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ABSTRACT. Suppose s(z) : [a,00) — R is locally integrable with respect to
a Radon measure p on [a,00). The mean of s(z) with respect to u is defined

to be
t

) = g7 | s@ntda).

a

where F(z) = p(a,z]. A scallar [ is called the statistical limit of s(z) as
x — oo if for every € > 0,

lim Hz € (a,b) : |s(z) = | > e} =0.

b—oco b —a

This is denoted by st-lim s(x) = [. The following Tauberian theorems are
Tr—00

proved under mild assymptotic conditions on F'(t) and assuming that s(x)
is slowly decreasing with respect to F'(t).
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1. If flim 7(t) =1, then lim s(z)=1.

T—r

2. If st-lims(x) = [, then lim s(z) = 1.
x—00 T—r00

3. If st-lim7(¢) = [, then lim s(x) =1.
t—o0 r—>00

This work extends results obtained by F. Méricz and Z. Németh in [3] and
[4] for the case F(t) = log(t).

1. Introduction.

Definition 1.1. A number | € R, is called the statistical limit of s(x) :
[a,00) — R at infinity if for any € > 0,

(1.1) lim %\{xe (,b) : |s(z) —1| > e} = 0,

b—oo 0 — a

where |A| is the Lebesque measure of the set A. We write this as:

s;c—_l}(gl s(z) =1.

It is easy to work out a relationship between the ordinary limit and the
statistical limit. We omit the easy proof. The converse is not true in general.

Proposition 1.1. If le s(z) =1, then st;lim s(z) =1.

The converse of Proposition 1.1 is not true in general.

Definition 1.2. Let i be a Radon measure on |a,00) with pla,c0) = oo,
and let

F(t) := p(a,]

be its cumulative distribution function. For any s(x) : [a,00) — R, locally inte-
grable with respect to p, define the mean of s(x) with respect to u to be

(1.2) T(t) = % /s(x),u(dx), fort > a.

a

The following proposition and its proof are standard.

Proposition 1.2. If li_}m s(x) =1, then tlim T(t) =1
T—>00

— 00
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The converse of Proposition 1.2 is not always true, unless one imposes
additional conditions on the function s(x). Such conditions are called Tauberian
conditions, after the work of Tauber [1]. Sufficient conditions for the converse are
given in Theorem 2.1, which is the first main result of this work. We extend the
slowly decreasing condition proposed by F. Moricz in [3] to fit the definition of
the mean of s(x) with respect to p.

Definition 1.3. A function s(x) : [a,00) — R is said to be slowly de-
creasing with respect to F(t), if

lim liminf inf s(t) — s(x)) = 0.
A1t =00 F(2)<F(t)<AF(z)

We keep the term ‘slowly decreasing’ even though it is somewhat mislead-
ing since every increasing function s(z) satisfies Definition 1.3. More appropriate
description would be to say that s(z) is not quickly decreasing. We do not use
this definition directly but instead the equivalent characterization given below.
We include the proof for completeness.

Proposition 1.3. A function s(x) : [a,00) — R is slowly decreasing with
respect to F(t) if and only if for every € > 0, there exist A\g > 1, such that for all
A € (1, \g), there exists an xo > a, such that

(1.3) s(t) — s(x) > —¢,
whenever x and t satisfy F(xo) < F(z) < F(t) < AF(x).
Proof. Let

:= lim inf inf - :
a(A) = lim in F(x)gFlg)g)\F(x)(s(t) s(z))

It is easy to see that a()) is a non-increasing function on (1, 00). Indeed, for any
1 < A1 < A9 and a fixed x, we have

{t : F(x) < F(t) S MF(2)} C{t: F(z) < F(t) < \oF(x)},

implying that

inf t) — = inf t) — .
F(x)gFl(Itl)g)qF(x)(S( ) —s(x)) F(IKFI(I?)@QF(I)(S( ) —s(x))
Therefore,
a(A1) = liminf inf (s(t) — s(z))

z—00 F(z)<F(t)<\ F(x)
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T . B _
- hxrglogf F(x)gFl(?)fg)\QF(x)(S(t) s()) = alra),

which shows that a()) is decreasing.
Next, s(x) is slowly decreasing if and only if

lim a(A) > 0.

A1t

This means, for every € > 0, there exists Ay > 1, such that for all A € (1, Ag),

€
= ——.
an) > -
For each fixed A > 1, define
h(\ z) = inf t) —
(a)i= il (s(8) = a(a),

and

h(\ z) :=1inf{h(\,y) : y € [x,00)}.

Then, by the definition of limit infimum, we have

a(N) = lim A\, )

T—r00

for all A > 1. Thus, s(x) is slowly decreasing if and only if for every ¢ > 0, there
exists A\g > 1, such that for all A € (1, \g), there is z, such that

15
(1.4) v a) > -5

holds for all x > xg. But (1.4) is equivalent to h(A,z) > —e/2 and the result
follows from here. O

2. Main results. Recall that the function F' : [a,00) — R is non-
decreasing, right-continuous, and satisfies F'(a) = 0 and

lim F(z) = oco.

