to construct optimal adaptive
predictors for the stochastic processes related with discrete and continuous-time
dynamical systems. The proposed procedures are based on the so-called truncated
estimators which have been developed in order to estimate ratio type functionals
from a wide class by dependent observations and by samples of fixed size so that
they had guaranteed accuracy in the sense of the Lo,,-norm, m > 1. Examples
of parameter estimation problems of discrete and continuous time systems on a
time interval of a fixed length are considered.

It is shown that truncated estimators may keep asymptotic properties
of the estimators they are based upon. One of the many useful applications of
estimators with the said quality is adaptive prediction for dynamical systems
with unknown parameters. It is then possible to optimize the risk function which
is a linear combination of sample mean of mean-square deviation of predictors
and sample size. The risk function of such structure was proposed in [3], see also
references therein.

According to Ljung’s concept the prediction is a crucial part in construct-
ing complete probabilistic models of dynamical systems (see [24, 25]). A model is
considered to be useful if it allows to make predictions of high statistical quality.
Models of dynamical systems often have unknown parameters, which demand
estimation in order to build adaptive predictors. The quality of adaptive predic-
tion explicitly depends on the chosen estimators of model parameters. Possible
estimation methods include the classic stochastic approximation, maximum like-
lihood, least squares and sequential estimation methods among others. The first
three methods provide estimators with given statistical properties under asymp-
totic assumptions, when the duration of observations tends to infinity (see, e.g.,
[1, 36]). The sequential estimation method makes it possible to obtain estimators
with guaranteed accuracy by samples of finite but random and unbounded size
(see, e.g., [4, 9, 15, 16, 17, 18, 23, 27, 29, 30, 33, 34, 35, 37| among others).

Both approaches do not guarantee prescribed estimation accuracy when
using samples of non-random finite size and lead up to complicated analytical
problems in adaptive procedures.
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Results in non-asymptotic parametric and non-parametric problems can
be found in [28, 37] among others. In particular, they investigated non-asymptotic
properties of the LSE-estimator for the scalar first-order autoregressive process.

At the same time, the more modern truncated sequential estimation
method yields estimators with prescribed accuracy by samples of random but
bounded size (see, e.g., [5, 8, 13, 14, 34, 35]). However, at the moment this ap-
proach is developed for scalar dynamic systems only. The truncated estimation
method was introduced in [40] as a modification of the truncated sequential es-
timation one. Truncated estimators were constructed for ratio type multivariate
functionals by samples of fixed size and have guaranteed accuracy in the sense of
the Lo,,-norm, m > 1 (see also [41]).

The requirement of both good prediction quality and reasonable duration
of observations is formulated as a risk efficiency problem. The criterion is given by
certain loss functions and optimization is performed based on it. The loss function
describing sample mean of squared prediction errors and sample size as well as
the corresponding risk was examined in [38, 39] in application to scalar AR(1).
Later the results of those papers were refined and extended to other stochastic
models in [11]. There was considered a risk function defined on the basis of
squared estimation error of sequential estimator of the dynamic parameter. A
modified stopping rule was proposed, enhancing the result of [38]. In the two
papers on risk efficiency problems mentioned above the least squares estimators
and sequential estimators of unknown parameters were used.

In this paper we construct and investigate real-time predictors which only
use past values of the process. Such an approach leads to some technical diffi-
culties but is more closely related to real applications. We consider the problem
of minimization of the risk function associated with predictors of values of the
process and size of a sample. It should be noted that first truncated parameter
estimation method was applied for construction of adaptive optimal predictors
of VAR(1) in [22]. Here we apply this method for more complicated stochastic
systems. Among the processes considered are stable multivariate discrete time
AR(1), ARMA(1,1) and RCA(1), as well as continuous time diffusion and time
delayed processes. The proposed procedure is shown to be asymptotically risk
efficient as the cost of prediction error tends to infinity.

2. Truncated estimation method. General results. Let (2, F,
P) be a probability space with a filtration {F;} in discrete or continuous time
and let f; and g, be {F;}-adapted random processes, where f; and g; is s X ¢-
dimensional matrix and scalar function respectively.
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Let

(1) Yy = fr/gr

be an estimator of a matrix W. For instance, the matrix ¥ can be a ratio

V=Fflg

and fr and gr are estimators of matrix f and number g respectively.
Consider the following modification of the estimator Wr:

(2) Ur(H) = Vr - x(lgr| > H),

where H is a function H = Hyp, defined below and the notation x(A) means the
indicator function of set A.

Our main aim is to formulate general conditions on the processes fr, gr
and on the parameter H giving a possibility to estimate ¥ with a guaranteed
accuracy in the sense of the Lo,,-norm, m > 1.

Define for some @p(m), wr(p), H and g, the function

1 R

Vr(m, p, H) = Tom er(m) + WU}T(H),

as well as for positive integer p < m and a positive monotonously decreasing
function Hp, the function

Vrlp) =27y (‘OT@) FHF o (m) - wf (u)> RIPP-(g — Hr) P wr(u)

and the time Ty = inf{T" > 0: Hr <|g|}.

Theorem 2.1. Assume for some values m and p there exist positive
functions or(m) and wr(p), decreasing to zero, as well as a value g such that
the following assumptions hold

(i) Elfr — Ygr|*™ < er(m);

(i) E(gr — 9)* < wr(p).

Then, the estimator Vp(H) defined in (2) has the following properties

(a) in the case of known number g for every H € (0,]|g])

E[Or(H) — W™ < Vp(m, p, H);
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(b) in the case of unknown g for every (possibly slowly decreasing to zero)
positive function H = Hr and every positive integer p, satisfying for some m >
1and p>1

mp
— <
m-—p
it holds .
E| T (H) — W% < Vp(p), T >Th.

Remark 1. If the number g in Theorem 2.1 is unknown but a positive
lower bound g, for |g| is known, then the parameter H in the definition of the
truncated estimator (2) should be taken from the interval (0, ¢g.) and the number
lg| in the definition of the function Vr(m, u, H) should be replaced by g..

Proof of Theorem 2.1 is similar to the proof of Theorem 1 from [40]
formulated for the discrete-time case.

3. Parameter estimation. Examples.

3.1. Discrete-time systems.

3.1.1. Estimation of parameters of a stable first order scalar autoregres-
sion. Consider the process satisfying the following equation

(3) Tp = ATp-1+&, n=>1,

where noises &,, n > 1 are i.i.d. zero mean random variables with finite (for some
even number v > 2) moments 027 = E€27, as well as Emgﬂ’ < oo and [N < 1.
Consider the estimation problem of X and o2 = E§,21 with a guaranteed
accuracy.
In what follows, C' will denote a generic non-negative constant whose
value is not critical (and not necessarily the same throughout the paper).

a) Non-asymptotic estimation of A
We define the estimator of the type (2) with "= N on the basis of the
least squares estimator (LSE) of the form (1)

1 N
N TnInp—1

AN = , N>1.

n=1
L&,
N Z Tp—1
n=1
According to general notation, in this case we have

U=\ Uy=\y,
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1 & 1 &
In=+ > a1, gN = N > an
n=1 n=1
and ‘ilN = S\N,
(4) AN = Ay - x(gn = H).
Using the equality

o? 1

N N
n=1 n=1

gN

which can be obtained from (3), we can find the limit (see [37, 40])

0.2

1— )2
All the conditions of Theorem 2.1 hold, hence

— for the case of known o2 and 0 < H < o2

) O e

g= lim gy = Py, —as.
N—o00

N > 1;

— for the case of unknown o2 we put H = (Hy) (e.g., slowly decreasing
function) from Theorem 2.1 in the definition (4) of the estimator Ay and for N
large enough, we have

Here § = (), o2, 0?7).
For the parameter estimation with a guaranteed accuracy we have to know
that, e.g., 8 € ©, where © = {# = (\, 02, 0?): [\|<r <1, 0< o <o? <7}
In this case we can find the known functions

on(m) =suppn(m,0) and wyx(m)=supwy(m,0)
0cO 0cO

such that
sup Eo(fn — Agn)*™ < By (m),

Sup Eo(gn — 9)*™ < Wn(m).
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In general, for 0 < H < o2, we have

c c

(6) Slép E@(S\N — A" < Nm + NZm N >1.
In particular, for v =2 and m =1,
< 72)? e 1 r2C 1
Es(An — N2 < @) " —t
e A [ mE T e | N e

b) Non-asymptotic estimation of ¢

Consider the estimation problem of the noise variance o2 in the model
(3) under the assumption v = 4 (0® < oo, Ez§ < o0).

