Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica
Mathematical Journal

Cepauka

MareMaTnuyeCcKo CIIMCAHUE

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Serdica Mathematical Journal
which is the new series of

Serdica Bulgaricae Mathematicae Publicationes
visit the website of the journal http://www.math.bas.bg/~serdica

or contact: Editorial Office

Serdica Mathematical Journal

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



Serdica Math. J. 44 (2018), 103-120 Serdica
Mathematical Journal

Bulgarian Academy of Sciences
Institute of Mathematics and Informatics

VIETORIS-TYPE TOPOLOGIES ON HYPERSPACES"
Elza Ivanova-Dimova

Communicated by V. Valov

Dedicated to the memory of Prof. Stoyan Nedev

ABSTRACT. We study the (&, G)-hit-and-miss topology introduced by Cle-
mentino and Tholen [4]. The same topology was introduced independently in
the preliminary version [12] of this paper under the name of Vietoris-type hy-
pertopology (at that time we were not aware of the paper [4]). We show that
the Vietoris-type hypertopology is, in general, different from the Vietoris
topology. Also, some of the results of E. Michael [13] about hyperspaces
with Vietoris topology are extended to analogous results for hyperspaces
with Vietoris-type topology. We obtain as well some results about hyper-
spaces with Vietoris-type topology which concern some problems analogous
to those regarded by H.-J. Schmidt in [14].

2010 Mathematics Subject Classification: 54B20, 54D10, 54C05.
Key words: hyperspace, Vietoris (hyper)topology, Vietoris-type (lower-Vietoris-type, upper-
Vietoris-type, Tychonoff-type) (hyper)topology, (F, §)-hit-and-miss topology.
“The author was supported by the contract DN02/15/19.12.2016 “Space, Time and Modality:
Relational, Algebraic and Topological Models” with Bulgarian NSF.



104 E. Ivanova-Dimova

Introduction. In 1975, M. M. Choban [5] introduced a new topology
on the set of all closed subsets of a topological space for obtaining a generalization
of the famous Kolmogoroff Theorem on operations on sets. This new topology
is similar to the upper Vietoris topology but is weaker than it. In 1997, M. M.
Clementino and W. Tholen [4] introduced, for any families F and G of subsets of
a set X, three new topologies on the power set P(X) (and its subsets), called by
them, respectively, upper F-topology, lower F-topology and (F,G)-hit-and-miss
topology. The upper F-topology turned out to be a generalized version of the
Choban topology. In 1998, G. Dimov and D. Vakarelov [9] introduced indepen-
dently the notion of upper F-topology, which was called by them Tychonoff-type
hypertopology (later on, in [11], it was called also upper-Vietoris-type hypertopol-
ogy because “Tychonoff hypertopology” and “upper Vietoris hypertopology” are
two names of one and same notion); they used it for proving an isomorphism
theorem for the category of all Tarski consequence systems. The Tychonoff-type
hypertopology was studied in details in [8]. Further, in [11], the notion of lower
F-topology was introduced independently and was called lower- Vietoris-type hy-
pertopology. In the preliminary version [12] of this paper, the notion of Vietoris-
type hypertopology was introduced. As we learned later on, it is equivalent to
the notion of (&, §)-hit-and-miss topology introduced by M. M. Clementino and
W. Tholen in [4]. In this paper we study the Vietoris-type hypertopology and
show that, in general, it is different from the Vietoris topology. Also, some of the
results of E. Michael [13] about the hyperspaces with Vietoris topology are ex-
tended to analogous results for the hyperspaces with Vietoris-type topology. We
obtain as well some results about the hyperspaces with Vietoris-type topology
which concern some problems analogous to those regarded by H.-J. Schmidt in
[14].

1. Preliminaries. We denote by N the set of all natural numbers
(hence, 0 ¢ N), by R the real line (with its natural topology) and by R the
set RU {—o00, 00}.

Let X be a set. We denote by |X| the cardinality of X and by P(X)
(resp., by P'(X)) the set of all (non-empty) subsets of X. Let M, A C P(X) and
A C X. We set:

o Aj :={MeM|MC A}

o Ajp= {4y | A €Al

e A ={MecM|MNA#0}

o Ay i={Ay | Ae A}
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o Fin(X):={M CX |0<|M| <No};
o Fin,(X):={M CX |0< |M|<n}, where n € N;

k

o A" ::{ﬂAi | k:eN,AZ-EA}.
=1
k

o AY ::{UAi | keN,Aieﬂ}.

i=1

Let (X,T) be a topological space. We put
e CL(X):={M C X | M is closed in X, M # (}.
e Comp(X):={M € CL(X) | M is compact}.

When M = CL(X), we will simply write AT and A~ instead of A;\% and Ay
the same for subfamilies A of P(X). The closure of a subset A of X in (X,7)
will be denoted by cl(x A or A% (we will also write, for short, clx A or a¥
and even Z‘I). By ”"neighborhood” we will mean an “open neighborhood”. The
regular spaces are not assumed to be T}-spaces; by a T3-space we mean a regular
T} -space.

