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1. Introduction. The following two results of Pospisil [17], which are
valid for every Hausdorff space X, are well known: |X| < 22" and 1 X| <

[d(X )]X(X). Ko¢inac in [15], for Urysohn spaces X, sharpened the first inequality

to | X| < 92 " A5 it was shown by Arhangel’skii in [2] for Hausdorff spaces

and by Cammaroto and Koéinac in [4] (see also [15]) for Urysohn spaces, the
second inequality can be sharpened respectively to | X| < [d(X )]bt(X) and | X| <
[dp (X)),

In this paper, for a topological space X and any positive integer n, we
define the cardinal functions S(n)-density (denoted by d, (X)), S(n)-tightness
(denoted by t,(X)), and S(n)-bitightness (denoted by bt, (X)), and using them
and recently introduced in [10] cardinal functions S(n)-character, S(n)-pseudo-
character, and S(n)-spread, denoted respectively by x,(X), ¥, (X), and s,(X),
we prove some cardinal inequalities for S(n)-spaces.

In particular, we extend the above-mentioned inequalities for the class
of S(n)-spaces, where n is a positive integer, by showing that for every S(n)-
space X we have | X| < g2t (Theorem 3.1) and | X| < [dn(X)]bt”(X) (Theorem
3.5). Since bty (X) < t5(X)Y2,(X), whenever X is an S(n)-space (Theorem
3.3), as a corollary we obtain Theorem 3.7: If X is an S(n)-space, then | X| <
[d,, (X))t (X)¥2n(X) - Extending in Theorems 3.13, 3.15, and 3.17 to S(n)-spaces
a fundamental result about spread due to Shapirovskii (see [19] or [12, Theorem
5.1]), in Theorems 3.19, 3.21 and 3.23 we obtain upper bounds for the S(n)-
density of S(n)-spaces using the cardinal function s,(X). In the proofs of these
theorems we use substantially Lemmas 3.10, 3.11 and 3.12 proved in [10]. As
corollaries, in Theorem 3.20, 3.22 and 3.24 we find upper bounds of the cardinality
of S(n)-spaces as functions of s, (X) and bt,(X).

2. Preliminaries. All spaces considered here are assumed to be at least
Ty and infinite. NT denotes the set of all positive integers and N = {0} UNT. q,
B, v and § are ordinal numbers, while A and & denote infinite cardinals; £ is the
successor cardinal of k. As usual, cardinals are assumed to be initial ordinals. If
X is a set, then PB(X) and [X]=" denote the power set of X and the collection
of all subsets of X having cardinality < k, respectively.

We begin with recalling some definitions that we need. (For additional
topological definitions not given here see [9], [13], or [12].)

Definition 2.1. Let X be a topological space, A C X and n € N*. A
point x € X is S(n_)—separated from A if there exist open sets U;, i =1,2,....,n
such that © € Uy, U; CUjqq fori=1,2,....n—1 and U, N A =2; x is S(0)-
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separated from A if x ¢ A. X is an S(n)-space [21] if every two distinct points
in X are S(n)-separated.

Now, let n € N. The set clgn A = {x € X : x is not S(n)-separated from
A} is called 6"-closure of A [6]. A is 6"-closed [16] if clpn(A) = A; U C X is
0" -open if X\U is 0"-closed; and A is §"-dense in X if clpn(A) = X.

It is a direct corollary of Definition 2.1 that S(1) is the class of Hausdorff
spaces and S(2) is the class of Urysohn spaces. Since we are going to consider
here only T}-spaces, for us the S(0)-spaces will be exactly the T}-spaces. Also,
clgo(A) = A and clgi (A) = clp(A) is the so called §-closure of A [20].

It will be more convenient for us to consider the S(n)-spaces in more
'symmetric’ way similar to the way how S(n)-spaces are defined in [7], [8] or [16]
but we are going to use the terminology and notation introduced in [10].