In the definition of the LSE type estimator &]2\[ defined as

N
1 -
6% = = D (@n = Anwno1)?, N 2>1,
n=1

we use the estimator Ay of A, which is defined in (4) and has known non-
asymptotic properties (6) for m =1 and m = 2.
Thus, we have obtained estimator of o2 with a guaranteed accuracy:

C
supEg(6% —0?)* < —, N>1.
o N

It should be noted, that this estimator is asymptotically equivalent to the
corresponding LSE. In particular, it has optimal rate of convergence as N — oo.
Full proofs of results of this section can be found in [40].

3.1.2. Estimation of parameters of a stable ARARCH(1,1). Consider the
process satisfying the following equation

Tpn = )\.’En,1 + 0(2) + 0-%11%71 : 6?17 n > 17

where noises &,, n > 1 are i.i.d. zero mean random variables with the variance
equal to one and finite fourth moment o* = Eﬁil, as well as Exé < 00.
Define the LSE Ay of A of the form:

1 N
N TnIn—1
Ay = —=
N 1 N 2
N Z Lhn—1
n=1

) NZL
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which is strongly consistent under the following stability condition
(7) M 460207 + (02)%0? < 1.

a) Non-asymptotic estimation of A
According to general notation, in this case we have

U =A, ‘IINZS\Na

1 & 1 &
In= N Zfb‘nwn—b IN =N 293721—1
n=1 n=1
and ‘ilN = S\N,
(8) AN = Ay X(gy > H).
Define for some known numbers r € (0,1), o2, 73, o3, and 75 the set

O ={0=(\o5,01): N+6\0{+(01)’0" <7, 0§ <0f <TG, of <of <TH}

2
ThenforO<H<1g02andeveryNZl
— o7
< 1 (1—o%)? 1
Eo(Ay —N\)? < —1 —.
PR NS TN T o = o HRE

It should be noted, that the rate of convergence of the obtained upper
bound is the same as the rate of the LSE and is optimal.

b) Non-asymptotic estimation of o3 and o?

We will construct estimators with guaranteed accuracy on the basis of
correlation estimators:

1b)  of of with known o% :

2b)  of o} with known o :
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which are strongly consistent under the condition (7), see, e.g., [26].
Define estimators for considered cases

. 1 N
1b) 55(N) = N D k= (AN)? + o)zl s
n=1
L3 (a2 o)
~ N n=1 " 0 * \2
) GAN) = =L Ylon = H) — (i),
% 2_3133721—1

where .
Ay = Proj_1 1jAN;
Ay and gy are defined in (8).

Similar to the previous sections, the upper bounds for the MSE’s of these
estimators with known constants Cy and C; can be found
C
() supEg(G3(N) —03)* < =,
©0

=

where 89 = {0 = (A, 05) : X' +6X°07 + (07)°0" <105 < 05 < T} and

(i) supEg(E3(N) - a?)? < 5L,

h N

where ©1 = {0 = (\,07) : M +6)\%07 + (03)%0! <7103 <0? <73}, re(0,1).
Full proofs of results of this section can be found in [40].

3.1.3. Estimation of parameters of a stable first order VAR(1). We apply
in this section the presented general truncated method for estimation of matrix
parameters in multivariate systems.

Consider the p-dimensional process (p > 1) satisfying the following equa-
tion

9) z(n) =Az(n—-1)+&(n), n>1,

where noises {(n), n > 1 are i.i.d. zero mean random column vectors with the
variance matrix ¥ = E£(n)¢’(n) and finite moments of the order 8(p — 1), as well
as E[|lz(0)[|**~Y < oo and the stability condition for the process (9) is satisfied,
i.e. all the eigenvalues of the matrix A lie in the open unit circle.

It should be noted, that under these conditions there exist finite numbers

o2™ such that

sup Eallz(n)|[*™ < 03", 1<m <4(p-1),

n,No
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where Ag is a compact set from the stable region of (z(n)).
Consider the estimation problem of A with a guaranteed accuracy.
We define the estimator of the type (2) on the basis of the LSE of the
form (1)
Ay =Gy Oy, N>1,

where
_ 1 N
Gy = NGN’ Gy = Zx(n —1Da'(n—1),
n=1
1 N
Dy = N(I)N’ Oy = ;x(n)x/(n -1), N>1
Define the matrix
Gx=BNGy, Ay =det(Ty).
According to the general notation, in this case we have
V=4, Uy=Ay,
fNZENaxa gN:ZN?
and \i/N = /N\N,

Ay = Ay x(gn > H).
It is easy to verify that with Pj-probability one

lim Gy =F and lim Ay=A>0,
N—o0 N—o0

where F' is a positive definite p X p-matrix (see, e.g., [1, 12]).
Then
f=AA, g=A.
It can be shown, see [40] that there exists a given number Cy such that
for every N > 1,
A *x 2 CO
sup ExJiy — AP < 5.
A€y
Ag is a compact set from the stable region of the process (9).
Consider the case of unknown Ay.

Define the number Ny = max {p, {eAiQJ } .

Let the truncated estimators Axy be defined as follows

(10) IN\N:AN~X(ZNZHN), HNZIOgil/Q(N-i-l).
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Lemma 3.1. Assume the model (9) and let for some integer m > 1 the

conditions
E[IE(1)][*™ < 00,  E[|2(0)[*™ < oo

be true. Then the truncated estimators Ay satisfy
(i) for1 < N < Ny
EallAy =A™ < G
(ii) for N > Ny

Clog™ N

(11) EallAy — AJP™ < =

For Proof of Lemma 3.1 see Section 4.1 in [22].

Remark 2. Note that the truncated estimator of the parameter of the
scalar first-order autoregression considered in Section 3.1.1 has simpler structure
and a little stronger basic property compare (11) to (5).

3.1.4. Estimation of parameters of a stable first order multivariate random
coefficient autoregressive model. Consider a stable p-dimensional vector random
coefficient autoregressive process (VRCA(1)) satisfying the equation

(12) w(k) = Ap_rz(k — 1)+ £(k), k> 1,

Aw =A+n(k), k>0.

The parameter matrix A of size p X p is unknown, processes (£(k)) and (n(k —
1)) are mutually independent and form sequences of i.i.d. random vectors and
matrices respectively for which

S =EL1)E (1) >0, of =E[¢Q)|* < oo,

Sy = En'(0)n(0) >0, E&(1) = En(0) =0.

Here ¥ > 0 denotes that X is positive definite in the sense of quadratic forms,
i.e. y'Sy > 0 for every constant vector y # 0. For the process to be stable it is
required that the matrix A = EAJ? = A®%+En®?(0) be stable (i.e. its eigenvalues
lie in the open unit circle), where Y2 =Y QY.

We define the estimator of the type (2) as follows

(13) Ay =Aix (B > Hy), k>1,
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where
A :é,ﬁ;l, k>p, and A;=0, i=0,p—1,
N L.
Hy=log Y?(k+1), Gi= - ;x(i)x'(i -1),
_ 1< _ _
(14) Fr=1 D a(i—1)a(i— 1), Ag =det(Fy).

i=1
Using formula (12) it can be shown that almost surely

lim F,=F and lim Ay =A >0,

k—o00 k—o00

where F' is a positive definite p X p matrix.
Define the number £y = max {p, LeA_QJ } .

Lemma 3.2. Assume the model (12) and let for some integer m > 1 the
matric EAE)@4mp be stable, let also the following conditions hold

E€(1)[["™ < o0,  E[(0)]*" < cc.

Then for the truncated estimators Kk it holds
(i) forl1<k <k

(15) EollAx — A|*™ < C;
(ii) for k > kg

Clog™k

(16) e

Here Ey denotes expectation under the distribution Py with the given
parameter 0 = (Ai1, ..., App, Xy, ag).
See Appendix for the proof of lemma.

3.1.5. Estimation of parameters of a stable first order multivariate auto-
regressive moving-average model. Consider a stable p-dimensional vector
ARMA(1,1) process satisfying the equation

(17) w(k) = Aa(k — 1) + €(k) + ME(k — 1), k> 1,
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where A and M are p x p stable matrices. We assume the parameter A to be
unknown and M to be known. The random vectors (k) for k > 1 are i.i.d. with
zero mean and finite variance o = E||¢(1)]|%.

Let the truncated estimators of the autoregressive parameter A be based
on the following Yule-Walker type estimators

A =3,G.', k>2 Ag=A =0,

where

B 1 k B 1 k

Bp=1— ;m(i)x’(i -2), Gi=7— ;x(z —1)2'(i — 2),
and have the form
(18) Ay = Mpx (1B%| > Hy), k> 2.