T—r 00

It is a standard practice to denote by F(z—) the left limit of F' at x. The main
results require that we impose one or both of the following two conditions on F'(t).

F.1) lim F(x)/F(z—) = 1.

T—r 00
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F.2) limsup F(\zx)/F(xz) < A for all A > 1 sufficiently close to 1.

T—r00

These conditions are met for broad classes of functions. It is clear that
if F'(t) is a continuous function, then F.1) holds. Condition F.1) is equivalent to
lim F(x—)/F(x) =1 or to
T—r00

lim F(z) — F(z—)

Z—00 F(x) =0.

The last limit says that the jumps of the function F'(x) increase at a slower rate
than F'(x). In particular, if F'(¢) has bounded jumps, then F.1) holds.
Proposition 2.1. Condition F.2) holds, whenever F(x) is concave.

Proof. The concavity of F' implies that for any x > a, there is a number
dy, called subgradient of F' at x, such that

F(y) < F(z) + dy(y — x) for all y > a.

The number d, may not be unique, but any choice z — d, gives a non-increasing,
function, see [5]. The fact that F'(¢) is non-decreasing implies that d, > 0. Thus,
for any A > 1, one has

F(\z) F(z)+d;(A— 1)z

11m su X 1msu = 111m su —_—
x~>oop F(«T) x%oop F(«T) x~>oop F(Q:)
. dy(N— 1)z . A=D1z
< timsp 1 ) =timup (14 A0
P T R td@—a)) P Ut

=\

where we used that F(a) =0. O

Examples of functions that satisfy the two conditions are t" for r € (0, 1],
log(t), and log(log(t)). A function F'(¢) does not need to be continuous to satisfy
the two conditions, see Subsection 3.4 for such an example.

Proposition 2.2. Suppose s(x) is slowly decreasing with respect to F(t).
If F(t) satisfies condition F.2), then s(x) is slowly decreasing with respect to t.

Proof. Fix € > 0. Since s(z) is slowly decreasing with respect to F'(t),
there exists Ag > 1 such that for any A\ € (1, \g) there is an g, such that

(2.1) s(t) — s(x) > —e,
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whenever F(zg) < F(z) < F(t) < AF(x).

Fix A € (1,A9) and let » > 0 be such that A + 7 € (1,
so that (2.1) holds, whenever F(zg) < F(x) < F(t) < (A +n)
larger, if necessary, so that, by condition F.2) we have F'(Ax) <
all z > xo.

Now, if x and t satisfy zp < < ¢t < Az, then F(zg) < F(z) < F(t) <
F(Az) < (A+n)F(x), so (2.1) holds. That is, s(z) is slowly decreasing with
respect to¢. 0O

Ao). Choose x
(). Choose zg
(A +n)F(x) for

The next theorem gives a sufficient condition for the converse of Propo-
sition 1.2.

Theorem 2.1. Suppose s(x) : [a,00) +— R is locally integrable with respect
to u and slowly decreasing with respect to F(t). If F(t) satisfies conditions F.1)
and
lim 7(t) =1,

t—o00

then
li =1.
2235 5%)
The next theorem gives a sufficient condition for the converse of Propo-
sition 1.1.

Theorem 2.2. Suppose s(x) : [a,00) — R is slowly decreasing with re-
spect to t. If
st-lim s(x) =1,

Tr—00

then
$1g£10 s(z) =1.
Combining Theorem 2.2 with Proposition 2.2 gives the following corollary,
which extends Theorem 1 from [4]. (Recall, that F(t) = log(t) satisfies condition
F.2).)

Corollary 2.1. Suppose s(z) : [a,00) — R is slowly decreasing with
respect to F(t). If F(t) satisfies conditions F.2) and

st-lim s(x) = 1,
T—00
then

$1g£10 s(z) =1
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Theorem 2.3. Suppose s(x) : [a,00) — R is locally integrable with respect
to u and slowly decreasing with respect to F(t). If F(t) satisfies conditions F.1)
and F.2), then 7(t) is slowly decreasing with respect to F(t).

In the last theorem, one may also conclude that 7(t) is slowly decreasing
with respect to t, invoking Proposition 2.2.

Corollary 2.2. Suppose s(x) : [a,00) — R is locally integrable with re-
spect to p and slowly decreasing with respect to F(t). If F(t) satisfies conditions
F.1) and F.2) and

st-lim 7(t) = [,

t—o00

then
xhﬁnrolo s(z) =1

Proof. By Theorem 2.3, 7(t) is slowly decreasing with respect to F(t),
and hence with respect to t, by Proposition 2.2. Thus, by Theorem 2.2, we have
lim 7(t) = [. Finally, Theorem 2.1 implies lim s(x) =1. O
t—o0 T—00

3. Examples.
3.1. (C,1) summability. This is the case when F(t) = ¢ for ¢ > 0.
Then we have

Since F(t) satisfies conditions F.1) and F.2), the three theorems apply.

3.2. (L,1) summability. Summability (L,1) is the case when F(t) =
log(t) for t > 1. Then we have

1 s(x)
= log(t)/1 I

Since F(t) is continuous and concave, conditions F.1) and F.2) hold. The three
theorems apply.