Definition 2.2 ([10]). Let X be a topological space, U C X, x € U and
k € Nt. We will say that U is an S(2k — 1)-neighborhood of x if there exist open
sets U;, i = 1,2,...,k, such that x € Uy, U; C Ujyq, fori=1,2,....k—1, and
Up CU. We will say that U is an S(2k)-neighborhood of z if there exist open
sets U;, i = 1,2,...,k, such that x € Uy, U; C Ujyq, fori=1,2,....k—1, and
U, CU.

Let n € NT. When a set U is an S(n)-neighborhood of a point x and it is
an open (closed) set in X, we will refer to it as open (closed) S(n)-neighborhood
of . A set U will be called S(n)-open (S(n)-closed) if U is open (closed) and

there exists at least one point x such that U is an open (closed) S(n)-neighborhood
of x.

Remark 2.3 ([10]). We note that in what follows every S(2k — 1)-open
set U in a space X, where k € N, will be considered as a fixed chain of k
nonempty sets U;, i = 1,2,. .., k, such that U; C U;yq, fori =1,2,...,k—1, and
Ur CU. (In fact, most of the time we will assume that U, = U).

Now, using the terminology and notation introduced in Definition 2.2 it
is easy to see that the following propositions are true.

Proposition 2.4 ([10]). Let X be a topological space, z € X and k € N,

(a) Every closed S(2k—1)-neighborhood of x is a closed S(2k)-neighborhood
of x.

(b) Every S(2k)-neighborhood of x contains a closed S(2k)-neighborhood
of x; hence it contains a closed (and therefore an open) S(2k — 1)-neighborhood
of x. Thus, every S(2k)-neighborhood of x is an S(2k — 1)-neighborhood of x.

(c) Bvery S(2k+1)-neighborhood of x contains an open S(2k+1)-neighbor-
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hood of x; hence it contains an open (and therefore a closed) S(2k)-neighborhood
of x. Thus, every S(2k + 1)-neighborhood of x is an S(2k)-neighborhood of x.

Proposition 2.5 ([10]). Let X be a topological space and k € N*.

(a) X is an S(2k — 1)-space if and only if every two distinct points of X
can be separated by disjoint (open) S(2k — 1)-neighborhoods.

(b) X is an S(2k)-space if and only if every two distinct points of X can
be separated by disjoint closed S(2k — 1)-neighborhoods.

(¢) X is an S(2k)-space if and only if every two distinct points of X can
be separated by disjoint (closed) S(2k)-neighborhoods.

(d) X is an S(2k + 1)-space if and only if every two distinct points of X
can be separated by disjoint open S(2k)-neighborhoods.

Definition 2.6 ([10]). Let X be a topological space, A C X and k € N*.
We will say that a point x is in the S(2k — 1)-closure of A if and only if every
(open) S(2k — 1)-neighborhood of x intersects A and we will say that a point x
is in the S(2k)-closure of A if and only if every (closed) S(2k)-neighborhood (or
equivalently, every closed S(2k —1)-neighborhood) of x intersects A. Forn € NT,
the S(n)-closure of A will be denoted by 0,,(A). A is 0,,-closed if 6,(A) = A and
U C X is6y-open if X \U is 0,,-closed, or equivalently, U C X is 0,-open if U is
an S(n)-neighborhood of every x € U. Finally, A is 0,-dense in X if 0,(A) = X.

It is immediate that, for every n € NT, every 6,,-open set is open and every
set of the form 6,,(A), where A C X, is a closed set in X. Also, 61(A) =cl(A) = A
is the usual closure operator in X and 03(A) = cly(A) is the O-closure operator
introduced by Velicko [20]. We also note that, for any integer n > 1, the 0,-
closure operator, in general, is not idempotent.

Definition 2.7 ([10]). Let k € NT and X be a topological space.

(a) A family {U, : a < K} of open S(2k — 1)-neighborhoods of a point
x € X will be called an open S(2k — 1)-neighborhood base at the point x if for
every open S(2k — 1)-neighborhood U of x there is o < k such that U, C U.