Here A}, = det(G},) and Hy, = log™"/? k. It can be shown that the limit (in almost
sure sense) A = klim Ay is nonzero if the matrix G defined as
—00

G=AF+MS, F=>Y A"S(A)",
n>0

(19) Y =ASM +MSA + 2+ MM, ¥ =E&(1)¢(1)

is non-singular.
Define the number ky = max {p, {eAfQJ } )

Lemma 3.3. Assume the model (17) and let for some integer m > 1 the
conditions
E€(1)|*™ < o0,  E[(0)]*™ < oo

be true. Assume also that the matriz G is non-singular. Then the truncated
estimators Ay satisfy
(i) forl1<k<k

(20) Eoll A — A" < C;
(ii) for k > ko

Clog™k

(21) EllAp — AP < =%



234 T. V. Dogadova, M. 1. Kusainov, V. A. Vasiliev

Here 0 = ()\11, ey )‘ppa H11, -y Hpp, 0'2).
See Appendix for the proof of this and next lemmas.

Lemma 3.4. Let for some integer m > 1 the following conditions hold
E[0)*"P ) < 00, E[lz(0)[|*"*+) < oo,

also let the matrices 3 and G be non-singular. Then the following holds
(i) for1<k<k

(22) Eo|| My — M|*™ < C;
(ii) for k > ko
~ m . Clog™k
(23) Eol| My — M|*™ < e

3.2. Continuous-time systems.
3.2.1. Parameter estimation of a stable Ornstein—Uhlenbeck process. Con-
sider the model

(24) dxy = axydt + dw, t >0

with an unknown parameter a, where xy is zero mean random variable with
variance 08 and finite moments of all order, (w;) is a standard Wiener process,
xo and (wy) are mutually independent. Suppose that the process (24) is stable,
i.e. the parameter a < 0. Note that in this case for every m > 1

sup Ez?™ < oo.
t>0

We define the truncated estimators of the unknown parameter a

S
[ zyda,, s
(25) as = %X(/widv > slog™* s), 5> 0,
[x2dv
0

constructed similarly to the discrete-time case [40] on the basis of the maximum
likelihood estimator.
The estimator a; has the property
E(a; —a)? <

QA

Proof of this property can be found in [6].
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3.2.2. Parameter estimation of a multivariate diffusion process. Consider
the model

(26) dx(t) = Ax(t)dt +dW;, t>0

with an unknown p X p matrix parameter A, where x(0) is zero mean random vec-
tor with variance matrix Xy and finite moments of all order, (W;) is a multivariate
Wiener process with independent components, 2(0) and (W;) are mutually inde-
pendent. Suppose that the process (26) is stable, i.e. all the eigenvalues of the
matrix A have negative real parts. Note that in this case for every m > 1

|2m

sup E||z() || < oc.
>0

Consider the estimation problem of A with guaranteed accuracy.
Define the estimator of the type (2) on the basis of the LSE of the form (1)

L =G By, T >0,

where
. T
@T = —GT, Gr = /l‘(t)x/(t)dt,
T
6 (I)T, /J} 2 t , T > 0.
0
Define the matrix
6; = ZT@;, ZT = det(@T).
According to the general notation, in this case we have
U=A, Ur=Af,
fr=GCpor, gr=1Ar
and Uy = Al
(27) Ny = Np - x(Br > H).

Using stability of the process (26) it is easy to verify (see, e.g. [42]) that
with Pj-probability one

lim Gr=F and lim Ap=A >0,
T—oc0 T—00
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where F' is a positive definite p X p matrix.
Then
f=NA, g=A.

We show in Appendix that there exists a given number C such that for
every T' > 0

. C
(28) sup Epl|Ar — A2 < =2,
A€y T

where Ay is a compact set from the stable region of the process (z(n)).

3.2.3. Parameter estimation of one-parameter delay differential equation.
Assume w = wy, t > 0 is a real-valued standard Wiener process, b is a real number
and x = (24, t > —r) is a solution of the stochastic delay differential equation

(29) da:t = b.’Et,T + dwt, t 2 0

with some fixed initial condition z; = Xo(t), ¢t € [—r, 0], where Xy(+) is a cadlag
stochastic process independent of w(-). Note that the process (29) is stable when
the parameter b € (—7/2r, 0), see [10].

The solution = of (29) exists, it is pathwise uniquely determined and can
be represented as (see, e.g., [10, 31])

0 ¢
xy = xo(t) Xo(0) + b/mo(t —s—7r)Xo(s)ds + /:L‘o(t — 8)dws, t>0.
0

-

Obviously, it has continuous paths for ¢ > 0 with probability one and,
conditionally on Xy(-), = is a Gaussian zero mean process. Here zo(t), t > —r
denotes the so-called fundamental solution of the deterministic equation

Zo(t) = bxo(t — ), x0(0) =1 and zo(t) =0, te€[-r0).

The truncated estimator of the unknown parameter b can be defined on
the basis of the MLE as follows

¢
fl‘vfrdxv ¢
(30) by = —-——x /mgrdv >tlog tt], t>r
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Define the number o3 = /x%(v)dv.
0

Estimators (30) have the properties (see Appendix)

Clog®™t

rm

(31) E(b; — b)*™ < m > 1.

Estimation problems for stochastic differential equations with time delay
have been considered using asymptotic and sequential approaches in a few papers
up until now — see, e.g., [10, 17, 18] and the references therein.

3.2.4. Parameter estimation of a stable non-Gaussian Ornstein—Uhlenbeck
process by discrete-time observations. The results presented below allow statis-
tical inferences for continuous-time stochastic systems by finite sample size of
observations. Moreover, one of the main assumptions is a discrete scheme of ob-
servations. It corresponds to numerous real situations, in particular in problems
of financial mathematics.

Consider the following regression model

(32) dz(t) = ax(t)dt + de(t), 0<t<T

with an initial condition z(0) = x¢ having finite moments of all order. Here
E(t) = pW(t) + p2Z(t), p1 # 0 and p2 are some constants, (W (t), t > 0) is a

standard Wiener process on a probability space (2, F, {Fi}+>0, P), adapted
Ny

to a filtration {F;}>0, Z(t) = ZYk, where Y}, k > 1 are i.i.d.r.v.’s with finite

k=1
moments of all order and (IV;) is a Poisson process with the intensity A > 0.

It should be noted that for po = 0 the process (32) is an Ornstein—
Uhlenbeck process.

We assume that the unknown parameter lies within the interval a €
[—A, —0], where 6 and A > ¢ are known positive numbers.

The problem is to estimate the parameter a by observations of the discrete-
time process y = (yx)

k

yk =z(tg), tx=-T, k=0,n.
n

Using the representation for the solution of the equation (32) we get the
recurrent equation for the observations (y):

(33) Yk = byk—l + Tk, k= ]-7n7
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ti
where b = ¢/ p, = / ¥ =5)d¢ () are iid.r.v.’s with
te—1

1
B =0, 0% := Dami = o (p1 + Ap3) 0" = 1].

Moreover, for this model all the moments ¢*™ = E,ni™ are finite and

there exist their upper bounds 7™ = sup o2, m > 1.
a<—4§
Define the estimator a,, of a with a guaranteed accuracy using an estima-

tor by, of b as follows

(34) iy = %bgz}n, n>1,

where the estimator by, is constructed on the basis of the LSE b,, obtained using
the equation (33)

by, :l;n~x(gn > H)+ Lx(gn < H), IA)n = &

n

Here L = [¢7T/" 4 ¢=AT/"] /2,

1« 1
fa= =D ket gn= - Ui
k=1 k=1

and the number g is defined as

Then the estimator b, has all the properties of the estimator A, defined
in (4). In particular, according to Theorem 2.1, which holds for this model for
all m > 1 and p > 1, the following inequalities

(35) sup Eq(by — b)*" <

a<—0 nm nt
for an arbitrary 0 < H < o2 hold, where

1 _
P= s A1 -7, r=e

S
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and numbers C(m), C(u) are known.
Using (34) and (35) it is easy to verify the following property of estimators
an for every m > 1and p > m:

sup  Eq(an — a)?™ < (nT—1eBT/m)2m {m + M} , n>1
a€[~A,—4) nm nt

Proofs of results of this section can be found in [40].

4. Optimal adaptive prediction.

4.1. Discrete-time systems.

4.1.1. Optimal adaptive prediction of VAR(1). Consider the problem of
optimal adaptive one-step prediction for the vector process (9). It is well known
that the optimal in the mean square sense one-step predictor is the conditional
expectation of the process with respect to its past, i.e.

2P (k) = Ax(k —1), k> 1.