This particular case of Theorem 2.1 is given in [3, Corollary 1] and in this
particular case Theorem 2.2 and Corollary 2.2 are given in [4, Theorems 1 and
3].
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3.3. (L,2) summability. Summability (L,2) is the case when F(t) =
log(log(t)) for t > e. Then, we have

B 1 bos(x) .
() = log(log(t))/e xlogazd '

Since F(t) is continuous and concave, conditions F.1) and F.2) hold. The three
theorems apply.

3.4. (L, 1) summability of numerical sequences. Consider a numer-
ical sequence {s;},~; and the function s(x) : [1,00) — R defined by s(z) := 5[,
Fort > 1, let

[t] 1
k=1

then

&

RIS

F(t) &~ Tk

7(t) =

B
Il

Function F(t) satisfies condition F.1), since its jumps are all less than or equal
to 1. So Theorem 2.1 holds. This case was considered in [3, Corollary 3]. Using
the fact that
log([t] +1) < F(t) < log([t]) +1

one can show that condition F.2) also holds. Thus, all three theorems apply.

3.5. Stolz’ theorem. The classical Stolz’ theorem is a discrete version
of the L'Hospital’s rule. Let {a,}ro—; and {b,},—; be sequences of real numbers
such that {b,},—; is strictly increasing and converging to infinity. If

Gp — Anp—1

T

where [ € R, then
. (279
lim — =1.
n—oo n

This theorem is a special case of Proposition 1.2 if we set ag = by := 0, define

_ ] T )1

= , forz>1
O] = blaj—1

s(z

and for ¢ > 0, define
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Indeed,
1/t 1 ag L af
7(t) = — sS\x = — bk—bk, = —.
=5 [ 3 kzbk_bkl )=
Condition F.1) is satisfied if and only if
by —
lim =1 =1,
n—o0

n

while for F.2), we have the following sufficient criteria.

Lemma 3.1. The function F(t) = by satisfies condition F.2), whenever
for any integers k > m > 0, we have

bsk+k—1

) k
lim sup < —.
§—+00 sm m

Proof. Observe that it suffices to prove the inequality

b
lim sup "]

<A

only for rational numbers A > 1. (One can approximate an irrational A with
rationals from above and use the fact that {b,} is increasing sequence.)

So let A := k/m for some integers k > m > 0. Let n = ms + [, where
1e€{0,1,...,m —1}. We have

Oen /m b m b _
n—00 [n] §—00 b[ms+l] 500 b[ms}
< lim sup 2EsHh=1
§—00 bmg

This concludes the proof. O

In fact, we can say a little bit more.

Corollary 3.1. If the function F(t) = by satisfies condition F.1), then
it satisfies condition F.2), whenever for any integers k > m > 0, we have
bsk k

lim sup < —.
s—oc0  Osm m
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Theorem 2.1, gives a converse of the Stolz’ theorem if s(z) is slowly de-
creasing and F'(t) satisfies condition F.1). The slow decrease condition translates
into: for every € > 0, there is a A > 1 and NV, such that

Am —Qm—1  Qp — Ap—1
bm - bm—l bn - bn—l

> —¢,

holds, whenever by < b, < by, < Aby,.

3.6. L’Hospital’s theorem. Let f(z) and g(x) be differentiable func-
tions on [a,00). The classical rule of L’'Hospital states that if li_}m g(xz) = oo,
T— 00

g'(z) # 0, and

then

Without loss of generality, assume that f(a) = g(a) = 0. If g(x) is non-decreasing,
then this theorem is a special case of Proposition 1.2. Indeed, define

, forxz>a

and for ¢ > 0, define
F(t) = u(0,1] = g(2),

b tsx x N p _ /)
T“)‘g@)/a ”’“‘(d)‘gu)/af Wt =20

Condition F.1) is satisfied since F'(t) is continuous. Theorem 2.1, gives a converse
of the L’Hospital theorem: if f'(z)/g (x) is slowly decreasing with respect to g(z),
if g(x) is non-decreasing, lim g(z) = oo, ¢'(z) # 0, and if

T—00

then

~—

i 4@ _
(3.1) xhﬁnolo o) =1,
then
(3.2) lim 28

Z—00 g’(x)
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Recall that if if f'(x)/g’(x) is increasing, then it is slowly decreasing with respect
to any F'(t). Thus, we get two particular cases.

Suppose that f(z) is non- decreasmg and convex, while g(z) is non-decreasing
and concave. If hm g(a:) g (z) # 0, and if (3.1) holds, then (3.2) holds.

Suppose that f(x) is non-increasing and convex, while g(z) is non-decreasing
and convex. If h_>m g(z) = 00, ¢'(x) # 0, and if (3.1) holds, then (3.2) holds.
T—r 00

3.7. Slowly decreasing does not imply convergent. This example,
exhibits a continuous function s(x) that is slowing decreasing with respect to F'(x)
but has no limit as = approaches infinity. Suppose F(z) = x and s : [1,00) = R
be defined by

%%—1 if o € (227, 220,
S\T) =
) “omagr T2 ifwe (@2,

Fix € € (0,1), let \g = 14+ ¢/2 and zp > 1. Fix A € (1, \o) and let z,¢
satisfy g < x < t < Az, then t € (x, 3z/2).