If X and Y aresetsand f : X — Y is a function then, as usual, we denote
by f | X the function between X and f(X) which is a restriction of f. If (X, T)
and (Y,0) are topological spaces and f : X — Y is an injection, then we say
that f is an inversely continuous function if the function (f | X)™': f(X) — X
is continuous.

Let X be a topological space. Recall that the upper Vietoris topology
T,x on CL(X) (called also Tychonoff topology on CL(X)) has as a base the
family of all sets of the form

Ut ={FeCLX)|FCU},

where U is open in X, and the lower Vietoris topology T _x on C'L(X) has as a
subbase all sets of the form

U™ ={FeCL(X)| FNU # 0},

where U is open in X. The Vietoris topology Tx on CL(X) is defined as the
supremum of T, x and YT_x, i.e., T4 x UY_x is a subbase for Tx.
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Definition 1.1. ([4, 9]) (a) Let (X,T) be a topological space and M C
P'(X). The topology Y in on M having as a base the family ‘J';{{ is called a
Tychonoff topology on M generated by (X,T). When M = CL(X), then Yy is
jJust the classical upper Vietoris topology Y1 x on CL(X) (= Tychonoff topology
Yy on CL(X)).

(b) Let X be a set and M C P'(X). A topology O on the set M is called
a Tychonoff-type topology on M if the family O N fP(X);\r4 is a base for O.

A Tychonoff topology on M is always a Tychonoff-type topology on M,
but not viceversa (see [8]).

Fact 1.2. ([9]) Let X be a set, M C P'(X) and O be a topology on M.
Then the family
Bo::{A§X|A;\%EO}
contains X and is closed under finite intersections; hence, it can serve as a base

for a topology
Tro
on X. When O is a Tychonoff-type topology, the family (fBo);{{ s a base for O.
Definition 1.3. ([9]) Let X be a set, M C P'(X) and O be a topology

on M. Then we say that the topology T1o on X, introduced in Fact 1.2, is the
plus-topology on X induced by the topological space (M, Q).

Definition 1.4. ([11]) Let (X,T) be a topological space and M C P'(X).
The topology T _p on M having as a subbase the family Ty, is called a lower
Vietoris topology on M generated by (X,T). When M = CL(X), then T_y is
Just the classical lower Vietoris topology Y _x on CL(X).

Definition 1.5. ([4, 11]) Let X be a set, M C P'(X), O be a topology on
M. We say that O is a lower-Vietoris-type topology on M, if O N{A}, | A C X}
is a subbase for O.

A lower Vietoris topology on M is always a lower-Vietoris-type topology
on M, but not viceversa (see [11]).

Fact 1.6. ([11]) Let X be a set, M C P'(X) and O be a topology on M.
Then the family
Po={ACX | A, €0}

contains X, and, hence, can serve as a subbase for a topology

U



Vietoris-type topologies on hyperspaces 107

on X. The family Py is closed under arbitrary unions. When O is a lower-
Vietoris-type topology, the family (Po),, is a subbase for O.

Definition 1.7. Let X be a set, M C P (X) and O be a topology on
M. Then we say that the topology T_g on X, introduced in Fact 1.6, is the
minus-topology on X induced by the topological space (M, O).

All undefined here notions and notation can be found in [1, 10].

2. The Vietoris-type topologies on hyperspaces.

Definition 2.1. Let (X,T) be a topological space and M C P'(X). The
topology Yot on M having as a subbase the family ‘T;& U Ty is called the Vietoris
topology on M. When M = CL(X) then Ty = Yx.

Definition 2.2. ([4, 12]) Let X be a set, M C P'(X) and O be a topology
on M. The topology O is called a Vietoris-type topology on M if the family
(Bo)it U (Po)y; is a subbase for O.

Remark 2.3. Let (X,7) be a topological space and M C P'(X). Then,
clearly, Ty is a Vietoris-type topology on M. As we will see in Example 2.12
below, the converse is not always true even when M = C'L(X). Note that when
M C CL(X), then YTy = (Tx)|o

Notation 2.4. Let X be a set, M C P (X) and O be a topology on M.
We denote by

To

the topology on X having Bo U Py as a subbase and we say that Ty is the V-
topology on X induced by the topological space (M, O). We denote by

Ou
the topology on M having (23(9)5& as a base, and by
O

the topology on M having (Po),, as a subbase.

Definition 2.5. Let X be a set and M C P(X). We say that M is a
natural family in X if {x} € M for any x € X.

The following assertion can be easily proved.



108 E. Ivanova-Dimova

Fact 2.6. Let X be a set, M C P'(X) and O be a topology on M. Then
Jo = T10VI_g, Oy is a Tychonoff-type topology on M and O; is a lower- Vietoris-
type topology on M. O is a Vietoris-type topology on M iff O = O, V O;.