(b) An S(2k — 1)-space X is of S(2k — 1)-character x, denoted by
Xok-1(X) = K, if K is the smallest infinite cardinal such that for each point
x € X there exists an open S(2k — 1)-neighborhood base at x with cardinality at
most k. In the case k = 1 the S(1)-character x1(X) coincides with the usual
character x(X).

(c) An S(2k)-space X is of S(2k)-character x, denoted by x21(X) = K,
if k is the smallest infinite cardinal such that for each point x € X there exists a
family Vy of closed S(2k — 1)-neighborhoods of x such that |V,| < k and if W is
an open S(2k — 1)-neighborhood of x, then W contains a member of V. In the
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case k = 1 the S(2)-character x2(X) coincides with the cardinal function k(X)
defined in [1].

(d) An S(k — 1)-space X is of S(2k — 1)-pseudocharacter k, denoted by
Yorp—1(X) = K, if k is the smallest infinite cardinal such that for each point x € X
there exists a family {U, : o < K} of S(2k — 1)-open neighborhoods of x such that
{z} = m{Ua ta < k}. In the case k = 1 the pseudocharacter ¢¥1(X) coincides
with the usual pseudocharacter ¥(X).

(e) An S(k)-space X is of S(2k)-pseudocharacter x, denoted by 1o (X) =
Kk, if Kk is the smallest infinite cardinal such that for each point x € X there
exists a family {Uy : o < K} of S(2k — 1)-open neighborhoods of x such that
{z} = ﬂ{Ua ca < k}. In the case k = 1 the pseudocharacter o(X) coincides

with the closed pseudocharacter ¥ (X).

It follows immediately from the previous definition that if & € N, then
Xok(X) < xor—1(X) and thop 1 (X) < hop(X) < Yopy1(X) < Yhop12(X), whenever
they are defined (see [10]).

In relation to Definition 2.7(c) we recall that for a topological space X,
k(X) is the smallest infinite cardinal x such that for each point x € X, there is
a collection V, of closed neighborhoods of = such that |V,| < k and if W is a
neighborhood of z, then W contains a member of V, [1]. As it was noted in [1],
E(X) < x(X) and that k(X) is equal to the character of the semiregularization
of X.

Definition 2.8. Let n € N. We define the 0,-density and hereditary
On-density of a space X (denoted, respectively, by dp, (X) and hdg, (X)) by

dp(X) = min{|A| : A is a 6,,-dense subset of X} 4+ Ry, and
hd,(X) =sup{dy,(Y):Y C X}.

Clearly, if n = 1, then d;(X) = d(X) and hdy(X) = hd(X) are the usual
density and hereditary density functions. If n = 2, then do(X) = dg(X) and
hdy(X) = hdyg(X) are the #-density and hereditary -density functions defined in
[15].

It is not difficult to see that for every space X and every n € N* we have

dp(X) < dp1(X) < -+ S do(X) = dy(X) < di(X) = d(X), and
B (X) < hidn1(X) < - < hda(X) = hdg(X) < hdy (X) = hd(X).
Definition 2.9 ([10]). Let k € NT and X be a topological space.

(a) We shall call a subset D of X S(2k — 1)-discrete if for every x € D,
there is an open S(2k — 1)-neighborhood U of x such that U N D = {x}, and
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we define the S(2k — 1)-spread of X, denoted by sor—1(X), to be sup{|D| : D is
S(2k — 1)-discrete subset of X} + Ng.

(b) We shall call a subset D of X S(2k)-discrete if for every x € D, there
is an open S(2k — 1)-neighborhood U of x such that U N D = {x}, and we define
the S(2k)-spread of X, denoted by sor(X), to be sup{|D| : D is S(2k)-discrete
subset of X} + .

It is easily seen that a set D in a topological space X is discrete if and
only if D is S(1)-discrete and a set D is Urysohn-discrete if and only if D is
S(2)-discrete. Hence, s1(X) is the usual spread s(X) and s2(X) is the Urysohn
spread Us(X) defined in [18].

Definition 2.10. Let n € NT and X be a topological space.