Substituting A with its estimator Aj, defined in (10) one obtains the one-step
predictors of the form

(k) = Apqz(k—1), k>1,
for which the corresponding prediction errors have the following form
e(k) = a(k) = (k) = (A = Ay—p)a(k — 1) + £(k).

Let e?(n) denote the sample mean of squared prediction error
1 n
3W=5ZWWV
k=1

Define the loss function 4
L, = =é*(n) +n,
n

where the parameter A(> 0) is the cost of prediction error. Such a loss function
formulates the problem of choosing between empirical mean-squared prediction
accuracy versus costs of increasing the sample size. Define the risk function

A
R, = EgL, = —Epc*(n) + n.
n
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Here 0 = (A1, .-, A\pp, 0°), where o = E|[|£(1)]%.
Using the property (11) it can be shown that

A
R,~ =c*+n
n

if E[|€(1)]|®” < oo, E[|2(0)]|* < co. Minimization of this expression by n yields
the optimal sample size of the form

(36) ngy = AY%o
and the corresponding approximate minimal risk value
Ryo, ~ 2AY %0,

where o := Vo2

The requirements can be further refined to E[|£(1)]|*” < oo, E[lz(0)[|* <
oo by using projg Kk instead of Kk, where B is a closed ball that contains the
stability region of the matrix parameter A.

However the expression for n9 is of little practical use as it contains the
unknown parameter o. For this reason one replaces optimal sample size n% with
an estimate of the following form

(37) Ty = inf {n > A1/25n},

n>na

where n 4 is the initial sample size depending on A and specified below,
IR R <
52 = - > (k) — Apa(k — 1)
k=1

The modified risk takes the form

1
Ra=EgLy, = AEgT—GQ(TA) +EgTa.
A

Theorem 4.1. Let E[£(1)]|®7™ < oo, E[|z(0)[|*™ < oo and na in (37)
be such that

na=o0(AY?) as A— oo, ns>max{ky, A"log? A}, re[2/5, 1/2).
Then the following holds

Tx EoT'4 R4
—~ ——1 Pg-as., e
ny A—oo ny A—oo Rn"A A—o0
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For proof of Theorem 4.1 see Section 4.2 in [22].
Assertions of Theorem 4.1 establish the asymptotic equivalence of T4 and
n%, as well as of R4 and Ryq .

Remark 3. Note that similar result holds for the scalar first-order au-
toregression under lower restrictions to the model’s parameters (see Remark 2).

Since in Section 3.2.3 the observed process satisfies the scalar equation of
first-order autoregression then similar result on adaptive optimal prediction can
be obtained by using the estimators presented in Sections 3.1.1 and 3.1.3.

4.1.2. Optimal adaptive prediction of VRCA(1). Consider the problem
of optimal adaptive one-step prediction for the VRCA(1) process (12). The pre-
dictions and prediction errors are defined as follows

(k) = Apqa(k—1), k>1,
where Ay, is defined in (13),

e(k) = a(k) = T(k) = (A = Ap_1)a(k — 1) + 0k — Da(k — 1) + £(k),

HOEES S OIS
k=1

The loss and risk functions are
A A
L,==¢*(n)+n, R,=—Epe*(n)+n.
n n

Using the property (16) it can be shown that if E|&(1)* < oo,
E||2(0)||®” < oo and the matrix EA?SP is stable then

A

R, ~ —0? +n,
n

where
o? = Jg + tr(X,F).

The optimal sample size then has the form analogous to that of (36)

n9y = AV?g.
Define the stopping time
(38) Ty= inf {n>a'%,},
n>na



242 T. V. Dogadova, M. 1. Kusainov, V. A. Vasiliev

where n 4 is some function of A defined below and
o 1I$ <
52 = - > (k) = Apa(k — 1)
k=1

Denote 1
Ry =EgLr, = AEGT_€2(TA) +EgTa.
A

Theorem 4.2. Let E||£(1)]|*™ < oo, E[|z(0)[|*™ < oco. Let also n in
(38) be such that

na=0(AY?) as A— oo, ns>max{ky, A"log? A}, re[2/5, 1/2).

Then the following holds

T EoT. R
(39) 1 Ppas, e A
ny A—oo ny A—oo Rnf’4 A—o0

for every 0 € ©Ogpi4, where ©,, = {0 : EAJ™ is stable, 0 < ag, 0,2] < 00}
See Appendix for the proof of theorem.

4.1.3. Optimal adaptive prediction of VARMA(1). Consider the problem
of optimal adaptive one-step prediction for the VARMA(1,1) process (17). As-
sume that the matrix parameter M is known. Then the predictions and prediction
errors are defined as follows

(k) =Ap_1z(k—1)+ME(k—1), k>1,

e(k) = a(k) = (k) = (A = Ap-n)a(k — 1) + M(E(k — 1) = £(k — 1)) + &(k),

where the estimators A, were defined in (18) and

JOED (—M)i (2 (k — i) — Aga(k — 1 — ).
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Analogously to the previous subsections, if E[|€(0)||®” < oo, E[lz(0)[|* <
00, then it can be shown that

A
R,~ =0c?+n
n
and the optimal sample size is
n% = AY%g.

The corresponding approximate minimal risk value is
R”fix ~ 24Y%5.
If o is unknown one defines the stopping time of the form

(40) Ta= inf {n>a'%,},

nzng

where n 4 is a function of A defined later, and the estimator of the parameter o>
is defined as follows

52 = Jp% zn:(j M) vec[(x(k) _ an(k — 1)) (g;(k) — Knx(k — 1))/]’
k=1

where
Jp = (Ji)1xp2 Ji = {1, i=14+((—-1)(p+1)forl=1,p; 0 otherwise}.

Here (j;)1xp2 denotes a row vector of the length p? with elements j;.
Define

1
Ra = AEg—¢*(T4) + EoTa.
Ta

Theorem 4.3. Let E||£(1)]|%7™ < oo, E[|z(0)||*P™ < oco. Let also n in
(40) be such that
na=o0(AY?) as A— oo, ng>max{ky, A"log? A}, re[2/5, 1/2).
Then the following holds
T EoT,
A 61'A Ra

2 51 Py-as., 1, — 1.
ny A—oo n?‘l A—o0 Rnf’4 A—o0

Proof of Theorem 4.3 is analogous to that of Theorem 4.1. See also [20],
where Theorem 4.3 is proved in a more specific case of uncorrelated and identically
distributed components &;(k), j = 1,p of noises £(k). This condition allows one
to use a simpler form of the estimators &2 and apart from that difference the
proofs are identical.
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4.2. Continuous-time systems.
4.2.1. Prediction of the Ornstein—Uhlenbeck process. Consider the model

(24). The problem is to construct a predictor for x; by observations z' % =

(s)o<s<t—vu which is optimal in the sense of the risk function introduced below.
Here u > 0 is a fixed time delay.
Using the solution of (24) we obtain the following representation

(41) Ty = A0ty +&tp—u, t2>u,
t
where &4, = / et dw,, A = ™. Applying properties of the Ito integral it

t—u
is easy to make sure that

1

Egt,tfu - 07 02 = Eth,tfu = %

A2 —1].

Optimal in the mean square sense predictor x? for x; is the conditional
mathematical expectation of z; under the condition of /™" which can be found
by (41)

a:(t) = ALt_y, t2>u.

Since the parameters a and A are unknown, we define the adaptive pre-

dictor

(42) Tt = M—ult—u, t2>u,
where A\ = ¥, a4, = PIOj(—o0,0)0s, estimator as is defined in (25).
Define the prediction errors of 2 and Z; as

0_ 0_
e =Ty — Ty = &t t—us

er =2t — T = (A= M—w) Tt + &t t—us >0

Now we define the loss function

t

e2ds and the parameter A > 0 is the cost of prediction error.
u

We also define the risk function R; = EL; which has the following form

4
t

~ | =

where €%(t) =

Ry = —Ee*(t) +t
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and consider optimization problem

R — mtin.

For the optimal predictors :1:? it is possible to optimize the corresponding
risk function

A Ac?
(43) RY=E (7(60(75))2 + t) = To +t— mtin,

In this case the optimal duration of observations 79 and the corresponding
value of R,? are respectively

(44) TY = A2o, Riq = 2420,

where o := V2.
However, since a and consequently ¢ are unknown and both Tg and R%o
A

depend on a, the optimal predictor can not be used. Then we define the estimator
T4 of the optimal time T as

(45) Ta=inf{t >ts:t>AY?0,,},

where t 4 := AY2.log™! A = 0(A'/?). Here 0, := y/0? is the estimator of unknown
o, where

1
(46) of =50 [\ 1]

and 6, is the truncated estimator of § = o' defined as follows

1

0: =a; ' x[as < —log™'t], t>0.

