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METHODS FOR CONSTRUCTING SELF-DUAL CODES

Stefka Hristova Buyuklieva

The purpose of this paper is to present some topics of the theory of self-dual codes.
We have included some known results for binary, ternary and quaternary codes. We
describe new methods for constructing self-dual codes over finite fields of g elements
forq=2%t=1,2,..., and ¢ = 3.

1. Introduction. Self-dual codes are an important class of codes (i) for practical
reasons, since many of the best codes known are of this type, and (ii) for theoretical
reasons, because of their connections with groups, lattices and designs.

A linear [n, k] code C'is a k-dimensional vector subspace of the vector space F}', where
F, is the finite field of ¢ elements. The parameter n is called length of C'. The elements
of C are called codewords and the (Hamming) weight of a codeword is the number of
its non-zero coordinates. The minimum weight of C' is the smallest weight among all
non-zero codewords of C. An [n, k, d; q] code is an [n, k] code over F,; of minimum weight
d. A matrix which rows form a basis of C' is called a generator matrix of this code. The
weight enumerator W (y) of a code C' is given by W(y) = > I" , A;y* where A; is the
number of codewords of weight ¢ in C. Let (u,v) : F} x F' = F; be an inner product
in the linear space Fy'. Then if C is an [n, k] linear code, C*+ = {u € F}' : (u,v) = 0
for all v € C}. If C C C+, C is termed self-orthogonal and if C = C*, C is self-dual.
If C is self-dual, then k = %n The codes with the largest minimum distanse among all
self-dual codes of given length are named extremal self-dual codes.

Let M be an n x n monomial matrix over F,, containing exactly one nonzero element
from Fj, in each row and column. Then M sends a code C over Fj, into the equivalent code
C' ={uM : u € C}. The set of all monomials such that C/ = C' forms the automorphism
group Aut(C) of the code C. The action of M preserves weights and inner products, so
that if C is self-orthogonal, so is C’. We usually specify M as a permutation of coordinates
followed by multiplication by a diagonal matrix. If M € Aut(C) is a monomial matrix,
which contains only 1’s and 0’s, we can specify it as a permutation of the n coordinates
of C' and consider as an element of the simmetric group S,,. We call it a permutation
automorphism of C. If C' is a binary code all automorphisms of C' are permutation
automorphisms.

A theorem of Gleason and Pierce (see [17]) implies that a self-dual code over Fj, can
only have all weights divisible by some integer ¢t > 1 in five cases:
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I q=2, t=2;
11 q=2, t=4;
111 q=3, t=3;
v q=4, t=2;

V  qarbitrary, t=2 and weight enumerator (z2 + (¢ — 1)y?)"/2.

The length of a self-dual code must be even. If ¢ = 2 or 4 there is no other restriction
on the length, and such codes have even weight and are of types I and IV, respectively.
If ¢ = 2 and the weight of every codeword is a multiple of 4, then n must be divisible by
eight; these are type II codes. Finally, if ¢ = 3 then the weights are multiples of 3, and
n must be divisible by four: these are type III codes. The type I and type II codes are
also named singly even and doubly even self-dual codes.

The paper is organized as follows. Section 2 is devoted to binary self-dual codes.
We describe known methods for constructing such codes. In Section 3 we present some
results about quaternary self-dual codes. In Section 4 we prove some properties of the
ternary self-dual codes with a permutation automorphism of order 3 without fixed points.
We give a construction technique to obtain such codes. Finally, in Section 5 we give a
construction method for self-dual codes over F, for ¢ = 2* which possess an automorphism
of order 2 without fixed points. This method is an extension of the method from [1] for
the case ¢ = 2.

2. Binary self-dual codes. The enumeration of binary self-dual codes of length
n < 32 has been carried out in a series of papers: Pless [20] for n < 20; Pless and Sloane
[21] for n = 22, 24; Conway and Pless [5] for n = 26 to 30 and Type II of length 32.
For any greater length there exist a large number of such codes; for example, there are
at least 17000 inequivalent type II codes of length 40 [5]. However extremal codes seem
relatively rare among these codes. In particular, there is one extremal self-dual doubly
even code of length 8, two of length 16, one of length 24, and five of length 32. A list
of possible weight enumerators of extremal binary self-dual codes of length up to 72 is
given by Conway and Sloane in [7]. A lot of papers have provided constructions for some
of the unknown codes. To obtain new extremal self-dual codes, some authors use the
connection between self-dual codes and symmetric designs [13], [12], Hadamard matrices
[19], [23], self-dual codes of smaller lengths [2], [4]. A method for constructing binary
self-dual codes via an automorphism of odd prime order is given by Huffman and Yorgov
[10], [24], [25]. In [4] we give a construction technique for binary self-dual codes with an
automorphism of order 2 without fixed points.