(a) The S(n)-tightness of a space X, denoted by t,(X), is the smallest
cardinal T such that for every A C X and every x € 6,(A) there exists a set
B C A such that |B| <7 and x € 0,,(B).

(b) The S(n)-bitightness of a space X, denoted by bt,,(X), is the smallest
cardinal T such that for each non-0,-closed set A C X there exists a point x €

X\A and a collection S € [[A]S7]S" such that {x} = m{ﬁn(S) : S e St

If n = 1, then #1(X) = ¢(X) and bt;(X) = bt(X) are the usual tight-
ness and bitightness functions (see [2]) and if n = 2, then t3(X) = t»(X) and
bta(X) = bty(X) are the -tightness and #-bitightness functions defined in [5].

3. Cardinal inequalities for S(n)-spaces. We begin with extend-
ing for the class of S(n)-spaces, where n is any positive integer, the following two
Pospisil’s inequalities: |X| < 22" and | X| < [d(X)]¥X) [17].

We note that the case n = 1 of the following theorem is exactly the first
Pospisil’s inequality mentioned above and the case n = 2 is [15, Theorem 2.1].

Theorem 3.1. Let n € NT. If X is an S(n)-space, then |X| < 92 (%),

Proof. Let d,(X) < k and let A be a 6,,-dense subset of X such that
|A| < k. We need to consider two cases: (a) n = 2k — 1 and (b) n = 2k, where
k € N*t. Since X is an S(n)-space, for every two distinct points  and g in X,
there exist open S(2k — 1)-neighborhoods U and V' of x and y, respectively, such
that UNV = () in case (a) and U NV = () in case (b). Hence, there exists a set
B, C A such that x € 0;,_1(B;) and y ¢ 02;_1(B;) in case (a) and x € Oa;(B;)
and y ¢ 0o;(Bg) in case (b). Therefore z — {B; C A:x € f9,_1(B;)} in case
(a) and x — {B; C A: x € 09(B,)} in case (b) is an one-to-one correspondence
between X and a subset of the set P(P(A4)), so [X| < 2", O
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The case k = 1 of the following theorem can be found in [2] and for k = 2
it was observed in [11]. We note that in [5, Proposition 2.2] it was shown that
bte(X) < x(X).

Theorem 3.2. Letn € NT. If X is an S(n)-space, then bt,(X) < xn(X).

Proof. Let x,(X) =k and let A be a non-60,,-closed subset of X. Then
there exists a point x € 6,,(A)\ A. We need to consider two cases: (a) n =2k —1
and (b) n = 2k, where k € NT. In both cases let {U, : a < s} be an open
S(2k — 1)-neighborhood base for z. Then for each o < k we have U, N A # () in
case (a) and U, N A # () in case (b). In both cases we choose a point z,, in these
nonempty intersections. Let B = {z4 : @ < k}. Then x € 09;,_1(B N U,) in case
(a) and x € 09, (BN U,) in case (b). Since X is an S(2k — 1)-space in case (a)
and S(2k)-space in case (b) we have

(Nb2k-1(BNUs): @ <k} C [ fbar-1(Ua) : @ < 5} = {2}

in case (a), and
(N0 (BNTa):a <k} C({0u(Ua) : a < 6} = {a}

in case (b). Therefore the collection {BNU, : a < k} in case (a) and {BNU, :
a < k} in case (b) witness that bt,(X) < k. O

Another estimation of the S(n)-bitightness is contained in our next theo-
rem. In [2, Proposition 1] it was observed that ¢(X) < bt(X) < x(X), whenever
X is a Hausdorff space. The case n = 1 of Theorem 3.3 gives the following better
estimation: t(X) < bt(X) < t¢(X).(X) < x(X).