Estimators a;, A\; and oy, which are used in adaptive predictors, have the
properties given in Lemma 4.1 below which will be proved in Appendix.

Lemma 4.1. Assume the model (24). Then the estimators a;, A\¢ and
oy are strongly consistent. Moreover, for t —u > sg := exp(2|a|) the following
properties hold

C
(47) E(a; — a)® < m
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and
C
(48) E(\ — AN < = P>l
C'log?”t
(49) E(} —0?)? < —2—, p>1L.

Analogously to [22, 39] and [38], our purpose is to prove the asymptotic
equivalence of T'4 and Tg in the almost surely and mean senses and the optimality
of the presented adaptive prediction procedure in the sense of equivalence of R%
and the obviously modified risk

— 1
(50) Ra=A-E—¢*(Ta) +ETh.
Ta
Theorem 4.4. Assume the model (24) and ta that is defined in (45).
Let the predictors &; be defined by (42), the times Tg, Tx and the risk functions
RY. R defined by (44), (45) and (43), (50) respectively. Then for every a < 0

Ty ETy

A
—— ——1 Pg—a.s., = — 1, =~ — 1.
TA A—oc0 RA A—oo

Proof of Theorem 4.4 can be found in [7].

4.2.2. Prediction of the multivariate diffusion process. Consider the model
(26). The problem is to construct a predictor for x(t) defined in (26) by obser-
vations 2'™" = (2(s))o<s<¢t—» Which is optimal in the sense of the risk function
introduced below. Here u > 0 is a fixed time delay.

Using the solution of (26) we obtain the following representation

(51) z(t) = Bx(t —u) + & p—u, t>u,

t
where &4 = / A aw,, B = el Applying properties of the Ito integral

t—u

it is easy to verify that

u
E€iiu =0, o%:amfuﬁz/wéw%a
0
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Optimal in the mean square sense predictor z°(t) for z(t) is the conditional
mathematical expectation of z(t) under the condition of 2!~ which can be found
using (51)

29(t) = Bx(t —u), t>u.

Since the parameters A and B are unknown, we define the adaptive pre-
dictor

(52) (t) = By_yx(t —u), t>u,
where B;_,, is the estimator of B defined as follows
Bt = eAt“,

where Ay = proj AO[Xt, Ay is a compact set from the stability region of the process
(26), A; is defined in (27).

Denote the prediction errors of 20 and &; as

(1) = a(t) = 2°(t) = &,
e(t) = x(t) — 2(t) = (B — Br_w)x(t —u) + & pu, t>u.
Now we define the loss function
A
L; = 752(75) +t, t>u,

where .
_ 1
(1) =5 [ lle()lPds

and the parameter A > 0 is the cost of prediction error.
We also define the risk function R; = EL; which has the following form

A
R, = ?EEQ(t) +t
and consider optimization problem
R; — mtin.

For the optimal predictors 2°(t) it is possible to optimize the correspond-
ing risk function
Ac?

(53) R)=E (é(eo(t))2 + t) = +t— mtin,
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In this case the optimal duration of observations Tg and the corresponding
value of R? are respectively

(54) T9 = Azo, RYq = 243,

where o := V2.

However, since A and consequently o are unknown and both 7 and R

depend on a, the optimal predlctor can not be used in practice. We define the
estimator T4 of the optimal time T9 as

(55) Ta=inf{t >ts:t>AY26,,},

where t4 := AY2.1og™! A = 0(A'Y/?). Here 6, := /02 is the estimator of unknown

o2, where
u
:/||eAtsH2ds.
0

Estimators A, B; and &; that are used in the adaptive predictors have
the properties given in Lemma 4.2 below which will be proved in Appendix.

Lemma 4.2. Assume the model (26). Then the estimators Ay, By and
6+ are strongly consistent. Moreover, for t large enough the following properties

hold

C
(56) E[[A; — Al < —

tP
and

C
(57) E||B; — B||* < w P>l
C'log?”t

(58) E(62 — 022 < ‘;75 p> 1.

Analogously to [22, 38, 39], our aim is to prove the asymptotic equivalence
of T4 and Tg in the almost surely and mean senses and the optimality of the
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presented adaptive prediction procedure in the sense of equivalence of R% and
the obviously modified risk

— 1
(59) Rao=A-E—¢*(Ty) +EThx.
Ta

Theorem 4.5. Assume the model (26) and ta that is defined in (55).
Let the predictors &; be defined by (52), the times Tg, Ty and the risk functions
RY. R4 defined by (54), (55) and (53), (59) respectively. Then as for every a < 0

T ET R
4 41 Pg-a.s., A —1, 4

— — — 1.
Tg A—o0 Tg A—00

R_E)4 A—o0
The proof of Theorem 4.5 is similar to that of Theorem 4.4.

4.2.3.  One-parameter delay differential equation. Consider the model
(29). We construct optimal and adaptive predictors for the process (29). Optimal
in the mean square sense predictor is the conditional mathematical expectation

zt(k) (t —u) = E(x¢|zi—u),

which satisfies the following equation

t—(u—r)At t
zt(k) (t—u)=x4—y+0b / Ty_rdv + b / zl()o_)krdv +
(60) t—u t—(u—r)At
k—1 t—r 4
+b / zl(f_)(k_i)Tdv, kr <u<(k+1)r, t>u.
t

1

~.
I

Here a A 8 denotes the minimum between « and S.
Since the parameter b in the definition of the optimal predictors zt(k) (t—
u) is unknown, we define the adaptive predictor by formula (60) replacing the

unknown b with b,_,,, where b,_,, is the projection

br—u = Proj(_z /27,01 bt—u

of the truncated estimator of the parameter b which is proposed in (30).
o

Define the numbers 0(2) = /x%(v)dv and sg = max{r, eXP(USZ)}-

T
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Denote the adaptive prediction error and rewrite it in the form
egk)(t —u)i=xy— 2t(k)(t —u) =) + égk)(t —u),

where €Y (t — u) = zy — E(xy|z4_,,) and égk) (t—u) = zt(k) (t—u)— z?t(k) (t —u). Then
for every fixed k > 0 the following limit inequalities hold

T (k) _ V)2 _ 12

lim t(E(e; " (t —u))” —op) < C.

t—o00

If it is known that b € [bg, b1], —7/2r < by < by < 0, then for t —u > s; =

= max{r,exp(o;?)} , where % = , %glfb }ag the non-asymptotic property is ful-
€1%0,01

filled C

E(e™(t —u))? — 02 < -

These properties mentioned in [6] can be used to prove optimality in the
sense of considered above risk functions.

4.2.4. Stable non-Gaussian Ornstein—Uhlenbeck process by discrete-time
observations. Results presented in Sections 3.2.4, 4.2.1 make it possible to solve
the prediction problem for the process defined in (32) in every point.

For some u € (0,1] define the numbers s = (k — 1+ u)h, h =T/n. We
introduce the process

z=(2)kz0, 2= x(sk)-

Using the representation for the solution of the equation (32) we get the
equation for the observations (zk, yx)

Sk
(61) 2k = by Yk—1 + Moy Mhyu = / ek =D de (),

lk—1

1
by =e™"  Emp,=0, o.=En,= %(pf + Ap3) b2 — 1]

The adaptive optimal prediction problem can be solved similarly to Sec-
tion 4.1.1 for predictors

k
2k = buk—1Yk—1, buk—1="bur—1-X [Z yi > klog™! k] ;
i—1

where I;u,k_l is the LSE obtained from the equation (61).
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The risk function can be defined analogously to Section 4.1.1 with pre-
diction errors

€L :é’k—zk.

Properties presented in Theorem 4.1 hold for the predictors Z; as well.

Appendix.

Proof of Lemma 3.2 is similar to that of Lemma 3.1. For this reason
below we present those proof parts that are essentially different between the two.
See also [21] for the proof in scalar case.