Doubly even binary codes (type II codes) up through length 32 have been classified
by the technique of complete enumeration in [5], [20], [21]. In [5] the 85 type II codes
of length 32 were enumerated. For doubly even self-dual codes it is well known that
d < 4[55]+4 for all n. A long-standing open question is the existence of a [72,36,16] doubly
even code. Using Hadamard matrices, Tonchev [23], Ozeki [19] and other authors have
found extremal doubly even self-dual codes. Kapralov and Tonchev [13] have obtained
doubly even [64,32,12] codes from symmetric designs. Huffman [10] has shown that any
type II [48,24,12] code with a nontrivial automorphism of odd order is equivalent to
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the extended quadratic residue code of this length. Yorgov has found all inequivalent
extremal doubly-even codes of length n with an automorphism of odd prime order p
for n = 40, p > 5 [24]; n = 56, p = 13 [25]; n = 64, p = 31 [26]. All doubly-even
[40,20,8] self-dual codes with an automorphism of odd order were constructed by Yorgov
and Ziapkov [27].

Although the type I codes of length 32 have not been classified, it is shown in [7] that
there are precisely three inequivalent [32,16,8] extremal type I codes. For the singly even
codes d < 4[g5]+4+¢, where e = —2if n=2,4 0or 6, ¢ = 2 if n = 22(mod 24), and € = 0
otherwise. The classification of extremal double circulant self-dual codes of length up to
62, and of lengths 64 to 72, is given in [9] and [8], respectively. Huffman and Tonchev
have constructed [50,25,10] self-dual codes from quasi-symmetric 2-(49,9,6) designs. All
inequivalent extremal singly-even self-dual codes of length 40 with an automorphism of
odd prime order are in [3]. Many extremal codes of lengths 42 and 44 are obtained using
this technique [2,22].

3. Quaternary self-dual codes. We will consider two types of inner product in
the vector space FJ' over the quaternary field Fy = {0,1,w,w?}, where w? +w+1=01is
the Euclidean inner product (u,v) = uv = Z?Zl u;v;, and the Hermitian inner product
(u,v) = D1 uv?. We will call the quaternary self-dual codes with respect to Hermitian
inner product Hermitian self-dual codes. For these codes we have d < 2[¢]+2 [16]. Codes
meeting this bound exist at lengths 2, 4, 6, 8, 10, 14, 16, 18, 20, 22, 28 and 30. They
do not exist at lengths 12, 24, 102, 108, 114, 120, 122 and n > 126. The remaining
lengths (26, 32, 34, ...) are undecided. The indecomposable Hermitian self-dual codes
of length < 16 were found in [16] and [6]. The long-standing question of the existence
of a [24,12,10] code was settled in the negative by Lam and Pless [15]. In Section 5 we
give a method for constructing quaternary self-dual codes which possess a permutation
automorphism of order 2 without fixed points.

4. Ternary self-dual codes. Self-dual codes over F3 are particularly interesting
because they include the length 12 Golay code, quadratic residue codes, and symmetry
codes. Ternary self-dual codes (type III codes) exist if and only if n is a multiple of
4. The codes with a length less than or equal to 20 have been completely classified in
[6], [18]. Leon, Pless and Sloane [14] give a partial enumeration of the self-dual codes of
length 24, making use of the complete list of Hadamard matrices of order 24, and show
that there are precisely two codes with minimum distance 9. For the ternary self-dual
codes we have d < 3[{5] + 3. Codes meeting this bound exist at lengths 4, 8, 12, 16, 20,
24, 28, 32, 36, 40, 44, 48, 56, 60 and 64. Such codes do not exist at lengths 72, 96, 120
and all n > 144. The existence of extremal codes in the remaining cases (n = 52, 68, 76,
..., 140) is undecided.