Fact 2.7. Let (X, T) be a topological space. If M C CL(X), then (Y1 x)|n
and (Y_x)|y are Vietoris-type topologies on M. Moreover, if M C P'(X), then
Y and Y _o are Vietoris-type topologies on M.

Proof. Let M C P'(X). Set O = Y . Then Ty is a base for O. Since
Ty C (Bo)ir C (Bo)i U (Po)y C O, we get that (Bg)y U (Po)y, is a (sub)base
for O. Hence Yy is a Vietoris-type topology on M. Analogously, we get that
T _y is a Vietoris-type topology on M.

Let now M C CL(X,T). T is a base for T, x. Hence (T7)|p = {UT N
M | U € T} is a base for (Tox)|n. Since Ut N M = Uy, we get that T is a
base for (Y1 x)[n. Hence Tint = (Y4x)|w and thus (T4 x)|n is a Vietoris-type
topology on M. Analogously, we get that (T_x)|y is a Vietoris-type topology
on M (and (T_x)|lmM=T_n). O

Definition 2.8. Let X be a set, M C P (X) and O be a Vietoris-type
topology on M. Then O is called a strong Vietoris-type topology on M if T, ¢ =
T 0.

Proposition 2.9. Let (X,T) be a topological space, M C CL(X) and M
be a natural family. Let O = (Tx)|x. Then O is a strong Vietoris-type topology
on M and T = Tg. In particular, for every T1-space X, T x is a strong Vietoris-
type topology on CL(X).

Proof. By Remark 2.3, O = (Tx)|j is a Vietoris-type topology on M.
Obviously, T C By N Py. We will show that By U Py C T. Clearly, this will
imply that T4o = T_9 = T = Ty. Let A C X and A} € O. It is well-known
that the family {< U,..., Un > |neN U; € Tfori € {1,...,n}}, where

<Up,..., UU m ,is a base for Tx. Let z € A. Since M is a
natural famlly, we get that {a:} € AJ;. Thus there ex1st Ui,...,U, € T such that
{z} € U Ui)i ﬂ v C Al Thenz e U = ﬂ U;. Using again naturality

of M, We obtam that U C A. Hence, A € 7. So, fBo CT. Let now A C X and
Ay € 0. Then, arguing as above, we get that A € . Thus, P9 C TJ. Hence
BoUPy CT. O

Example 2.10. There exists a Ty-space (X, T) such that O = Tx is not a
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strong Vietoris-type topology on CL(X). Also, we have that T # T_¢, T # T4,
T 75 ‘I@ and ‘I@ = ‘I,o.

Proof. Let X ={0,1,2} and T = {0, X, {0},{0,2}}. Then (X,7) is a
To-space and
CL(X) ={X,{1},{1,2}}.

The topology T _x has as a subbase the family

{07, X7,{0}7,{0,2} 7} = {0, OL(X), {X}, {{1,2}, X}

Thus Y_x = {0,CL(X),{X},{{1,2}, X }}. The topology T x has as a base the
family {0, X*,{0}1,{0,2}"} = {0, CL(X)}. Thus YT,y = {0,CL(X)}. Hence
Tx = TixVYT_x = T_x. Set O = Tx. Then By = {A c X | AT €
O} and Py = {A C X | A~ € O}. We have that 0t = 0~ = 0, XT =
X~ = CL(X), {0} = {X}, {0}" = 0, {1}* = ({11}, {1}~ = CL(X),
{Q}Jr =0, {237 ={X,{1,2}}, {071}+ = {{1}}, {0, 1} = CL(X), {072}+ =0,
0,2} = {X,{1,2}}, {1>2}+ = {{1},{1,2}}, {1,2}" = CL(X). Hence By =
{0, X,{0},{2},{0,2}} and Py = {0, X, {0}, {1},{2},{0,1},{0,2},{1,2}}. Thus
JTio = Bo and T_9 = Py. Therefore T,¢ # T_o. Hence YTx is not a strong
Vietoris-type topology on CL(X). Note that T # T,9, T # T_¢ and T # Tg.
Since By C Py, we get that T, 9 C T_¢ and thus To =T_o. O

Example 2.11. There exists a Typ-space (X, 7T) such that O = Tx is not
a strong Vietoris-type topology on CL(X) and Tg = T_o 2 T1o = 7.

Proof. Let X ={0,1,2} and T = {0, X, {0}, {0,2},{1,2},{2}}. Then
(X,7) is a Tp-space and CL(X) = {X,{1,2},{1},{0},{0,1}}. The topology
T_x has as a subbase the family

{(D_vX_v {O}_v {072}_7 {172}_7 {2}_} =
{0,CL(X){X,{0},{0,1}},{X, {0}, {0, 1},{1,2}}, {{1}, {0, 1}, X, {1,2}},
{X AL 20}

Then T_x = {@, CL(X)v {Xv {0}7 {07 1}}7 {X7 {O}v {07 1}7 {17 2}}7
({110, 11, {1, 21}, {X, {1, 24, £, {0, 111, (X0, {X, {0, 1}, {1, 2}}}. The topo-

logy T4 x has as a base the family
{07, X7, {0}, {0,237, {1,2}7,{2}"} = {0, CL(X), {{0}}, {{1}, {1, 2}}}.