For this proof we first need to establish the properties of Egz(k)z'(k).
Solving the equation (12) yields

k—1 1
ZHAk &k —1i —i—HAk ;2(0
1=0 j=1
and thus,
k—1 1
Epa(k)a' (k) = Eg > [ [ An—yé(k — )¢ (k — i) HA
=0 j=1
(62) )
+ Eg [ [ Av—j(0)2 HAk i
j=1
1
here products H are ordered, i.e. H A=Ay L # H A

j=k
To further break down the resulting expression we will use matrlx vector-
ization operator vec[-], which has the following property (see, e.g., [32])

(63) vec[VY Z] = (Z' @ V) vec|Y].
Applying vec[-] and its property (63) to (62), one obtains

k—1 i ®2
vec[Egz(k = Eo (HAk J> vec[X] +
=0

7 Jj=1

k ®2
+ Eg < H Ak]) vec[Ez(0)2'(0)].

j=1

(64)
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Using the Kronecker product’s property (S®@V)- (Y @ Z2) =S- Y@V -Z we

i ®2 i
have (H Ak_j> = H A?Ej and since n(k), k > 1, are independent, then

J=1 J=1

() v
j=1

where A = EA6®2. Recall that A is stable (see conditions in 3.1.4). This allows us
to simplify (64) in the following manner

k—1
/ ~ ~k / _
(65) vec[Egx(k)z' (k)] = ;A ec[X] + A" vec[Ez(0)z"(0)] =
= (I = R)Y (I = A vec[X] + A" vec[Ez(0)2' (0)].
Letting k£ — oo we get
(66) vec[F] = (I — A)~! vec[Y].

Using this equality as well as (65), it can be shown that

(67) Z |Egz(k)a' (k) — F)|I* < C.

68) = Z | tr(U(Egz(k — 1)2/(k—1) — F))| =0(n™"), n— .

Now we proceed to prove the first assertion (15) of Lemma 3.2. Denote
21 (k) = vec[z(k)z'(k)], k > 1. From (12) and (63) it follows that the equation
for z1(k) can be written as

z1(k) = AD? 2z (k — 1) + ex(k),

e1(k) = (£(k) ® Ap—1)z(k — 1) + (Ap—1 ®@ E(k))z(k — 1) + vec[§ (k)€ (K)].
p
Examine |z1(k)||1, where |[a]1 = Z |a;|. The condition necessary for
i=1
sup Eg||z1(k)||1 < oo is stability of the matrix EA$? as well as finiteness of £(1)
k>1
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and z(0) (see (65)). If we then consider the process z9(k) = vec[z1(k)z](k)],
which satisfies the equation

(k) = AP 2o (k — 1) + ea(k),
it turns out that sup Eg||22(k)[1 < oo, if the matrix AF? is stable and the fourth
k>1

moments of £(1), z(0) are finite. Continuing in this manner and using the fol-
lowing obvious inequality

sup Eg||z(k)||> < sup Eg|| vec[z(k)a' (k)]||1,
k>1 k>1

we find that conditions of the lemma guarantee

(69) sup Egllz(k)[|*™ < C, supEgAZ™ < C.
k>0 k>0

Using (69) one can verify the following inequality

(70) Eoll Ay — AJPP™ < Eql[CF ™ + [AIP"Po (B < Hy),

H2m

where

k
(p = anz—l z(i—1)x (2—1)—1—%25(2'):5/('&—1).

Since z(i — 1) and (i — 1) are mutually independent, the process (j)x>1 is, in
fact, a sum of two martingales. Thus, analogously to (4.4) in [22], it can be shown
that Egl|C,||*™ < C - k~™P. Then for k > p the inequality

Cln™k

() -

EollCL o |17 <

H2m

follows from Holder’s inequality, and hence (15) holds.
To tackle Eg(Aj, — A)?™, where A = det(F), one needs to determine
the properties of (F, — F). We will use the following identity

(72) vec[F] = (I — A®%)"!(vec[S] + 7 vec[F]),
where 7 = En®2(0). To obtain it we use the representation (66) as follows
(I — A®?) Y (vec[S] + vec[F]) = (I — A®?*) I (vec[S] + (I — A) ' vec[X]) =
=T - A" NI -NI -N)"+75I —A) 1) vec[s] =
1

= (I —A®)"HI - (A®?+7) +7)(I —A) P vec[Z] = (I — A) ! vec[S] = vec[F].
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Using the definition (14) of F it can be shown that
k
T T / ]‘ / /
(13)  Fr=AFpN +3+ > n(k—1)z(k—1)a (k—1)y/ (k—1) + Sk,
i=1

where

Sk = 7 (@(k)a' (k) — 2(0)2(0)) + myk + maok +may,

7| =

mik =

(EGE @) - ), mgk_kzg = 1AL,

7| =
Ik

1

-
I

Note that Sy has a martingale structure. One can show, analogously to (4.4) in
[22], that

(74) Eol|Sk|*™ < C - k~™.
Solving the equation (73) yields

Frp=) A" <z + = Zn (k=Dax(k—1)z' (k—1)n'(k—1) + Sk>(A’)”.

n>0

Applying vec]-] to both sides and taking into account its properties as well as the
identity (A™)®% = (A®?*)", one gets

k
vec[Fk]ZZ(A@)"vec[ Z (k—1)z(k—1)a' (k—1)n (k— 1)+Sk]:

1
n>0 k
L E
= (I — A®?H)™! <Vec[2] A Zn®2(k — 1) vec[z(k—1)2' (k—1)] + Vec[Sk])
From this representation and (72) it follows that

k
(75)  vec[Fy, — F] = (I — A®?)™! <% Z (n®?(k—1) vec[z(k—1)2’ (k—1)] —
i=1

k
— 7 Eg vec[z(k—1)a’ Z cc[Egz(k—1)x (k—l)—F]+vec[Sk]>.

zmH
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The first summand inside the parentheses is a normalized martingale, for which
the following holds, analogously to (74),

k

k:le Eg(Z (?7®2(k: — 1) veclz(k — 1)’ (k —1)] —
i=1
2m
— Egn®*(k — 1) vec[z(k — 1)2' (k — 1)])> < k%

The second summand is non-random. From (65)-(67) we get

1o

m"

o

k 2m
H%(Zﬁvec[Ega:(k—l)x/(k—l) —F]> <
i=1

Then from (75) as well as (69) and (74) it follows that

— C

(76) Bol|Fy — PII*™ < -2

The second assertion of Lemma 3.2 follows from (70), (71), Chebyshev’s inequality
and (76). Lemma 3.2 is proven. [

Proof of Lemma 3.3 is similar to that of Lemma 3.1. For such k that
G, is non-singular we can write

Ay

where i
== 12 i)+ ME(i—1)2'(i —2), Gy =Gy
Hence
e m = At 2m m N
(77) EgllAx — Al SHngHHCkaHZ + [[A[P™Py(Ay < Hy).
k

The martingale structure of Zk allows one to prove

Cln™k

= =+
|G I < =0

(78)

2m
Hk

and this together with (77) proves (20).
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To prove the second assertion (21) one needs to study the properties of
|G — G||. Using (17) we can write the equation for G, as follows

Gy =AFp_ 1+ M + Sy 1, Fp= Z A™(E + Sy 1) (A",
n>0

where 3 is defined in (19) and

Ra2 1 k4l
Sip =+ Zgz—1 (i —2) ZM (i —2)2/(i — 2) - X)),
Sk = %( (k)x' (k) — :1:(0)3:’(0)) +my i + m’l,k +maok + mék + mg g,
k
=2 3 (Aali = 1)+ MEG - D)€,
=1
Mog = — ZA (i—1)¢'(i—1) — )M,
1 1<
Mk = 7 D (EmHE ) -3) + z D OM(E(E - 1)g' (i — 1) — B)M
=1 =1

Then

Gr—G=AFp1—F)+ Sip1=A> A"Sy 1 (N)" + Sp 1.
n>0

For [|S;kl, 5 = 1, 2, analogously to (74), it can be shown that
Eg|lS; £]|*™ < C - k~™. Thus, since A is a stable matrix,

2m n|2 am C C
(79) E0lGk — GIP™ < o (S IAR) o< o
n>0

Then (21) follows from (77)—(79).
In case the noise covariance matrix ¥ is known and the matrix parameter
M is unknown, the estimators A can be used to estimate it as follows

(80) My = (Tyy — AT )71

where

e

Lor =

k
= 1 , Iy
; (i —1)a'(i — 1), FL;C:EZJ:(z—l)J:(z).
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Lemma 3.3 is proven. O

Proof of Lemma 3.4. Using the definition (80) of My we can write
its deviation as follows

k
My, — M = (% Z(A —Aax(i— D' (i — 1) + %Mﬁ(o)x’(o) +

=1
k
(81) —i—%Zf(z (i—1) ZM52—1 (i — 2)A +
=1
T A .
+EZM§(1—1)§(1—2)M +ZZ(§(2—1)§(1—1)—E)>E .
i=2 i=1

The last 4 summands in the parentheses (which we denote S, 5, j = 1,4) are
normalized martingales, for which the following can easily be shown Eg||S; x||*™ <