Huffman [11] has given a method for constructing ternary self-dual codes with an
automorphism of prime order p # 3. In this section we introduce a construction technique
for ternary self-dual codes with a permutation automorphism of order 3 without fixed
points. To prove some properties of these codes, we use the theory of finitely generated
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modules.

Let C be a ternary self-dual code of length n and o = (1,2,3)(4,5,6)...(n—2,n—1,n)
be an automorphism of C. Obviously, n must be divisible by 3, and since for ternary
self-dual codes n must by divisible by 4, we have n = 12¢. Hence the dimension of C' is
6.

We can consider C' as an Fz[z]-module using o by setting f x v = vf(o) for all
f € F3lx] and all v € C. Then C is a finitely generated torsion module. For v € C we
set Ann(v) = {f € Fsz], f *v = 0}. Obviously Ann(v) is an ideal of F3[z| generated
by (x —1)3 =22 -1, (- 1)2 =22+ 2+ 1 or (x — 1) for any v € C. So there
exist vectors v1,...,v; in C such that C = C1y @ Cy & ... & (), where C; is a cyclic
submodule of C, generated by v;. Let Ann(vi) = Ann(vs) = ... = Ann(vs) = (z3 — 1),
Ann(vss1) = Ann(vsy2) = ... = Ann(verm) = (@2 + 2 + 1), and Ann(vsimi1) =
.. = Ann(v) = (x — 1). Hence w; = \jv; + pivio + v;v;o?, A\, pi,vi € F3, for any
vector w; € Cy, 1 = 1,...,s, w; = \v; + wvio, A\, pu; € Fs, for any vector w; € C;,
i=s+1,...,s+m,and w; = \jv; forw; € C;, it =s+m+1,...,1. It follows that for
any vector v from C'

s s+m l
2
V=wyFwy ... Fw = Z()\ivi + pivio + vv;o°) + Z (Aiv; + pvio) + Z Aiv;.
i=1 i=s+1 i=s+m+1
2 2 2
The vectors vy, v10, V102, V2, V20, V20%, ..., Vs, UsO, Vs0=, Ust1, Vst10, -+, Ustm,
Vs4+m0y Ustm+1, - - -, U are linearly independant and so they form a basis of C. Therefore

6t =dimC =3s+2m+(l—s—m)=2s+m+1.

Lemma 4.1. F(C) ={v e C: (z—1)xv =0} and F'(C) ={v € C: (x—1)?xv = 0}
are linear subspaces of C of dimensions | and 6t — s, respectively.

Proof. Let w € F(C) and

S s+m 1
w = Z(A'LU'L + HiV;0 + I/ivi0'2) + Z ()\ZUZ -+ /’L’LU’LO—) —+ Z )\’LU’L
=1 i=s+1 i=s+m+1
Then
S s+m 1
wo = Z()‘iviff + pivio? + vwio®) + Z (Awio + pvio®) + Z \vio
=t i=s+l i=s+m+1
S s+m 1

= Z()\wm + pivio® + vivg) + Z (Aivio — pivi — pivio) + Z Aiv; = w.

=t i=s+l i=sm+1

It follows that \; = y; =v; fori =1,...;s,and \; = —p; fort =s+1,...,s+m, and
hence

s s+m l
w:Z)\i(vi+via+via2)+ Z Ai(v; —vio) + Z v;.
=1 1=s+1 i=s+m-+1
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Since the vectors vy + vi0 + v102, ey Vg + V50 + 0802, Vg1 — Vs410, + -y Vs — Ustm 0,
Ustm—+1s---,0 are linearly independant, they form a basis of F(C). It follows that
dim F(C) = 1.
Let w € F'(C). Then
S
0=w+wo +ws? = Z()‘i + i + vi) (v + vio + ’UiO‘Q).

i=1

It follows that \; + u; +v;, =0fori=1,...,s, and so

s s s+m l
2
w = Z Ai(v; — vio) + Z vi(vio —v;o”) + Z (Aivi + pivio) + Z Aiv;.
i=1 i=1 i=s+1 i=s+m+1
It is easy to see that the vectors vi — v10,v10 — V102,...,Vs — Us0, UsT — V502, Vgp1,
V5410, -« + s Ustmy Us+mOs Ustm41s - - -, U are linearly independant and belong to F'(C).

Hence they form a basis of F’(C).

For the dimension of F’(C) we have dim F'(C) = 2s+2m+(l—s—m) =s+m+1=
6t — s.