Hence Ty x = {0, CL(X), {{0}}, {{1}, {1, 2}}, {{0}, {1}, {1,2}}} and O = Tx =
T xVTix =T xUTxU{{L 21 U{{0},{1,2}}U{X, {0}, {1, 2} }U{X, {0} } U
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(X, {13,{1,2}} U {X,{0}, {1},{1,2}}. We have that 0" — 0~ — f, X+ = X~ —
CL(X)v {0}_ = {X7 {0}7{071}}7 {O}+ = {{0}}7 {1}_ = {X7{1}7{071}7{172}}7
{1}+ = {{1}}7 {2}7 = {X7{172}}> {2}+ = 0, {071}7 = CL(X), {0>1}+ =
{{0}7{1}7{071}}7 {072}_ = {Xv {0}7{071}7{172}}7 {07 2}+ = {{O}}v {172}_ =
(X, {13, {0, 1}, {1,2}}, {1,2}F = {{1},{1,2}}. Hence

Bo = {®7X7 {0}7 {2}7 {07 2}7 {17 2}} =T40=T
and Po = {0, X, {0}, {2}, {1,2},{0,2}, {1}, {0,1}} =T o # T. Thus

7@:7,(927+05{I. (]

Example 2.12. Let U = {(a,3) | a, 8 € R} and R be regarded with its
natural topology. Then the topology O on C'L(R) having as a subbase the family
U~ UUT is a strong Vietoris-type topology on C'L(R) different from the Vietoris
topology Tr on CL(R). Also, Ty coincides with the natural topology T on R.

Proof. Clearly, U C By NPy and thus (By)" U (Pp)~ is a subbase for
O. Hence O is a Vietoris-type topology on CL(R). We will show that T,¢ =
J_9 = TJ. Then, in particular, we will obtain that O is a strong Vietoris-type
topology on CL(R). Note first that U" = U and (UT)" = UT. Fufther, it is not
difficult to see (using the fact that CL(R) is a natural family) that Py UBg C T
(see Fact 1.6 and Fact 1.2 for the notation Py and By). Since U is a base for T
and U C By NPy, we get that Ty9 =T_9 = T. So, O is a strong Vietoris-type
topology on CL(R) and T9g = 7.

For showing that O # YTg, we will prove that ((0,1) U (1,2))" ¢ 0.

1
Let F = {5,3}. Then F € ((0,1) U (1,2))*. We will show that if n € N,

U,....Up,V€Wand F € VTN([U; =0, then O € ((0,1)U(1,2))". Indeed,
i=1
there exist a, 3 € R such that a < 8 and V = (o, ). Then F C (a,3) and
1 1

FNnU; #0, fort=1,...,n. Clearly, a < 2 <1< g < B. Let G = [572]
Then G € CL(R), F C G, G C (a,8) and GNU; # 0, for all i = 1,...,n.
Therefore G € O, but G ¢ ((0,1) U (1,2))" since 1 € G and 1 & (0,1) U (1,2).
So, ((0,1)U(1,2))" € Tg but ((0,1) U(1,2))" € O. Hence Yr # O (and, clearly,
0cC TR). O

3. Some properties of the hyperspaces with Vietoris-type
topologies. In this section, some of the results of E. Michael [13] concerning
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hyperspaces with Vietoris topology will be extended to analogous results for the
hyperspaces with Vietoris-type topology.

Proposition 3.1. Let (X,T) be a space, M C P'(X), n € N, Fin,(X) C
M, O be a Vietoris-type topology on M and Tog C T. Let J,(X) be the subspace of
(M, O) consisting of all sets of cardinality < n. Then the map j, : X" — J,(X),
where jn(x1,...,25) = {x1,..., 20}, is continuous.

k
Proof. Letz = (z1,...,2,) € X" and jn(z) € Uy N m(UZ)J;E =0,

=1
where U € By, k € Nand U; € Py, Vi =1,...,k. Then {z,...,2,} C U and
{x1,...,2,} NU; # 0, Vi = 1,... k. Hence, Vi € {1,...,k} 3s(i) € {1,...,n}
such that z4;) € U;. Set

V =U"n]]V: where V; =

t=1

Ui, if t = s(i) for some ¢ € {1,...,k}
X, otherwise

Then, clearly, z € V and j,(V) C O. So, j, is a continuous function. O

Proposition 3.2. Let (X,T) be a space, M C P'(X) be a natural family,
O be a Vietoris-type topology on M and Tg =T. Then j; : (X,T) — J1(X) is a
homeomorphism.