1 2m
EMf(O)m'(O) < Ck—m,

Ck™™. Observe also that by lemma’s conditions E

For the first summand in (81), using Holder’s inequality and properties
of the estimators Ay, we obtain for k > kg

2m

<

k
Z (A= Ap)z(i — D)’ (i — 1)

k
p+1
(EQHA e ) (

1
Z z(i—1)2'(i — 1)
which implies the second assertion (23) of lemma. When 1 < k < kg the property
(20) ensures that the boundary in the above inequality is some constant C, hence
the first assertion (22) of lemma. Lemma 3.4 is proven. O

amp+DN\ 75 O™ k
oo

w |

Proof of the property (28). Consider the deviation of the estima-
tor in the form

’ / ~ ’

Ap—A = (A7 =AY xlgr > H) = A - x(gr < H) =
=Gr Croxlgr > H) =N x(gr <H) =1 + I,

’

T
where (7 = %/ x(t)dW (t).
0
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We estimate the mathematical expectation using the Cauchy-Bunyakov-
skii inequality and the properties of the Ito integral

ElN* = EGr - Crll™ - 97 - x(97 = H) < H™ |G| - (7] <

_ e = c
< -2 \JEG - B < o

Similarly to [4, 12] we get

C
BB = Al P(gr < H) < [|A|*-P(lgr—g| > g—H) < C-E(gr—9)* < 7.

Thus the property (28) is proven. 0O
Proof of the property (31). Denote

t

t t
by — b= /xsdws//xzds - X /xzds>tlog1t —

T

t
—-b-x /$§d8<tlog_1t =1 + Is.
T

It is obvious that
E(bs — b)*™ = EI?™ 4+ EIZ™.

Consider each summand separately. Using Burckholder’s (see, e.g. [2])
and Holder’s inequalities, we obtain

2m t m

t
1 th 1 th 1 th
EIZ™ < 8 E /xsdws < 08 E /l‘2d8 <C 08 .
t2m t2m s tm

T T

o

For the second term, by Chebyshev’s inequality and for ¢t > max(r, exp("g ) ) we
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obtain
2m

t
EI3™ < b*™P / 2ids <log~'t| =
T

S

2m

t
1
=bp*"p (o2 - 7 /mgds > o2 —log™ 't <
T

¢ 2m
b 1
< — E|- [ 2%ds — o} <
(02 —log 1 t)2m t s

T

o)

m"

o~
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The last inequality follows from formulae (5.9)—(5.11) in [19]. The prop-

erty (31) is proven. O

Proof of Theorem 4.2 is similar to that of Theorem 4.1. Below are
those proof parts that are essentially different between the two. See also [21] for

the proof in scalar case.
From the conditions it follows that for 6 € ©g,14

sup Egl| (k)| < .
k>0

We now prove the first assertion in (39). Rewrite the estimators &2 in the

following form

oy = % D UE®N? + In(k = Da(k = D)%) + Wi + v,
k=1

1<, 2 ¢
Wo= =3 Rn = Ntk = DI, va=—
k=1 k=1

2SR+ 1 (b = )R — Ak~ 1),
k=1

Next we show that

(82) &/721 m 0'2 Pg—a.s.

=Syt — Dk - 1)-
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Using Chebyshev’s inequality and (16) we have for some 0 < § < 4+2p~ !
and every € > 0

Po(|A, — Al > €) < Egll Ay — A8 < CIn'*5 n - n~(F),

248

Therefore, the Borel-Cantelli lemma guarantees that the estimators A, are strongly

consistent. Together with (76) this yields the convergence W, Por25, ). Analo-
n—o0
gously it can be shown that v, Poras ),
n—o0

At the same time, from Kolmogorov’s strong law of large numbers, (67)
and the Borel-Cantelli lemma it follows that

LS UEHIP + Ik — Dtk ~DI?) —— 0> Poas
k=1

From this and from the convergencies of W, and I/n we have (82). Since, by
Pg-a.s.

definition (38), T4 A—> 00, and thus & UTA o o2, then

Th
A1/20' A—oo

1 Py-a.s.,

the first assertion of the Theorem is proved.

The second and third assertions in (39) are proved analogously to those
of Theorem 4.1 with m,, therein (see page 222 in [22]) having a different form,
namely

mn%Z(nsH?—ag Ztr n(k — Dar(k — )a'(k — 1)

k=1

—Egn(k—1)1 (k—1)x(k—1)a’ Ztr (Epz(k—1)2'(k—1) — F)),

which is a sum of two normalized martingales and a non-random function of n,
decaying as O(n™!) (see (68)). The martingale nature of m,, is what makes the
two proofs analogous. Theorem 4.2 is proven. O

Proof of Lemma 4.1. Properties (47),(48) are proved in [6].
Now we prove the assertion (49). To this end we consider the deviation
of the estimator (46)
1 1 1
2 =[50 D8 =11 300~ 11| = | 100 - 01 D - 11 +

o7 — o



Truncated estimation method and applications 261

1 1 1 1 1
+§9[A§ —1] - 5«9[/\2 - 1]‘ < 5\& — 0] + 5\«9\|/\f -\ < 5\& — 0|+ 0||N — N <

1 1 1
o + P xlar < —log™1 ] + Tl xlag > —log7 ]+ 0|Ae — A = I, + I + .
t

Considering each summand separately we obtain

a—a _ logt
|| = “| - xla < —log 1t]§Tj|a—at|.
Whence by property (47)
log?t

EI? < Clog? tE|a — as|*P < C—=—

By Chebyshev’s inequality, we get
EI? <C-Pla; > —log ' t) <C-Plag—a>—log 't —a) <

. a a a . a a . .
~ t g = (| ‘ 1 lt)2 t = P

To finish the prove of Lemma 4.1 it is enough to apply (48) for estimation of
EL. O

Proof of Lemma 4.2. The property (56) is proved above. Let us
prove (57). Estimate the norm

1B = Bl| = fle™ — M| < Jlet |- [leth N — 1 =

= [l 111 7 (A =AY < e ||.Z%:
k=1

k=1

uF A — AP

Au
= cu- A =AY <
e[l u- [[As — A 2ok S

< fle™f - u- Ay = Al et <O A — AL
Then the mathematical expectation

C

t—p.

E||B: — B|I*” < C-E[[Ay — A <
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We prove now the property (58). The deviation of the estimator has the form

u
ot =t = [ (1l = e s

Consider the integrand

!
HeAtsHZ AS||2 At+A e(AJrA )s}

tr e
{ (A+A") [e(AﬁA)H(A}A')s_[]}.
<

Using the trace property tr(AB) < ||A| - ||B]| and by the definition of the matrix

exponent, we obtain

e 12 = [l 2] < e@HAD3 | - fleemBs+(amDs _ ) <
! ! k
< [le 49| HZ S n - a)] s <
/ 1 ! !
< [le®A0s Zk, sF 1A= A) + (A = A <
k=1
A4 — sh1. 2k k-1
< et )SH'Q'S'HAt—AH'ZW'H(At—AH s
k=1 ’

<ds-e2Ms A, — Al - elAemA < oA, — AL
The last inequality uses boundedness of A;. Thus, we obtain

C

E(67 — o) < C- BllA — AP <

Lemma 4.2 is proven. O

Acknowledgment. The work I. of T. V. Dogadova, M. 1. Kusainov
and V. A. Vasiliev, as well as 3.1.3, 4.1.1 of M. I. Kusainov and V. A. Vasiliev,
and 3.1.4, 3.1.5, 4.1.2, 4.1.3 of M. I. Kusainov is supported by The Ministry of Ed-
ucation and Science of the Russian Federation, Goszadanie No 2.3208.2017/4.6,
also II, 3.1.1, 3.1.2, 3.2.4 of V. A. Vasiliev, 3.2.2, 3.2.3, 4.2 of T. V. Dogadova
and V. A. Vasiliev is supported by the Russian Science Foundation under grant
No. 17-11-01049 and performed in National Research Tomsk State University.



1]

[10]

[11]

[12]

Truncated estimation method and applications 263

REFERENCES

T. W. ANDERSON. The Statistical Analysis of Time Series. New York-
London-Sydney, John Wiley & Sons, Inc., 1971.

E. CARLEN, P. KREE. Lj,-estimates on iterated stochastic integrals. Ann.
Probab. 19, 1 (1991), 354-368.

H. CHERNOFF. Sequential analysis and optimal design. Conference Board
of the Mathematical Sciences Regional Conference Series in Applied Math-
ematics, No. 8, Philadelphia, STAM, 1972

A. V. DoBrovipov, G. M. KOSHKIN, V. A. VASILIEV. Non-parametric
State Space Models. Heber City, UT, Kendrick Press, 2012.