Let us consider the map ¢ : C — F3 defined by ¢(v) = (81 + B2+ B35+ -+, fn_2 +
Bn-1+ Bn) for v= (61, B2,...,5,) € C. Obviously, ¢ is a homomorphism.

Lemma 4.2. ¢(C) is a self-orthogonal [4t, s] ternary code with a basis ¢(v1), ..., d(vs)
and Ker ¢ = F'(C).

Proof. For the kernel of the map ¢ we obtain Ker¢ = {v = (51, 52,...,08n) € C :
() =0} ={veC :Bsia+ P31+ B3 =0i=1,....4t} ={v € C:v+vo+vo? =
0,i=1,...,4t} = F'(C). Tt follows that dim ¢(C) = dim C' —dim Ker ¢ = 6t—6t+s = s.

Let a1dp(v1) + -+ + asp(vs) = 0. Then ¢(av1 + -+ + asvs) =0 and so v = vy +
-4 asvs € Kergp = F'(C). Thus

s+m

s s l
v = Z )\z(vz — ’UiO') —+ Z ‘LL,L'(’Z),L'O' — ’UiO'Q) + Z ()\zvz + /Li’l)iO') + Z )\ivi
i=1 i=1

i1=s+1 1=s+m+1

and we have a; = \; = u; = 0. Hence the vectors ¢(v1), ..., ¢(vs) are linearly indepen-
dant and therefore they form a basis of ¢(C).

Let v = (a1,0a,...,ay) and w = (f1, B2, ..., Bn) are vectors from C. Since C is a
self-dual code we have (¢(v), p(w)) = 3, (zi—o + @i 1 + azi)(Baiz + Bai1 + Bai) =
(v,w) + (v,wo) + (v,wo?) = 0. This proves that ¢(C) is a self-orthogonal [4t, s] code.

For w € F(C) we obviously have w = (a1, a1, 01, ..., a4, aar, cqt). This allows us
to define the map 7 : F(C) — F3! by n(w) = (a1, a,...,a4). The “contracted” code
C" = w(F(C)) has length 4¢ and dimension .

Lemma 4.3.C" = (¢(C))* and sol =4t — s, m = 2t — s.

Proof. Let (a1,...,aq) = 7(v) € C” and (y1,...,71t) = d(w) = (B1 + B2 +
B3y..oy Bz + Bn-1 + Bn) € ¢(C), where v = (1,01, 01, ...,04, g, q¢) and w =
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(81, B2, ..., Bn) are vectors from C. Then (7(v), p(w)) = (v,w) = 0. Hense the vectors
in C" are orthogonal to the vectors from ¢(C).

Let u = (81,...,04) € ¢(C)*=. Then (w, 7 u) = S+ (Bai2 + Bai1 + Bai)d; =
(¢(w),u) =0 for all w € C. Hence 71 (u) € C and so u € C" and thus C” = (¢(C))*.

It follows that dim C”"+dim ¢(C') = 4t and hence dim C” = | = 4t —dim ¢(C') = 4t —s.
Since [ +m + 2s = 6t we have m = 6t — [ — 2s = 6t — 4t + s — 25 = 2t — s.

Let Cy be a self-orthogonal [4t, s] ternary code and Cy be its dual code. Let 71,75 :
C1 — F}?' and ¢ : Cy — F}?! are the maps defined by

TI(U) - (Oél, 0) 07 Qg, 0) 07 ceey Qg 0) 0)7 TQ(U) = (0; aq, 07 0) a2, 07 DRI 07 Qg O)

for v = (ala Q, ...y a4t) € Cp and 1/)(711) = (ﬂlaﬂla 617 cee 754157541575415) for
w = (B1,B2,...,04) € Ca. Let Cs is a self-dual [4¢, 2¢] subcode of Cy containing Cy, and
6 : Cy — F3% be the map defined by 0(w) = (B1,261,0, ..., B, 2B, 0).

Theorem 4.4.C = 71(Cy) + 12(Cy) + (C2) + 0(C3) is a self-dual [12t,6t] ternary
code.