If z € (227,22" 1] and t € (22",2*"*1] then since s(z) is increasing in
(2272271 e have s(t) — s(z) > 0 > —¢.

If z € (22",22" "] and t € (22", 22""2] then

t x 1 /A A
s(t)—s(m):—W—QTn—i-?)} 2%(2—1—1):6—1-3 (5—1-1)—1-3

€
—1-A=-S> ¢
5 €
If z € (221,227 %2) and t € (22"11,22"2] then

1 1 T €

If x € (22711 227%2) and t € (2272,22"%3)) then since s(x) is increasing
over the latter interval, we have

s(t) — s(z) > s(22"2) — s(x) > —e.

So, s(x) is slowing decreasing. However, it is clear that every point in
[0,1] is a limit point of s(x) at infinity.
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4. Proofs of the main results.

Proof of Theorem 2.1. Fix € > 0. The proof consists of two analo-
gous parts.

First, choose A > 1 so that Proposition 1.3 holds. By Lemma 5.1, part (2)
for any v € (1,A) there exists x¢ such that for all x > zg, there exists t > =
satisfying

vF(z) < F(t) < AF(z).

For \; := F(t)/F(z), we have 1 <~y < A\; < Aand F(t) = A\, F(z). Using Lemma
5.2, part (1) (with v:= \;, t := z, and t* := t), we have

limsup(s(z) — 7(x)) < limsup{ Ae (T(t) — 7(33))}

+ liinj&{p {ﬁ/ﬂg [s(u) — s(a:)]u(du)}
Since \
x v .
1< p— < po— and xlggo(T(t)—T(x)) =0

(recall that ¢ > x depends on z), we have

limsup { Ae () — ()} = 0.

r—00 )\x -1

Focusing on the integral, when u € (z,t], we have
(4.1) F(z) < F(u) < F(t) = A\ F(z) < AF(x).

Hence, by Proposition 1.3, we have s(u) — s(z) > —e. So,

limsup(s(z) — 7(z)) < limsup {(; /:u(du)}

T—00 T—00 )\a: - 1)F(l‘)
= ligs;p {m[F(t) - F(a:)]}

where we used the equality in (4.1).

Second, choose 0 < A < 1 so that Proposition 1.3 holds with 1/\. By
Lemma 5.1, part (4) for any v € (A, 1) there exists x¢ such that for all x > =,
there exists t < x satisfying

(4.2) AF(z) < F(t) < vF(z)
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Set Ay = F(t)/F(z), then we have A < A\; <y < 1 and F(t) = \;F(x). Using
Lemma 5.2 part (2) (with v := A\, t := =z, nd t* :=t), we have

lim inf (s(x) — 7(x)) > lim inf { T(t))}
+ hxrgg‘}f{ /;[s(x) - s(u)]u(du)}.
Since N ) |
0< 7250 < g and lim (r(a) —7(1)) = 0

(recall that t < = depends on x, but since F(z) approaches infinity as x does,
inequality (4.2) shows that ¢t approaches infinity in that case as well), we have

lim inf { - fax (r(z) T(t))} = 0.

T—r00

Considering the integral, when u € (¢, z], we have
(4.3) AF(2) < A\ F(z) = F(t) < F(u) < F(x) < (1/AN)F(u).

So, by Proposition 1.3, we have s(x) — s(u) > —e. Thus,

liminf(s(z) — 7(x)) > liminf {ﬁ /tx ,u(dU)}

00 T—00 )\x)
= li;r_l}ioréf {W[F(ﬂf) - F(t)]}
= —¢,

where we used the equality in (4.3).
Both parts of the proof, together show that

lim (s(z) —7(x)) =0

T—r00
and the result follows. O
Proof of Theorem 2.2. Fix € > 0. Choose A > 1 and xy > a so that
Proposition 1.3 holds for F'(t) =

Define inductively an increasing sequence {b,},-; as follows. By the
definition of statistical limit we can find a b; such that

|s(br) =l < e
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Suppose, b1, ..., b, have been chosen. Select, b, according to the following two
cases.
Case 1. If

|s(t) — 1| < e for some t € (VAbp, Aby],

then let b,11 be that ¢. (It does not matter which one if there is a choice.)
Case 2. Otherwise, we have

(4.4) |s(t) — 1| > & for every t € (V/Aby, Aby]
and by the definition of statistical limit we can find a b, > Ab, for which
|s(bny1) =1 < e

holds.
By construction, we have

(4.5) |s(bp) =l <eforalln=1,2,...

Since b1 > Vb, for all n, and A > 1, we have that the sequence {bn}ry
increases to infinity.