Theorem 3.3. Let n € NT. If X is an S(n)-space, then bt,(X) <
tn(X)l/JZn (X) :

Proof. Let t,(X)®92,(X) =k and let A be a non-6,,-closed subset of X.
Then there is a point x € 6,(A)\ A. Since t,,(X) < k, we can fix a set B C A such
that |B| < k and x € 0,,(B). We need to consider two cases: (a) n =2k — 1 and
(b) n = 2k, where k € NT. Let {V®: a < k} be a collection of open S(4k — 3)-
neighborhoods of = in case (a) and a collection of open S(4k — 1)-neighborhoods
of z in case (b) such that ﬂ{Va ta < k} = {z}. Since for each ao < k, V* is an

open S(4k—3)-neighborhood of x in case (a) and an open S(4k—1)-neighborhood
of x in case (b), there exist open neighborhoods of x such that

reVrcVic--cVEcV,c---CcVg
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in case (a) and
ceVecVic---cVdcV,c---CVg

in case (b).

Since z € 0,(B), for each a < k, V2N B # ) in case (a) and V;, N B # {)
in case (b). Thus, for every a < k we have z € 0,1 (BN V) in case (a) and
x € (BN V}) in case (b).

Therefore

z €[ Wu-1(BNVY) o <k} C [ {Oar-1 (Vi) 1 o < 1}
C ﬂ{Vg,H ra< k) ={x}

in case (a) and

re(0u(BNVY) ra<k} [ {0u(Vy):a<k} [ Vo :a<r}t={z}

in case (b).

This shows that m{Hgk,l(B NVY) o < k} = {z} in case (a) and
m{OQk(B NVE) :a < k} = {z} in case (b). The existence of the collections
{BNV&: a < k} in case (a) and {BNV}, : a < k} in case (b) proves that
bt,(X) <k O

The case n = 1 of our next theorem is Lemma 1 in [2]. In [3] the authors
proved that if X is a Urysohn space and A C X, then |clg(A)| < |A\X(X) and
it was sharpened in [4] to |clg(A)| < |A["X) ) which is the case n = 2 of the
following theorem.

Theorem 3.4. Let n € Nt. If A is a subset of an S(n)-space X, then
16, (A)| < AP0,

Proof. Let |A| = k and bt,(X) = A. Using transfinite recursion we
define a family {A, : a < kT } of subsets of X such that:

(i) Aq CAgfora < f < At and
(ii) |Aq| < A" for each o < AT

Let Ay = A. Suppose we have already defined the sets Ag for all 8 < a. We shall
define A,:

(1) If o is a limit ordinal, then A, = U{Ag 1B < al;



More on the cardinality of S(n)-spaces 235

(2) If @ = v + 1, for some v, then A, = {z € X : there exists S € [[4,]5Y]=}
such that {z} = ({0n(S) : S € S}}.

The construction of the sets A, is completed. The condition (i) is obvi-
ously satisfied since for every z € X, {z} = 0,({z}) for X is an S(n)-space.
We are going to check (ii). Suppose that (ii) is not true and let 8 be the
first ordinal for which |Ag| > &*. Note that 8 > 0 and § is not a limit ordi-

nal (otherwise |Ag| < Z{|A5| .8 < B} < k). Hence, B = v+ 1 for some
vy < AT. For each x € Ag there exists a collection S, € [[4,]5*]=* such that
{z} = ﬂ{@n(S ): S € S;}. The correspondence x — S, is one-to-one. Therefore,

we have |Ag| < ‘[[AV]S)‘]S)“ < ((k"*)* = k. This contradiction proves (ii).

Let F = U{Aa :a < AT}, We shall show that F is 6,-closed. Assume,
to the contrary, that F' is not 6,-closed. Since bt,(X) = A, there is a point
z € X\F and a family C € [[F]*}]** such that {z} =[){6.(C) : C € C}. Since
AT is regular, there is some o < AT such that U{C :C e} C U{Aﬁ 1B <

a} C A,. Then, it follows from the definition of A,41 that x € Ay41 and we
have a contradiction. Therefore A is #,-closed and the theorem is proved. O

The following result is a direct corollary of Theorem 3.4.

Theorem 3.5. If n € Nt then | X| < [dn (X)) ), whenever X is an
S(n)-space.