Proof. Using Proposition 3.1, we get that j; is a continuous bijec-

tion. We will prove that jfl is continuous. Let {z} € J1(X), U € By, k € N,
k k

Ur,...,Up € Poand € V =UN (| U;. Then {x} € O = U N (|(Ui)y and,
=1 i=1

clearly, (1) H(O)C V. O

Proposition 3.3. If (X,7) is a Ty-space, M C P'(X), M is a natural
family, O is a Vietoris-type topology on M and T_o 2 T, then J1(X) is closed in
(M, 0).

Proof. Let M € M\ Ji(X). Then there exist z,y € M such that
x # y. Since (X, 7) is a Hausdorff space, there exist Uy,..., Uk, V1,...,V; € Py

k l
(where k,1 € N) such that x € U = (Ui, y € V.= (| V; and UNV = §. Set
i=1 j=1

=1 i

k l

0= ﬂ(UZ)J;[ N ﬂ(V])J;E Then M € O and O N J1(X) = 0. Hence J1(X) is a
=1

closed subset of (M, O

). O
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Proposition 3.4. Let (X,T) be a space, M C P'(X), Fina(X) C
be a Vietoris-type topology on M, T9 C T and J1(X) be closed in (M, 0O). Then
X is a Th-space.

Proof. Let x1,29 € X, 21 # z2. Then {z1,29} € M and {z1,22} ¢
Jl(X). Since J1(X) is closed, 3V € By and Uy, ..., U, € Py such that {z1,z2} €

V+ﬁm =0 and ONJy(X) =0. Then {x1,z2} C V and {z1,22} NU; # 0

Vi € {1,...,k}. Let U = {U,....Uk}, Vi = [{U € U | 21 € U} and V; =

(U € U| x2 € U}. Then Vi, Vy € T. We will show that z; € Vi, 25 € V5 and
VNViNVy = 0. Indeed, since {z1} € O, U € U such that x; ¢ U. Then x5 € U
(because U N {x1,z2} # (). Hence V5 # () and, obviously, x5 € V5. Analogously,
we get that x1 € Vj. Suppose that 3z € V NV; N V,. Then x € U; for every
i=1,...,k (Indeed, for every U € U, we have that either 1 € U or x5 € U.)
Since x € V, we get that {z} € O N J1(X)- a contradiction. Hence z; € VNV,
o €VNVaand (VNV)NVNV) =0 0O

Proposition 3.5. Let X be a set MCP(X ) Fin(X) CM and O be a

Vietoris-type topology on M. Then J(X U Ji(X) is dense in (M, 0O).
€N

Proof Let n € N, U € By \ {0}, U; € Py \ {0} for i = 1,...,n and
0= U+ﬁﬂ # (). Then O is a basic open subset of (M, O) and it is enough

to show that ONJ(X) # 0. Since O # (), we have that U N U; # ) for every
i€{l,...,n}. Indeed, if M € O then M CU and M NU; #0Vi=1,...,n
So,Vi=1,...,n, 3x; € UNU;. Then {z1,...,2,} € J(X)NO. Hence, J(X) is
dense in (M,0). O

Definition 3.6. Let X be a set and P C P(X). Set w(X,P) = min{|P'| |
(PPCP)A (VU € P and Vo € U FV € P such that x € V C U)}.

Clearly, w(X,P) < |P|; also, when P is a topology on X, then w(X,P) is
just the weight of the topological space (X, P).

Fact 3.7. Let (X,T) be a topological space and P be a subbase for (X,T).
Then:

(a) the families P" from Definition 3.6 are also subbases for (X,T);
(0) if w(X,T) >Ry then w(X,P) > w(X,T).
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Remark 3.8. Let X be a set and P C P(X). Then, clearly, there exists
a unique topology T(P) on X for which P U {X} is a subbase. Obviously, if
U P = X then P is a subbase for T(P). Hence, in Definition 3.6 we can always
assume that X is a topological space and P U {X} is a subbase for X.

In connection with Fact 3.7, note that the following assertion holds (it
should be well-known):

Lemma 3.9. Let X be a space, w(X) =7 > Xy and P be a subbase for
X. Then there exists a P' C P, such that |P'| = 7 and P is a subbase for X.

Proof. Let B = P". Then there exists a base B" C B for X such
that |B’| = 7. For every element U of B’ fix a finite subfamily U(U) of P

such that U = (JW(U). Set P = {U' € P | 3U € B such that U’ € U(U)}.
Then P is a subbase for X (because B’ C (P)" and B’ is a base for X) and
|P'| < |B'|-Rg = |B'| = 7. Since |(P)"] = |P| and (P")" is a base for X, we get
that |?’| > 7. Hence |[P'|=7. O

Proposition 3.10. Let X be a set, M C P'(X) and O be a lower- Vietoris-
type topology on M. Let T > Ng, P’ C P(X) and (P')5; be a subbase for O. If
w(X,P") <7, then w(M,0) < 7. In particular, if 7 > Ry and w(X,Py) < T then
w(M,0) <7