Suppose that in the constriction of the sequence, case 2 has been applied
infinitely many times. That is, (4.4) holds for infinitely many n. Then

1 Ao, — Vb, A=V
t Abn) :|s(t) = 1] > > =
)\bn _ a|{ E (a7 ) |S( ) ‘ E}‘ )\bn —a )\ _ a/bn

>1)\—\/X
2 A

>0

is a contradiction with the fact that the statistical limit of s(x) is . So, there is
an NV, such that for all n > N, we have

bps1 € (VAby, Aby].
Next, for any ¢ € (b, bp41], n = N, we have
bn <t < bn+1 < /\bn < At.

Thus, by Proposition 1.3, b, <t < Ab,, implies s(t) — s(b,) > —e, which together
with (4.5) gives

s(t) — 1= s(t) — s(by) + s(by) — 1 > —2¢.
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Similarly, by Proposition 1.3, ¢ < by < At implies s(by41) — s(t) > —e, which
together with (4.5) gives

s(t) — 1> s(t) — s(bps1) + s(bny1) — 1 < 2e.

So, |s(t) — 1] < 2¢ for every t € U (b, bny1], and using the fact that {b,}o

n=N
increases to infinity, concludes the proof. O

Proof of Theorem 2.3. We prove that if s(z) is slowly decreasing,
then 7(t) is also slowly decreasing. For any xg < x < t, one estimates

1 ¢ 1 z
L - / s(w)pldu)

x 1 t
= (e ~ ) [, Stmta) + 5 [ st
1

= J1+Jo+ J3+ Js.

We consider each one of the expressions J;, ¢ = 1, 2, 3, 4, separately.
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Considering Jj, we have

J1 = (%@ - ﬁ)xF(mo)s(j)

so, by Lemma 5.3, keeping in mind that « < ¢, we have

liminf J; >0
r—r00

| Ja| = (F(lx) - ﬁ) ‘ /:vo s(u)p(du)
(s~ 7) [ @t

Since the integral does not depend on x and ¢, we see that

Considering Jy, we have

T—00
Considering J3, fix € > 0 and let A\g > 1 and zy be such that Proposition 1.3
holds. Decrease A\g > 1, if necessary, so that Lemma 5.6 holds. That is, for any
A€ (1,)) any v € (1/A,1) and any 6 € (v, 1), there is an z¢ such that for any
x and t satisfying

(4.6) AF(z) < F(z) < F(t) < AF(x),
we have
J3>_(Féﬁ_§%5>F@0(_k;%)byAy_bz¥f+l_§>€
= (1) ( oy )~ oy + 1 3)2
>—(L—%)(—ﬂéﬁgbgAy—Eg%y+1—§)a
(4.7) :ﬁ&é%&mﬂn+1k_(1_§fa

Now, for any A € (1, \g) let

_IHUA_A+1 o 149 3A+1
) N S U
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It is trivial to check that v € (1/A,1) and 6 € (7, 1), so there is an xy such that
(4.7) holds, whenever x and ¢ satisfy (4.6). Next, it is simple calculus verification
that the following inequality holds

:3)\—1—1 <

0 4N

(1—9()))\_1 for all A € [1,2].

Thus, (A —1)/log(f) > 1/10g(0.9) for all A € [1,2]. Substituting the expressions
for v and 6 into (4.7), we obtain

1 A+1 142 2

Jyz—— 2 T log(\) +1)e— (1- <) ez (- 1

32 10g09) Az 108 +1)e ( )\) ¢ ( log(0.9) © )E
> —20¢,

using the fact that (A + 1)(log()\) + 1)/A\? is a decreasing function in A > 1 and
so it achieves its maximum at A = 1.

To summarise, we showed that for every A\ € (1, o), there is a xy such
that for any z,t¢ satisfying (4.6), we have

J3z = —20e.

Considering Jy, let € > 0, A\g > 1, and x¢ be chosen as in the previous
case and let x and ¢ satisfy F(xg) < F(z) < F(t) < AF(z). For any u € («,t],
we have

F(ro) < Fx) < F(u) < F(t) < AF(x)
so Proposition 1.3 implies s(u) — s(z) > —e. Hence,

1/t ot
W/x (s(u) — s(x)) p(du) > —mé p(du) = 30 (F(t) - F(z))

:_<1— i‘((f))>5>—(1—§)6> —€.

Jy =

In conclusion, for all x > xg, we have
T(t) —7(x) = J1 + Jo + J3 + Jg > —23e,

whenever F(zg) < F(z) < F(t) < AF(z). This concludes the proof. O
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5. Appendix: Auxiliary results.

Lemma 5.1. Under the assumption li_}m F(x) = o0, the following con-
Tr—r0oQ

ditions are equivalent.

1. lim F(z)/F(z—) = 1.

T—00

2. For all X > 1 sufficiently close to one and any v € (1,\), there exists xg, such
that for every x > xg, there exists t > x satisfying

vF(x) < F(t) < A\F(x).

3. For all A > 1 sufficiently close to one, there exists v € (1, \] and xq, such that
for every x > xqg, there exists t > x satisfying

vF(x) < F(t) < A\F(x).

4. For all A < 1 sufficiently close to one and any v € (\, 1), there exists xq, such
that for every x > xg, there exists t < x satisfying

AF(z) < F(t) < vF(x).

5. For all A < 1 sufficiently close to one, there exists v € [\,1) and xq, such that
for every x > xq, there exists t < x satisfying

AF(z) < F(t) < vF(x).