T. V. DogaDOVA, V. A. VASILIEV. Guaranteed parameter estimation of
stochastic linear regression by sample of fixed size. Tomsk State University
Journal of Control and Computer Science 26, (2014), 39-52.

T. V. DocAaDOVA, V. A. VASILIEV. Adaptive prediction of stochastic differ-

ential equations with unknown parameters. Tomsk State University Journal
of Control and Computer Science 38 (2017), 17-23.

T. V. DogapovAa, V. A. VASILIEV. On adaptive optimal prediction of
Ornstein—Uhlenbeck process. Appl. Math. Sci., 11, 12 (2017), 591-600.

D. FOURDRINIER, V. V. KONEV, S. M. PERGAMENSHCHIKOV. Truncated
sequential estimation of the parameter of a first order autoregressive process
with dependent noises. Math. Methods Statist. 18, 1 (2009), 43-58.

L. GAaLTCcHOUK, V. KONEV. On sequential estimation of parameters in semi-

martingale regression models with continuous time parameter. Ann. Statist.
29, 5 (2001), 1508-1536.

A. A. GuscHIN, U. KUCHLER. Asymptotic inference for a linear stochastic
differential equation with time delay. Bernoulli 5, 6 (1999), 1059-1098.

V. V. KonEv, T. L. LAL Estimators with prescribed precision in stochastic
regression models. Sequential Anal. 14, 3 (1995), 179-192.

V. V. KoNEV, S. M. PERGAMENSHCHIKOV. On the duration of sequential
estimation of parameters of stochastic processes in discrete time. Stochastics
18, 2 (1986), 133-154.



264

[13]

[14]

18]

[19]

[21]

[22]

23]

T. V. Dogadova, M. I. Kusainov, V. A. Vasiliev

V. V. KoNEv, S. M. PERGAMENSHCHIKOV. Truncated Sequential Estima-
tion of the Parameters in Random Regression. Sequential Anal. 9, 1 (1990),
19-41.

V. V. KoNEv, S. M. PERGAMENSHCHIKOV. On Truncated sequential es-
timation of the drifting parameter mean in the first order autoregressive
model. Sequential Anal. 9, 2 (1990), 193-216.

V. V. KONEV, V. A. VASILIEV. Sequential estimation of parameters of

dynamic systems in the presence of multiplicative and additive noise in ob-
servations. Avtomat. i Telemekh. 6 (1985), 33-43, (in Russian).

S. E. VOROBEICHIKOV, V. V. KONEV. On sequential identification of
stochastic systems. Izv. Akad. Nauk SSSR Tekhn. Kibernet. 4 (1980), 176—
182, 223 (in Russian).

U. KUCHLER, V. A. VASILIEV. On sequential parameter estimation for some
linear stochastic differential equations with time delay. Sequential Anal. 20,

3 (2001), 117-146.

U. KUCHLER, V. A. VASILIEV. On guaranteed parameter estimation of a
multiparameter linear regression process. Automatica J. IFAC 46, 4 (2010),

637-646.

U. KUCHLER, V. A. VASILIEV. On a certainty equivalence design of
continuous-time stochastic systems. SIAM J. Control Optim. 51, 2 (2013),
938-964

M. I. KusaiNnov. On optimal adaptive prediction of multivariate
ARMA(1,1) process. Tomsk State University Journal of Control and Com-
puter Science 30 (2015), 44-57.

M. I. Kusainov. Risk efficiency of adaptive one-step prediction of autore-
gression with parameter drift. Tomsk State University Journal of Control
and Computer Science 32 (2015), 33-43.

M. I. KusaiNov, V. A. VAsILIEV. On optimal adaptive prediction of mul-
tivariate autoregression.Sequential Anal. 34, 2 (2015), 211-234.

R. S., A. N. SHIRYAEV. Statistics of Random Processes. I. General Theory.
Translated by A. B. Aries. Applications of Mathematics, vol. 5. New York-
Heidelberg, Springer-Verlag, 1977.



[24]

[25]

[26]

[34]

Truncated estimation method and applications 265

L. Lyunag. System Identification: Theory for the User. Prentice Hall Infor-
mation and System Sciences Series. Englewood Cliffs, NJ, Prentice Hall, Inc.,
1987.

L. LJuNG, T. SODERSTROM. Theory and Practice of Recursive Identifica-

tion. MIT Press Series in Signal Processing, Optimization, and Control, vol.
4. Cambridge, Mass.-London, MIT Press, 1983.

A. A. MALYARENKO. Estimating the generalized autoregression model pa-
rameters for unknown noise distribution. Avtomat. ¢ Telemekh. 2 (2010),
128-140 (in Russian); English translation in Autom. Remote Control 71, 2
(2010), 291-302.

A. A. MALYARENKO, V. A. VASILIEV. On parameter estimation of partly
observed bilinear discrete-time stochastic systems. Metrika 75, 3 (2012),
403-424.

P. W. MikuLski, M. J. MONSOUR. Optimality of the maximum likeli-
hood estimator in first-order autoregressive processes. Journal of Time Se-
ries Analysis 12, 3 (1991), 237-253.

N. MUKHOPADHYAY, T. N. SRIRAM. On sequential comparisons of means
of first-order autoregressive models. Metrika 39, 3-4 (1992), 155-164.

N. MUKHOPADHYAY, B. M. DE SILVA. Sequential Methods and Their Ap-
plications. Boca Raton, F1, Chapman & Hall/CRC Press, 2009.

A. D. Myschkis, Linear Differential FEquations with Delayed Argument.
Moscow, Russia, Nauka, 1972 (in Russian).

D. F. NicuoLLs, B. G. QUINN. The estimation of random coefficient au-
toregressive models. 1. J. Time Ser. Anal. 1, 1 (1980), 37-46.

A. A. NOVIKOV. Sequential estimation of the parameters of the diffusion
processes. In: Résumé of Reports Presented at Sessions of the Seminar on
the theory of Probability and Mathematical Statistics of the Mathemati-
cal Institute of the Academy of Sciences of the USSR. Teor. Veroyatnost. i
Primenen. 16, 2 (1971), 394-396 (in Russian); English translation in Theory
of Probability and its Applications 16, 2 (1971).

D. N. Pouitis, V. A. VASILIEV. “Sequential kernel estimation of a mul-
tivariate regression function,” in Proc. of the IX International Conference



266

[42]

T. V. Dogadova, M. I. Kusainov, V. A. Vasiliev

“System Identification and Control Problems” SICPRO’12, Moscow, 2012,
996-1009.

D. N. Poritis, V. A. VAsSILIEV. Non-parametric sequential estimation of

a regression function based on dependent observations. Sequential Anal. 32,
3 (2013), 243-266.

H. ROBBINS, S. MONRO. A stochastic approximation method. Ann. Math.
Statistics 22 (1951), 400-407.

A. N. SHIRYAEV, V. G. SPOKOINY. Statistical experiments and decisions.
Asymptotic theory. Advanced Series on Statistical Science & Applied Prob-
ability, vol. 8. River Edge, NJ, World Scientific Publishing Co., Inc., 2000.

T. N. SRIRAM. Sequential estimation of the autoregressive parameter in a
first order autoregressive process. Sequential Anal. 7, 2 (1988), 53-74.

T. N. SrRIRAM, R. IACI. Sequential estimation for time series models. Se-
quential Anal. 33, 2 (2014), 136-157.

V. A. VASILIEV. A truncated estimation method with guaranteed accuracy.
Ann. Inst. of Statist. Math. 66, 1 (2014), 141-163.

V. A. VASILIEV. Guaranteed estimation of logarithmic density derivative
by dependent observations. In: Topics in Nonparametric Statistics (Eds M.
G. Akritas et al.). Springer Proc. Math. Stat., vol. 74, New York, Springer,
2014, 347-356.

V. A. Vasiuiev, V. V. KoNEV. On sequential identification of linear dy-
namic systems in continuous time by noisy in observations. Problems Control
Inform. Theory/Problemy Upravlen. Teor. Inform. 16, 2 (1987), 101-112.

International Laboratory of Statistics of Stochastic Processes
and Quantitative Finance

Tomsk State University

36, Lenin ave.

634050 Tomsk, Russia

e-mail: auroral900@mail.ru (Tatiana V. Dogadova)

e-mail: rjrltsk@gmail.com (Marat I. Kusainov)

e-mail: vas@mail.tsu.ru (Vyacheslav A. Vasiliev)

Received July 3, 2017
Revised February 12, 2018