Proof. If w(M,0) < Ry then w(M,O) < 7. Hence, we can suppose
that w(M,0) > Rg. Let P C P, |P| < 7 and for every U € P and for every
z € U there exists a V € P, such that z € V. C U. We will prove that (P5;)"
is a base for (M, ). Indeed, let M € M, O € O and M € O. Then there exist

Uy,...,U, € P such that M € m(UZ)J;( C O. Hence M NU; # B for every

=1
i=1,...,n. Let x; € U; N M. Then, for every ¢ = 1 ,n, there exists a V; € P

such that z; € V; C U;. Hence M € ﬂ m C ﬂ » € O. So, (TPJT{)m is a

base for (M, 0) and thus |(P3)"] > No Therefore |TM\ = |(P30)"] = Rg and we
obtain that w(M, O) < [(P ) | <P <7. O

Proposition 3.11. Let X be a set, M C P (X), O be a Vietoris-type
topology on M. Let T > Vo, w(X,Po) < 7 and there ezists a family B C By such
that |B] < 7 and VM € M, YU € By with M C U, IV € B with M CV CU.
Then w(M,0) < T
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Proof. Clearly, Proposition 3.10 implies that w(M, O;) < 7. We will
show that B;\% is a base for (M, O,). Indeed, let M € M, U € O, and M € U.
Then U € By such that M € U;( C U. Thus M C U and hence 3V € B such
that M C V C U. This implies that M € VJ\J{ - UJ\JE. Therefore, M € VJ\J{ cu
and V,f € BY.. Hence, By, is a base for (M, 0,,). Since |B}| < |B| < 7, we get
that w(M, O,) < 7. Having in mind that O = O, V O; (see Fact 2.6), we obtain
that w(M,0) <7. O

The space (Comp(X), (Y x)|comp(x)) Will be denoted by Z(X).

Corollary 3.12. ([13]) Let (X,T) be a Ty-space and w(X) > Rg. Then
w(2(X)) = w(X).

Proof. Let O be the restriction of the Vietoris topology Tx on
Comp(X). Then Z(X) = (Comp(X),0). Using Proposition 2.9, we get that
O is a strong Vietoris-type topology on Comp(X) and T = Ty. Hence Py =
T = Bp. Then, clearly, w(X,Po) = w(X). Let By be a base for (X,T) such
that |Bo| = w(X). Then B = (Bg)" satisfies the hypothesis of Proposition 3.11
for 7 = |B| = w(X). Hence, by Proposition 3.11, w(Z(X)) < w(X). Since X
can be embedded in Z(X) (by Proposition 3.2), we have that w(X) < w(Z(X)).
Therefore, w(X) = w(Z(X)). O

Proposition 3.13. Let (X,T) be a space, M C P'(X), Fin(X) CM, O
be a Vietoris-type topology on M and To = T. If d(X) > R then d(X) > d(M, O).
Proof. Let d(X) =7 > Xg. Then there exists an A C X such that
A= X and |A| = 7. Hence \Fm(A)\ = 7. We will prove that Fin(A) is dense in
(M, O). Indeed, for every U N m =0 # 0, where U € By and V; € Py for

i=1,...,n, there exist JJZEAﬂV NU. Hence {z; | i=1,...,n} € Fin(A)NO.
Thus d(J\/[ 0) < 7. Therefore d(M,0) <d(X). DO

Proposition 3.14. Let X be a set, M C P(X) and O be a topology on
M. IFMC{X\A| Ae Py} or M C By then (M, 0) is a Ty-space.

Proof. Let M,M; € Mand M # M. Then M\ My # () or My \ M # (.
Let My \ M #0. EMC {X\ A|Ac Py} then, setting O = (X \ M);,, we get
that O € O, My € O and M & O. If M C By then, setting O’ = MJ\JE, we get
that O’ € O, M € O' and M; ¢ O'. We argue analogously if M \ My # (. O

Corollary 3.15. ([13]) If (X, 7) is a topological space then (CL(X),Y x)
1s a Ty-space.
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Proof. Set O =7"x. Then T C Py. Hence M = CL(X) C{X\A| A€
Po}. Thus, by Proposition 3.14, (M, O) is a Ty-space. O

Proposition 3.16. Let (X,T) be a topological space, M C P'(X), P be
a subbase for (X,T) and M C{X\U | U € P}. Let M be a natural family and
O be the topology on M having as a subbase the family Py U TP;\%. Then O is a
strong Vietoris-type topology on M, To = T and (M, Q) is a Ty -space.

Proof. Since U P = X, we get easily that U Py = M. Thus Py U 9’5&
can serve as a subbase for a topology on M. Clearly, O is a Vietoris-type topology
on M, P C Py and P C By. We will show that PoUBy C T. Indeed, let A € By.
Let z € A. Then {a:} € A}, € O and hence EIU € P" and 3V4,...,V,, € P such

that{x}EUMﬁﬂ w=0CAf Let V= ﬂv Thenz € UNV € P C 7.
1=1 1=1
We will show that U NV C A. Indeed, let y € UNV. Then {y} € O C A,

and thus y € A. Therefore, t e UNV C Aand UNV € T. Hence, A € 7.
Analogously, we get that if A € P9 then A € T. Hence P C Py U By C T. This
implies that T = 7.