Proof. (1) = (2). Fix A > 1, any v € (1,A), and let € := A/y — 1. Since
(1) is equivalent to
L P() ~ Fla-)
00 F(x—)
there exists x1, such that for all x > z1, we have F(z) — F(x—) < eF(x—). Let
xo be so large that for all x > x(, we have

=0,

t:=sup{y: F(y) < vF(x)} > z1.

(This is possible, since lim F(z) = oo.) On the one hand, using the right-

Tr—00

continuity of F' at ¢, we obtain F(t) > vF(x) > F(x). This implies that ¢t > z,
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since F' is non-decreasing. On the other hand, we have F(t—) < vF(z). Since
t > x1, we have F(t) — F(t—) < eF(t—). Hence,

F(t) < F(t—)+eF(t—) < (1 +e)vF(x) = A\F(x).

2) = (3). Trivial.
3) = (1). Suppose that for all A > 1 sufficiently close to one, there exists
| and x¢, such that for every x > xg, there exists ¢t > z satisfying

(
(
e (1,
vF(x) < F(t) < A\F(x).
We claim that for every = > xg, there is a t > x such that
(5.1) F(t) < AF(z—).
Indeed, fix an x > xg. For all large enough n, there is a t,, > x — 1/n such that
(5.2) vF(z —1/n) < F(t,) < AF(x —1/n) < AF(z—).

Since lim F'(x) = oo, the sequence {t,} is bounded. Hence, it has an accumu-
T—00

lation point, call it ¢*. Without loss of generality, or else choose a subsequence,
assume {t,} converges to t*. Clearly, t* > x. Again, by choosing a subsequence,
we may assume that {t,,} is a monotone sequence.
If {t,} is a decreasing sequence, then by the right-continuity of F', we
obtain
VE(z—) < F(t") < AF(z—)

and, taking ¢ := t*, we are done.
If {t,,} is an increasing sequence, then taking the limit in all sides of (5.2),
we obtain

vF(z—) < F(t"—) < AF(z—).

In this case, we must have t* > x, or else we reach a contradiction with v > 1.
Now, simply take t € (x,t*) to obtain

F(t) < F(t*—) < A\F(z—)

concluding the proof of the claim.
Thus, for every x > xg, there is a ¢ > z such that (5.1) holds, implying
that
F(x) = F(z—)< F(t) = F(z—) < (A= 1)F(z—).
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Therefore,

it P = Flas)
< ——— <
R Ty e

Letting A\ approach one, one obtains (1).
(1) = (4). Fix A € (0,1), any v € (A, 1), and let € =y — A. Since (1) is
equivalent to
im £ = Fe)
Z—00 F(x)

there exists 1, such that for all x > z1, we have F(z) — F(z—) < eF(x). Let xg
be so large that for all x > zy, we have

t:=sup{y: F(y) < AF(x)} > z;.

(This is possible, since le F(z) = o0.) Then, we have F(t) > AF(z) and
F(t—) < AF(z) < F(z). The latter implies that = > t and hence F(t) < F(x).
Combining everything, leads to

F(t) = F(t=) < F(t) < (v = NF(a).

Thus,
F(t) < ~yF(x) + F(t—) — A\F(x) < vF(z) < F(x),

and so t < x.

(4) = (5). Trivial.

(5) = (1). For all A\ < 1 sufficiently close to one, there exists v € [\, 1)
and xg, such that for every x > zq, there exists t < x satisfying

AF(z) < F(t) < vF(x).
Since F(t) < F(xz—), we obtain
F(z) = F(z—) < F(z) = F(t) < (1 = N F(x).
Dividing by F'(x) leads to

T—00 F(x) T—00 F(x)

Letting A approach one, we get li_)m (F(x) — F(z—))/F(z) = 0, which is easily
T—>00

seen to be equivalent to (1). O
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Lemma 5.2. Let s(z) and 7(t) be as in Definition 1.2.

1. Suppose fort > a and v > 1, there exists t* with the property F(t*) = vF(t).
Then, we have

Y i 1 /t*

5.3) s(t)—71(t) = ") — 7)) — ———=—= s(u) — s(t)|u(du).

(5:3) a(t) = 7(0) = () = 7() = gy [ lsw) = s(E)](aw

2. Suppose for t > a and 0 < v < 1, there exists t* with the property F(t*) =
~F(t). Then, we have

t

(54) 5(0)= () = T (70 = 7)) + g [ ) = s(ludu)

Proof. We prove the first part only since the proof of the second one is
similar.
Note that t > a, v > 1 and F(t*) = vF(t), imply t* > ¢. Then, we have

) =) = {5 / " s(uwudn) - ﬁ / s(wldn))

t* i
= talarm | ot g [ stoma)
1

t*

:;{%/atsm)u(du)"‘ﬁ t s(u)u(du)}

So, Equation (5.3) holds. O

Lemma 5.3. Suppose s(z) is slowly decreasing with respect to F(t). If
F(t) satisfies conditions F.1) and F.2), then
s(x)

liminf —= > 0.
T—00 T
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Proof. Let ¢ := 1 and fix A\g > 1 and zg > a whose existence is guar-
anteed by Proposition 1.3. Decrease \g > 1, if necessary, so that condition F.2)
holds for all A € (1,)\g). Decrease Ao > 1 even further, if necessary, so that
Lemma 5.1, part (2), holds for every A € (1, ) and every v € (1,\). Fix such
a A and 7. Increase xg so that the conclusion of Lemma 5.1, part (2), holds.
Fix an n € (0,\ — ) and increase zp so that by condition F.2) (applied with
A:i=v—n€(1,))) wet have

(5.5) YF(z) = ((y —n) +n)F(z) > F((y —n)z)

for every = > xg.