Theorem 3.4 and Theorem 3.3 imply immediately the following two re-
sults:

Theorem 3.6. Let n € Nt. If A is a subset of an S(n)-space X, then
10, (A)] < |A‘tn(X)'¢)2n(X)'

Theorem 3.7. Ifn € N*, then | X| < [d,(X)] )20 (X) yhenever X is
an S(n)-space.

We note that if n = 1 in Theorem 3.6, then we obtain Bella and Cam-
maroto’s result that if X is a Hausdorff space and A is a subset of X, then
[A] < |A[fX)Pe(X) (3] The case n = 2 of Theorem 3.6 states that if X is a
Urysohn space and A is a subset of X, then |clg(4)] < |A[*CD¥X)  Under
the same assumptions it was shown in [11] that |clg(A)] < [A[X)¥e2(X) " Since
Yp2(X) < 4(X), for every Urysohn space X, the latter estimation is better. (For
the definition of 1)g2(X) see [11]).
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Definition 3.8. Denote by C,(X) the family of all 0,,-closed subsets of
a space X.

The case n = 2 of our next result is [15, Theorem 2.4].

Theorem 3.9. Let n € NT. If X is an S(n)-space, then |Cn(X)| <
el (X )bt (X)

Proof. Let hd,(X)bt,(X) = k and let F be a 6,-closed subset of X.
Take a set D C F' such that 6,,(Dr) = F and |Dp| < k. So the set C,,(X) of all
f,-closed subsets of X is contained in the set {6,(D) : D C X, |D| < k}, which
means |Cy,(X)| < |X|". By Theorem 3.5 and the fact that d,(X) < k we have
|Cn(X)| < (k%) = 2%. The theorem is proved. O

Before we continue we recall some results from [10], which we will use
later.

Lemma 3.10 ([10]). Let k € N, X be a topological space, k = sop,_1(X)
and C C X. For each x € C let U* be an open S(2k — 1)-neighborhood of x and
letd ={U" :x € C}. Then there exist an S(2k — 1)-discrete subset A of C' such

that |A| < k and C' C Oy_1(A) U J{U" : 2 € A}.

Lemma 3.11 ([10]). Let k € N, X be a topological space, k = s9;,(X)
and C C X. For each x € C let U* be an open S(2k — 1)-neighborhood of x and
let U = {U" : © € C}. Then there exist an S(2k)-discrete subset A of C such

that |A| < k and C C Oy (A) U J{T" : = € A}.

Lemma 3.12 ([10]). Let k € N,

(a) For every S(3k)-space X, or(X) < 252k(X);

(b) For every S(3k — 2)-space X, op_1(X) < 9526—1(X) .
(¢) For every S(3k — 1)-space X, or_1(X) < 252k(X);
(d) For every S(3k — 1)-space X, 1hor(X) < 9s2k—1(X)

Our next three theorems are versions of the fundamental result on spread
due to Shapirovskii (see [19] or [12, Theorem 5.1]). We note that the case k =1
of Theorem 3.13 was stated in [15, Proposition 3.3] for Urysohn spaces X and
hereditary spread hsg(X) but its proof was based on [18, Lemma 11], which proof
has a gap (see also [10]). Here we state and prove Proposition 3.3 from [15] for
S(3)-spaces and we use the spread sg(X), instead (see Corollary 3.14).

Theorem 3.13. Let k € N* and X be an S(3k)-space with sop(X) < k.
Then there exists a subset A of X such that |A| < 2% and

U {egk(B) Be [A]S’i} = X.
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Proof. Since X is an S(3k)-space, according to Lemma 3.12(a) 19, (X) <
2°2¢(X) and therefore for every & € X one can choose a collection U, of S(2k)-

neighborhoods of x such that |U,| < 2% and m {U:UelU,} = {z}. Using
transfinite recursion we will construct a sequence {Aa T € m+} of subsets of X
and a sequence {Z/{a a< fﬁ} of families of open S(2k)-subsets of X satisfying
the following conditions:

(a) |[Aa] <27, a < kT

(b) Ua| < 2%, a < kT; and

<k <k I/

() IfS ¢ [U{Aﬁ .8 < a}} LV € Ua)™, and Oy (S)U|J{T : V € V} #
X, then A0\ (61(S) U J{V -V € V}) £0.