Proof. Since 71, T2, # and ¢ are monomorphisms the dimensions of codes 71(C1),
79(C1), ¥(Cs), and 6(Cs) are s, s, 4¢ — s and 2t, respectively. Obviously, 71(C7) N
72(Cy) = {0}, and (71 (Cy) + 72(C1)) N (Cs) = {0} and therefore the dimension of
Tl(Cl) +T2(Cl) —l—’lﬂ(Cg) iS2s+4t—s=4t+s. v € (Tl(Cl) +T2(Cl) +’(ﬂ(02)) ﬂ9(03) iff
V= (Oél, 21,0, ..., Qqe, 20044, 0) S 9(01) Hence (Tl(Cl)-i-TQ(Cl)—f—w(Cg))ﬂe(Cz;) = 9(01)
and dim(71 (C1) + 72(C1) + ¥(Ca) + 6(C3)) = 4t + s + 2t — s = 6t.

For vi,ve € Cy, wi,wy € Cq, ui,ug € Cs we have (mi(v1),71(v2))=(v1,v2)=0,
(72(v1), 72(v2))=(v1,v2)=0, (Y(w1),9(w2)) = 3(w1,w2) =0, (O(u1),0(uz)) = (u1,u2) +
2(u1, uz) = 0, (11 (v1), 72(v2))=0, (71 (v1), ¥ (w1))=(v1, w1)=0, (71 (v1), O(u1))=(v1, u1)=0,
(72(v1), ¥ (w1)) = (v, w1) =0, (12(v1),0(u1)) = 2(v1,u1) = 0, (Y(w1),0(u1)) = (w1,u1)+
2(wy,u1) = 0, It follows that all vectors in C' are orthogonal to each other and thus C is
a self-dual code.

Example. Let t = 1, C; = {0} and so Cy = Fy¥, and Cs be the self-dual [4,2,3] code

with generator matrix
1110
0121

Using the construction method from Theorem 4.4 we obtain the ternary self-dual [12,6,3]
code 4£3(12) [18].

5. Self-dual codes over GF(2!) with a monomial automorphism of order
2 without fixed points. In this section we consider self-dual codes over finite fields
with 2¢ elements for ¢ > 1 with respect to the Euclidean inner product (u,v) = uv =
o uv; (Euclidian codes), and with respect to the Hermitian inner product (u,v) =
ur =y uivi‘/a (Hermitian codes) for ¢ > 4. We prove two theorems. The first one
gives some important properties of self-dual codes over GF(2!) with an automorphism
of order 2 without fixed points. The second theorem gives us a method for constructing
such codes.
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Theorem 5.1. Let C' be a self-dual [n,k = 2] code over the field F, for ¢ = 2" and
o =(1,2)(3,4)... (n—1,n) be a monomial automorphism of C. Let ¢ : C — FF be
the map defined by ¢(v) = (1 + aa,..., Q-1 + ) for v = (a1,...,a,) € C. Then
¢ is a homomorphism, C' = Im ¢ is a self-orthogonal [k, s] code and C" = n(Ker ¢) =
(p(C)*, where ™ : Kergp — F(f is the map defined by w(v) = (a1,...,q) for v =

(1,01, ..., ak,a) € Ker ¢.

Proof. Clearly ¢ is linear and hence ¢ is a homomorphism. Thus ¢(C) is a [k, s] code
for some s. To show it is self-orthogonal, let v = (a1,...,a,) and w = (51,...,8,) be
codewords in C. Then (¢(v), p(w)) = b (ai—1 +a2;) (Baio1 + Bai)™ = b, (i1 +
a0) (B 1 + B3 = S8 (i1 By + aniB5) + SO (i1 552 + anifi_y) = (v,w) +
(v,wo) = 0 as wo € C, where m = 1 for Euclidian codes and m = 2!~! for Hermitian
codes.

As (a1,00,...,a,) € Ker¢ iff ag;—1 = ag; for 1 <i < k, Kero = C1 = {(p1, 51, B2,
B2, ..., Bk, Br) € C}. Let v1,...,v: be a basis of Cy and extend this to a basis vy, ..., vy,
V41, - .,V of C. Define Cy to be the code with basis vi11,...,vx. Thus C' = Cy & Cs.
Since C1 = Ker ¢, ¢(C) = ¢(Cs). Furthermore the restriction of ¢ to Cy is one-to-one as
Ker¢ = Cy and Cy N Cy = {0}. Therefore s = dimIm¢ =dimCy =k —t or s+t = k.