We construct an increasing sequence {b,} starting with any by > xg.
Suppose by, ..., b, have been constructed, then by Lemma 5.1, part (2), since
b, > xg, there is a b, 1 > b, such that

YE(b) < F(but1) < AF(by).
Thus we have

F(xo) < F(by) < F(bpy1) < AF(by) for all n=0,1,2,. ..
and Proposition 1.3 guarantees that

$(bn) = s(bo) = (s(bn) — 5(bn-1)) + (5(bn-1) — 5(bn—2))
+ -4 (s(b1) — s(bg)) = —n.

So,

3

n
b b by
(

Observing that F(b,) > vF (bp—1) = --- = v"F(by), we have

F(bn) = v"F(bo) =" (vF(bo)) > 7" F((v — n)bo)
—7” 2(’YF ((v = n)bo)
Y*EF((y = m)?bo) > -+ > F((v = 1)"bo).

This shows that b, > (v —n)"by and in particular that the sequence {b,} ap-
proaches infinity exponentlally. Hence, we can estimate

lim - < i L
nl—{go by, = nl—{go (fy n)”bo
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So,

.. S
liminf —~% > LA —
n—o00 n—00 by, by,

n
Suppose {z,,} is an increasing sequence, approaching infinity, such that

lim _s(xn)
n—oo fL‘n

©n) > tim (S(bo) ~) =0,

=1L

We show that L > 0 by constructing appropriate subsequences of {b,} and {z,},
inductively, as follows.

Let p; be the index such that b,, < z1 < bp, 41, set n; = 1. Assume that
indices p1,...,pr—1 and nq,...,ni_1 have been chosen. Let n; be the first index
such that x,, ¢ (bp,_,,bp,_,+1] and let py be the index such that b,, < z,, <

bpk-l—l'
For the so-chosen subsequences {b,, } and {z,, }, we have

F(bpk) < F(xnk) < F(bpk-l—l) < )‘F(bpk)'
Thus, s(zn,) — s(bp,) = —1 and

s(xn,) < 5(bp,.) 1 s(bo) — px 1 - s(bo) P 1

- — — _ - - —.
TIn Tn

k k $nk $nk xnk $nk bpk $nk

Since by, = (v — n)P*by, we have

Pk Pk
0 — < —F— |
by, (v —m)Prby
where the last ratio converges to zero as k approaches infinity. So,
1
L= tim $@m) 5 g (M_p_k__) —0.

k—oo Ty, k—oo \ T, bpk Ty,
This concludes the proof of the lemma. 0O

Lemma 5.4. Suppose s(x) is slowly decreasing with respect to F(x) and
suppose F(x) satisfies condition F.1). Then, for every e > 0, there is a vy < 1,
such that for any v € (y0,1) and any 0 € (v, 1) there exists an xo, such that

2e F(t)
(5.6) s(t) — s(z) = log(6) log <F(w)>

holds, whenever x and t satisfy F(xo) < F(z) < yF(t).
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Proof. Fix e > 0. Let 79 < 1 be such that Proposition 1.3 holds (with
Ao := 1/7). Increase yo < 1, if necessary, so that Lemma 5.1, part (4) holds
(with A := 7). Note that, by increasing -y, Proposition 1.3 continues to hold.

Now, choose any v € (9, 1) and any 6 € (v, 1) and choose x( large enough
so that both the condition in Proposition 1.3 (with A := 1/7) and the condition
in Lemma 5.1, part (4), (with A :=~ and v := 6) hold.

Fix > zg and ¢ satisfying

(5.7) F(xy) < F(z) < yF(t)

and note that zp < z < t. We want to show that (5.6) holds.

Define a decreasing sequence {t,}ro— inductively as follows. Let ty 1=t
and suppose t,, < --- < tg = t have been defined. Lemma 5.1, part (4) (applied
with X :=~, v:= 0, x :=t,) says that if g < t,,, then there exists a t,+1 < t,,
such that

(58) ’YF(tn) < F(thrl) < HF(tn)
Since, F(tn1) < 0" F(tg) and 6 < 1, there is an index m such that
b1 ST <ty

That is, n := m is the largest index for which (5.8) is guaranteed to hold. We
have

(5.9) F(z)
(5.10) F(tni1)

(1/7)F (tms1) < (1/7)F(x), and

(tm)
t (1/9)F(tpsq) for all n =0,1,...,m.