Since we also have that P € Py € T and P € By C T, we get that
JT_9 =T =7T4e. Thus O is a strong Vietoris-type topology on M.

Let M € M. We will prove that {M} = {M}. Indeed, let M; € M
and My # M. Then My \ M # () or M\ My # 0. Let My \ M # (). Then
U=X\Mec®P M €Uyand M ¢ Uy Hence M; ¢ {M} . Let now
M\ M; #0. Let 2 € M\ My and U = X \ {z}. Then U € P, M; € Uy,
and M ¢ U,. Hence M; ¢ WO. Therefore {7}0 = {M}. So, (M,0) is a
Ti-space. O

Remark 3.17. The above proof shows that the condition “M C {X \
U | U € P}” in Proposition 3.16 can be replaced by the following one:

(*) if M,M" € M and M \ M’ # () then U,V € P such that M' CU, M € U,
MMV #Qand M'NV = 0.

Note that condition (*) is fulfilled if the following condition holds:

(**) if M eMand x € M then U,V € P such that M C U C X \ {z} and
reVCX\M.

Corollary 3.18. ([13]) Let (X,T) be a Ti-space. Then (CL(X),Yx) is
a T -space.

Proof. Set P =7 and M = CL(X) in Proposition 3.16. O
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Definition 3.19. Let (X,T) be a topological space and P be a subbase for
(X,7). (X,7) is said to be P-regular, if for every x € X and for every U € P
such that x € U, there exist V,\W € P withx €¢ VC X\ W CU.

Clearly, a topology space (X, T) is T-regular iff it is regular. Also, every
P-regular space is regular.

Example 3.20. Let (R, T) be the real line with its natural topology and
P={(a,f)\F|a,BER, a<pB, FCR, |F|<X}or?P={(a,8)]apE¢€
R, a < B}. Then P is a base for T, P = P, (R,T) is regular but it is not
P-regular.

Proposition 3.21. Let (X,T) be a topological space, M C P'(X), P be a
subbase for (X,T) and M C{X \U | U € P}. Let M be a natural family, X be
P-regular and O be the topology on M having as a subbase the family Py U ?5&.
Then O is a strong Vietoris-type topology on M, T9 = T and (M, Q) is a Ta-space.

Proof. From Proposition 3.16, we get that O is a strong Vietoris-type
topology on M and Ty = T. Let us prove that (M, O) is a Ty-space. Let My # M.
Then My \ My # () or My \ My # (). Let, for example, My \ My # (). Let us fix
x € My \ My. Then U = X \ My € P and = € U. Hence, there exist V.W € P,
such that z € V.C X\ W C U. Then VNW =0 and W D X \U = M.
Therefore My € V), M> € WJ}[F and V), OWJ;/[F = (. If My \ My # () then we argue
analogously. O

Proposition 3.22. Let (X,T) be a topological space, M C P'(X), P be a
base for (X,T), M ={X\U | U € P} and P = P". Let M be a natural family,
O be the topology on M having as a subbase the family Py, U ?Jt[ and (M, 0) be a
Ts-space. Then X is P-regular.

Proof. Note that Fin(X) C M and M = M". Let now U € P and
x €U. Then {z} e M, X\U e M, {z}U(X\U) € Mand {z}U(X\U) # X\U.
Since (M, O) is a Th-space, there exist V, W, Vi,..., V,,Wi,..., W) € P such that

n k
{z}U(X\U) € Viin[(Va)ye = O, X\U € Wi:n [ (W) = O’ and ONO’ = 0.
i=1 j=1

Then {z}U(X\U) CV, {z2}u(X\U))NV; #0fori=1,...,n, X\U C W and
(X\U)NW;#0forj=1,...,k Fixz; € (X \U)NW; for every j =1,...,k.
Set F ={z; |j=1,...,k}. T(X\U)NV; #0fori=1,...,n then for each
i €{l,...,n} thereexists y; € (X\U)NV;. Then FU{y; |i=1,...,n} € ONO’,
a contradiction. Hence, there exists ig € {1,...,n} such that (X \ U)NV;, = 0.
Then z € Vi,. Let G = {i € {1,...,n} | (X\U)NV;, = 0}. Then G # 0
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and = € sz = V. Let H={1,....,n} \G. If H # () then, for every
i€G

i € H,fixz € (X\U)NV, and set F' = {2, | i € H}. If H = () then

set F/ = (). We will show that VN V' N W = (. Indeed, suppose that there

exists y € VNV NW and set F/ = FUF U{y}. Then F/ € ON0O’, a

contradiction. Hence V' =V NV ' C X \ W. Therefore, we obtain that Ve

and z € V' C X\ W CU. Thus, X is P-regular. O

Remark 3.23. The above proof shows that the conditions “M = {X \
U|U € P}’ and “M is a natural family” in Proposition 3.22 can be replaced by
“MO{X\U |Ue?P}, FinX CMandif x € U € P then {z} U (X \U) € M”.