The map 7 : Ker¢ — FF is clearly one-to-one linear map, and thus dim C” =
dimKer¢ = t. As dimC’ = s and s+t = k, to prove that C” = (C')*, it suffices to
show that a vector in C” is orthogonal to a vector in C”. Let v = (ay,...,a,) € C and
w = (B1,B1, B2, By, B, Br) € Kerg. Then (¢(v), m(w)) = S0 (azim1 + o) B =
(v,w) =0, m=1orm=2"1

Theorem 5.2. Let C' be a self-orthogonal [k, s,d'] code, C" be its dual code and v :
C" — F2* be the map defined by 1(v) = (a1, 1, .., 0k, a1) for v = (a1,az,...,a1) €
C". Let M = {(j1,72),(Js, ja)s---» (Jor—1,J2r)} be a set of r pairs of different co-
ordinates of the code C', 0 < 2r < k, and 7 : C' — F#* be the map defined by

T(v) = (a4, af, ..., a),af) for v = (a1,00,...,ar) € C', where (o, ) = (;,0) for
i# 5,1 =1,2,...,2r, and (04-21_71,a};ifl,ajf:lme,a};i) = (s 1 + Uy y Qs Xy | +

Qs Qjyy_1,) for i =1,...,7. Then C = 7(C") + ¢(C") is a self-dual [2k, k] code and
o=1(1,2)(3,4)...(2k — 1,2k) is an automorphism of C.

Proof. If u,v € C” then (¢(u),¥(v)) = (u,v) + (u,v) = 0. Let u = (o, ..., 0x),v =
(ﬂl’ U ’ﬂk) € Cl’ and w = (,-}/17 e ’Pyk) €’ As 04'21'71 ‘;21'—1 + Oé‘/j;i—l ‘;/21'—1 + Oé;m' ‘;Zi +
Ot;-/zi ;;1 = (ajZi—l + ajZi)(ﬂjZi—l + ﬂjzi)m + Oéj2iﬁgi + (aj2i—1 + aj2i)(/8j2i—1 + ﬂ]éi)m +
Qs 1 Bl = i, B+ vy, B fori=1,...,r, and o] + o 8" = a;p; for i # ji,
1=1,2,...,2r, we have (7(u),7(v)) = (u,v) = 0.

It follows from the definition of 7 that o} + of = «; for ¢ = 1,2...k. Hence
(r(w), 9(w)) = (@ + T + ... + (@ + QDA = a1yl + o+ e = (u0) = 0
(m =1 or 2!71). Therefore the code C is self-orthogonal.

Since 7 and v are monomorphisms the dimensions of the codes 7(C’) and (C") are
s and k — s respectively. Obviously 7(C") N¢(C”) = {0} and therefore the dimension of
C is s + k — s = k. Hence the code C is self-dual.
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As Y(w)o = YP(w) € C for w € C” and 7(v)o = 7(v) + ¢¥(v) € C for v € C’ we have
uo =7(v) + () + Y(w) = 7(v) + (v +w) € C for u = 7(v) + Y(w) € C. Therefore o
is an automorphism of C of order 2.

Examples. For s = 0 we have ¢’ = {0} and " = F}. Using these codes and
Theorem 2 we obtain the [2k, k, 2] self-dual codes & which have generator matrix (Ix|I)
where [, is the identity matrix. These codes are self-dual under the two types of inner
product.

Let k be even and C’ be the code {00...0,11...1}. If we use theorem 2 we can
construct a self-dual [2k, k, 4] code with a generator matrix

1111
1111 ...

..1111
1010 ...1010
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METOIN 3A KOHCTPYNPAHE HA CAMOAYAJIHN KOJOBE

Credka XpucroBa ByrokiaueBa

IlenTa Ha Ta3u cTaTUs € 1a IPEICTaBU HIKOU ACIIEKTU OT TEOPUATA HA CAMOIYyaJHUTE
KoJI0Be. BKJIIOUeHM ca HSKOM M3BECTHU DPe3yJITaTH 3a KOJOBe HAJ IoJieTa C 2, 3 U
4 enementa. Onmcan e ¥ HOB MeTOJ| 33 KOHCTDpyHpaHe Ha CaMOJyaJIHH KOJIOBE HaJ|
KpaiiHu 1ojieta ¢ ¢ enementa 3a ¢ = 2, t =1,2..., u g = 3.

21