Suppose we have already defined all Ag and U for § < . Let us define A,

<k <K

and Uy,. For every S € [U {Ag:p < a}] ~ and every V € [U {Ug: B < a}]

choose a point z(S,V) € X\ (9%(8) U U {(V:ve V}) whenever the last set is

not empty (otherwise the construction has been finished). Let

<k

Ay = {x(S,V) :S € [LJ{Ag:ﬁ<oz}}SH and V € [U{U5:5<a}] }, and
U = J{Us : 1 € A}

It is easy to check that A, and U, satisfy (a), (b), and (c). Now, let
A= U {Aa o< m+}. We shall prove that A is as it is required. Take a point

p € X\A. We shall show that p € g;,(B) for some B € [A]=". For every = € A
pick U, € U, such that p ¢ U,. Applying now Lemma 3.11 (to the set A and the
collection {U, : € A}) we find a set B in [A]=7 such that

() AcCby(B)U| J{TU,:ye B}

Let us show that p € fg,(B). Suppose not. Then one can choose o < x
for which B C U {A3: B < a}. By (c), then A,\ (9%(3) U U {U,:ye Y}) #
@ which contradicts (x). The theorem is proved. O

The case k = 1 of the previous theorem gives us the following:

Corollary 3.14. Let X be an S(3)-space with sg(X) < k. Then there
exists a subset A of X such that |A| < 2% and U {clg(B) :Be [A]S’i} =X.
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Theorem 3.15. Let k € N and X be an S(3k—2)-space with so_1(X) <
k. Then there exists a subset A of X such that |A] < 2% and

U {9%_1(3) B¢ [A]S"‘} = X.

Proof. Since X is an S(3k — 2)-space, according to Lemma 3.12(b),
Yop_1(X) < 2520—1(X) and therefore for every x € X one can choose a collection U,

of S(2k — 1)-neighborhoods of x such that |[U;| < 2" and m {U:U e} ={z}.

Using transfinite recursion we will construct a sequence {Aa fa € fﬁ} of subsets
of X and a sequence {U, : @ < k" } of families of open S(2k — 1)-subsets of X
satisfying the following conditions:

(a) |[Aa] <27, a < kT

(b) Ua| <2F, a < kT

@ uSe[J{as:8<a)]™ Ve bl and
Oo—1(S)U|J{V : V € V} # X, then A, (egk,l(S) uJv:ve V}) £ 0.
Suppose we have already defined all Ag and U for § < . Let us define A,
and Uy,. For every S € [U {Ag:p < a}] = and every V € [U {Ug: B < a}] =
choose a point z(S,V) € X\ (9%_1(8) U U {V:Ve V}) whenever the last set

is not empty (otherwise the construction has been finished). Let

<K

A, = {x(S,V) .Se [U{A/g:ﬁ<a}}gn and V € [U{Z/{gzﬁ<a}] } and
U = J{Us : 1 € A}

It is easy to check that A, and U, satisfy (a), (b), and (c). Now, let
A= U {Aa a< m+}. We shall prove that A is as it is required. Take a point

p € X\A. We shall show that p € g;,_1(B) for some B € [A]=". For every z € A
pick U, € U, such that p ¢ U,. Applying now Lemma 3.10 (to the set A and the
collection {U, : 2 € A}) we find a set B in [A]=7 such that

(*) AC92k—1(B)UU{Uy:yEB}.

Let us show that p € 60y;_1(B). Suppose not. Then one can choose
a < kT for which B C U{Aﬁ : B < a}. By (c), then

A\ (b1 (BYU Uy sy € YY) £ 2

which contradicts (x). The theorem is proved. O
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The case k = 1 of the previous theorem is the well-known Shapirovskii’s
result on spread (see [19]).

Corollary 3.16. Let X be a Hausdorff space with s(X) < k. Then there
exists a subset A of X such that |A| < 2% and U {E S [A]S’i} =X.