Corollary 3.24. ([13]) Let (X,7T) be a Ti-space. Then (X,7T) is a T3-
space iff (CL(X),Yx) is a Ta-space.

Proof. Set P =T and M = CL(X) in Propositions 3.21 and 3.22. O

Proposition 3.25. Let (X, T) be a compact T1-space, O be a Vietoris-type
topology on CL(X,T) and Tog =T. Then (CL(X,T),0) is a compact space.

Proof. Clearly, the identity map i : (CL(X,7),Tx) — (CL(X,7),0)
is continuous. By a theorem of E. Michael [13, Theorem 4.2], the space (CL(X,T),
Tx) is compact. Hence (CL(X,7T),0) is compact. O

4. Subspaces and hyperspaces. In this section, we will regard the
problem of continuity or inverse continuity of the maps of the form i4 x (see
Proposition 4.3 below for the definition of the maps i4 x) for the hyperspaces
with a srong Vietoris-type topology. This problem was regarded by H.-J.Schmidt
[14] for the lower Vietoris topology, by G. Dimov [6, 7] for the (upper) Vietoris
topology and by Barov- Dimov- Nedev [2, 3] for the upper Vietoris topology.

We will need the following result from [11]:

Proposition 4.1. ([11]) Let (X,T) be a space, P be a subbase for T,
X € P and P~ be a subbase for a topology O on CL(X). Let A be a subspace
of X. Set PA ={UNA|U e P} Let O be the topology on CL(A) having
(?A)E'L(A) as a subbase. Then isx_ : (CL(A),0%) — (CL(X),0), where

. =X . . .
iax—(F)=1F", is a homeomorphic embedding.
The next assertion is trivial.

Proposition 4.2. Let A and X be sets, and f : A — X be a function.
Let, for i = 1,2, T; (resp., O;) be a topology on A (resp., X). Let the maps
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f: (A7) — (X,01) and f : (A,T2) — (X,02) be continuous. Then f :
(A, 71V T2) — (X,01 VO2) is a continuous map.

Proposition 4.3. Let (X,7) be a T} -space, M = CL(X,T), O be a strong
Vietoris-type topology on M and To = T. Let A be a subspace of X, My = CL(A),
04 be the topology on My having as a subbase the family (:Pé)E‘L(A) where Té =

{UNA|U € Py}, and let O+ be the topology on My having as a base the family

CBA)CL(A) where By = {UNA | U € Bo}. Then:

(a) 04 =04v (‘)ﬁ is a strong Vietoris-type topology on My, and

(b) the map iax : (Ma,0%) — (M,0), where iy x(F) = F for every F €
My, is continuous (resp., inversely continuous) if and only if the map ia x + :
(Ma, (‘)ﬁ) — (M, 0y) is continuous (resp., inversely continuous) (here i x 4 (F)
FX for every F € CL(A)).

Proof. (a) Since Ty9 = T_o = Ty = T, we get that Py is a subbase
for T and By is a base for T. Also, X € Py N By. Then we easily obtain that
Ti0a = T_9a = T4, where Ty = {UN A | U € T}. Hence 04 is a strong
Vietoris-type topology on M4 and Tga = T4.

(b) Clearly, the map i4 x is an injection.

(<) It follows from Propositions 4.1 and 4.2.

(=) Let iax : (Ma,04) — (M, 0) be continuous. We will prove that i x ;
(M4, (‘)A) — (M, Q) is continuous. Let U € By, F € My and FX C U. Then

there exist V € B4 and Vi,...,V, € P4 such that F € VM N ﬂ D, = O
=1

and i4,x(0) QU;(. Thus FNV; #0,Vi=1,....,nand F CV. Let a; € FNV,
for i = 1,...,n. We will show that i x4 (V5{,) C Uy Indeed, let G € My
and G C V. Set G = GU{a; |i=1,...,n}. Since X is a Tj-space, we get
that G’ € M4. Obviously, G’ € O. Hence ot C U. Thus a* C U. So,
iA7X7+(VJ\J{A) C UJ\J%. Therefore, the map 74 x + is continuous.

Let i4 x be inversely continuous. We will show that the map i4 x 4+ is
inversely continuous. Let U € B4, F € M4 and F' C U. Then there exist V € Bg

n

and Vi,...,V, € Po such that B € V¥ [ V;” =0 and (i4x)"'(0) C Uy,
=1

Thus X C Vand X NV; #0, ¥i = 1,...,n. Obviously, ¥i = 1,...,n, there

exists a; € FNV;. We will show that (iA7X7+)_1(V+) C UJ\J%A. Indeed, let G € M4

and G© C V. Then G’ = GU{a; |i=1,...,n} € My and @~ € 0. Hence
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G' CU. Thus G C U. So, (iax+) (V1) C U;(A. Therefore, the map i4 x + is
inversely continuous. O
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