(tn)

Proposition 1.3, together with (5.9), implies

<F <

<F <
s(tm) — s(z) 2 —¢,

while Proposition 1.3, together with (5.10), implies

S(tn) — s(tpy1) = —e foralln =0,1,...,m.

m—1

(511) () = s(2) = Y (s(tn) = s(tus1)) + s(tm) — s(2) > —(m + 1)e.

n=0
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Next, since F(z) < F(t,,) < 0™F(ty) = 0™ F(t), one obtains

1 F(t)
™S (@) 8 (F(g:))'
Inequality (5.7) implies that log(1/v) < log(F(t)/F(x)), and so
1 F(t) 1 F(t)
L=< log(1/7) log (F(a:)) < ~log(6) log (F(a:))’

where v < 6 < 1 was also used. Therefore, we have

)

Lle_ 2 (
" log(6) °

Substituting in (5.11), completes the proof of (5.6). O

For the next lemma we need some technical preparations about the Lebegue-
Stieltjes integral. For the right-continuous, increasing function F'(z), define its
generalized inverse by

F~Y(y) := sup{z : F(z) <y}

for all y € (0,00). If F(z) is the cumulative distribution function of a probability
measure, then F~!(y) is also known as the quantile function. It is not difficult to
show that

(5.12) F(F~Y(y)) >y for all y € (0, 00).
The following lemma is proved in [2, Lemma 2.2].

Lemma 5.5. Any non-decreasing, right-continuous functions F(x) and

G(x) satisfy . o
| c@ar@ = [ G w.

F(a)

Lemma 5.6. Suppose s(x) is slowly decreasing with respect to F(x) and
suppose F(x) satisfies condition F.1). Then, for every € > 0, there is a A\g > 1,
such that for any A € (1, X9) any v € (1/\, 1) and any 6 € (v,1), there is an x,
such that

1t 2y 2y
13) £) — dr) > — (=~ log(A\) — —L 41— e,
513 55 [ 50— s@lute) > — (o los(h) = s 1 -5 ) e

whenever F(t) > A\F(x).
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Proof. Fix € > 0. Let 79 < 1 be such that Lemma 5.4 holds. Choose,
Ao > 1 such that Proposition 1.3 holds. Decrease Ao > 1, if necessary, so that
v < 1/Xo; and Lemma 5.1, part (4) holds (with A := 1/Xg). Note that by
decreasing Ag > 1 Proposition 1.3 continues to hold.

Now fix any A € (1, \g), any v € (1/A, 1), and any 6 € (v,1). Note that
Proposition 1.3 continues to hold for the chosen \. Since 79 < 1/Ag < 1/A <~ <
1, we have that v € (99, 1), so Lemma 5.4 holds for the chosen v and 6. Finally,
since 1/A € (1/Xo,1) and vy € (1/A,1), Lemma 5.1, part (4) with 1/A < 1 and 7.

Thus, one can choose xg large enough, so that all three results hold for
that zg and their respective parameters.

Next, fix t satisfying

F(t) > AF ()

and note that ¢ > zg.
By Lemma 5.1, part (4), there exists t* < ¢, such that

(5.14) F(xzo) < (1/A)F(t) < F(t") < F ().

This implies 2o < t* < t, and we have

[ 10~ stemnian = ([ + [ ot - stolutaa) =1+ 1

0

Considering I, for any x € [t*, t], we have
(I/MF(t) < F(t*) < F(z) < F(t) < AF(t*) < M\F(x).

Thus, by Proposition 1.3, we have s(t) — s(x) > —¢e and so,

(5.15) éb > - /tj,u(dx) = —F(t)+ F(t") > —F(t)(l + %)

Considering Iy, for any = € [zg,t*], we have
F(zo) < F(z) < F(t") <~F (1),

where in the last inequality we used (5.14). By Lemma 5.4, and using the defini-
tion p(dx) = dF(x), we obtain

%Il > log2(9) /;* log (%)dF($)

0
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2 t* 9 t*
- Mlog(F(t)) /:B 0 pu(dzx) — ) /x 0 log(F(z))dF (x)
2 N ) t*
= foa(@) PEFOFE) ~ Fao)l ~ s [ tos(F@)aF ()

Consider the last integral separately. By Lemma 5.5 and inequality (5.12), we
have

t* F(t*) F(t%)
/1og<F<x>>dF<x>= / log(F(F~(4)))dy > / log(y)dy

F(zo) F(zo)
F(t*)
= F(")o8(F(+) = Plan)los(Flo) ~ [ 1y
— F(") log(F(t")) — F(wo) log(F(x0)) — F(t") + F(xo).

Using (5.14), we continue

/ log(F(x))dF(z)
F(£*) log(F(£)/A) — F(x0) log(F(x0)) — vF(t) + F(xo)
F(t*) log(F(t)) — F(t)log(A) — F(xo) log(F (o))

2 F(t7)log(F(t)) —vF () log(A) — F(z0) log(F(x0))

Putting everything together, we obtain the following bound. We use the fact that
log(f) < 0 and (5.14).

— F(w) — F(xo) log(F(t)))
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Combining with (5.15) one obtains (5.13). O
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