Theorem 3.17. Let k € N and X be an S(3k—1)-space with so_1(X) <
k. Then there exists a subset A of X such that |A| < 2% and

U {egk(B) Be [A]S’i} = X.

Proof. Since X is an S(3k — 1)-space, according to Lemma 3.12(d),
Yor(X) < 2°25-1X) and therefore for every € X one can choose a collection U,

of S(2k — 1)-neighborhoods of x such that || < 2 and ﬂ {U:U e} ={x}.

Using transfinite recursion we will construct a sequence {Aa ta € m+} of subsets
of X and a sequence {Uy : @ < k" } of families of open S(2k — 1)-subsets of X
satisfying the following conditions:

(a) |[Aa] <27, a < kT

(b) [Us| <25, a < kT and

<k

() IS¢ [U {Ag:8 < a}]‘ ,V € [Ua)=", and
02k (S) U J{V : V € V} # X, then Ao\ (egk(S) U J{vV:ve v}) # 0.

Suppose we have already defined all Ag and U for § < . Let us define A,

<k <K

and Uy,. For every S € [U {Ag:p < a}] ~ and every V € [U {Ug: B < a}]
choose a point z(S,V) € X\ (9%(8) U U {V:ve V}) whenever the last set is
not empty (otherwise the construction has been finished). Let

<k

A, = {x(S,V) .Se [U{A5:6<a}}gn and V € [U{Z/{gzﬁ<a}] } and
Ua:U{Ux:xEAa}.

It is easy to check that A, and U, satisfy (a), (b), and (c). Now, let
A= U {Aa Ta< H+}. We shall prove that A is as it is required. Take a point

p € X\A. We shall show that p € 0 (B) for some B € [A]=". For every z € A
pick U, € U, such that p ¢ U,. Applying now Lemma 3.11 (to the set A and the
collection {U, : 2 € A}) we find a set B in [A]=7 such that

(%) ACH%(B)UU{Uy:yEB}.
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Let us show that p € fg,(B). Suppose not. Then one can choose o < k™

for which B | J{As: 8 < a}. By (c), then A4\ (egk(B) v J{T,:ye Y}) ”]
@ which contradicts («x). The theorem is proved. O
The case k = 1 of the previous theorem could be restated as follows:

Corollary 3.18. Let X be a Urysohn space with s(X) < k. Then there
exists a subset A of X such that |A| < 2% and U {clg(B) :B € [A]S’i} = X.

Our next result follows from Theorem 3.13:

Theorem 3.19. Let k € NT. If X is an S(3k)-space, then dop(X) <
952k (X)

Using the last theorem and Theorem 3.5 we get:

Theorem 3.20. Let k € N*t. If X is an S(3k)-space, then |X| <
952k (X)btar (X)

Proof. By Theorem 3.5 and Theorem 3.19 we have
btox (X
As a corollary of Theorem 3.15 we obtain:

Theorem 3.21. Letk € NT. If X is an S(3k—2)-space, then doj_1(X) <
9s2k—1(X)

— 9s2u(X)btar (X)

Using the previous theorem and Theorem 3.5 we get:

Theorem 3.22. Let k € N*. If X is an S(3k — 2)-space, then |X| <
952k—1(X)btap—1(X)

Proof. By Theorem 3.5 and Theorem 3.21 we have
1X| < (d2k71(X))bt2k—l(X) < (282k—1(X))bt2k_l(X) — 9s2ak—1(X)btar1(X)
As a consequence of Theorem 3.17 we have:

Theorem 3.23. Let k € N*. If X is an S(3k — 1)-space, then dagi(X) <
9s2k—1(X)

Using the last theorem and Theorem 3.5 we get:

Theorem 3.24. Let k € N*. If X is an S(3k — 1)-space, then |X| <
952k—1(X)btag (X)

Proof. By Theorem 3.5 and Theorem 3.23 we have
1X] < (dog (X))P2 ) < (28%—1<X>)’”%(X’ — 9o (X))
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