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ON THE NO EXISTENCE OF A [80,40,16] SELF-DUAL CODE
WITH AN AUTOMORPHISM OF PRIME ODD ORDER
GREATER THAN 7*

Radinka Dontcheva

A [80,40,16] self-dual code of type I cannot have an automorphism of odd prime order
greater than 7.

1. Introduction. Let C be a [80,40,16] a self-dual code of type I. It is known [1]
that this code has weight enumerators

Wi(y) =1+ (54045 + 25601)y"® + (675840 — 2048)y 'S+
(1) (6376192 + 51200)y*" + - - -

(2) Wa(y) = 1+ 58653y + 622592y'8 + 6697728y + - --

It is not known whether such a code exists. In this work we try to find such code C
applying known method for constructing codes via automorphisms (see [2,4]) and basic
theorems in Algebra.

Suppose C' has an automorphism ¢ of odd prime order p with ¢ cycles and f fixed
points. We say for short that o is of type p — (¢, f). We denote the cycles of o by
Q1,Qo,...,Q and the fixed points by Qcy1,Qet2, ..., Qe . Define Fp(C) = {v € C :
vo =v} and Ey(C) = {v € C : wt(v|Q) =0 (mod 2), i = 1,...,c+ [}, where v|Q; is
the restriction of v on ;. It is known [2] that C = F,(C) & E,(C) (a direct sum). Let
P be a set of all even weight polynomials in Fp(x)/ (2P —1). It is known that P is a ring
with a unit e(x) =z + 2% +... + 2P~2 4 2P~ L

Every vector v € F,(C) is constant on each cycle. Let w(F,(C)) be a code obtained
from F,(C) by replacing each restriction v|€2;, ¢ = 1,2, ...,¢, by one of its coordinates.
We denote E,(C)* the code E,(C) with the last f coordinates deleted. For v € E,(C)*
we can consider each v|); = (ag, ay, ..., ap—1) as a polynomial ap+a1x+ ... + ap_lacp_l in
the cyclic code P of length p consisting of all even-weight polynomials in Fy[x]|(«? — 1).
The result is denoted by ¢(v). For each u,v € p(E,(C)*) it holds:

(3) uy (x)vy (7)) Fug(@)va (7)) + .+ ue(z)ve(z7h) = 0.

*This work was partially supported by the Bulgarian national Science Fund under Contract No.MM-
503/1995.
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We will use the following transformations leading to equivalent codes [4]:

(i) a substitution x — z* in ¢(E,(C)*), where t is an integer, 1 <t <p—1;

(ii) a multiplication of the j-th coordinate of p(E,(C)*) by '/, where t; is an integer,
Ogtj <p-1,7=12,...,¢

(iii) a permutation of the first ¢ cycles of C;

(iv) a permutation of the last f coordinates of C.

2. Results. The main result of this work is the next theorem.
Theorem 1. A [80,40,16] self-dual code of type I cannot have an automorphism of

odd prime order greater then 7.

Lemma 1. Let C be a [80,40,16] self-dual code with an automorphism o of odd prime
order p greater than 7. Then for p—(c, f) exist following cases: 19— (4, ) and 13— (6, 2).

Proof The cases 79 — ( 1),73 — (1,7),71 — (1,9),67 — (1,13),61 — (1,19),59 —
(1,21),53 — (1,27), 47 ~(1,33), 43 — (1,37),41 — (1,39),37 — (1,43), 37 ~ (2,6),31 —
(1,49),31 — (2,18),29 — (1,51),29 — (2,22),23 — (1,57),23 — (2,34),23 — (3,11),19 —
(1,61),19 — (2,42),19 — (3,23),17 — (1,63),17 — (2,46),17 — (3,29),17 — (4,12),13 —
(1,67), 13f (2,54), 13f( ,41), 13f (4,28),13 — (5,15),11 — (1,69),11 — (2,58), 11 —
(3,47),11 — (4,36),11 — (5, 25) and 11 — (6, 14) do not satisfy conditions i) and ii) of the

Theorem 1 of [4]. The case 11 — (7, 3) contradicts Corollary 2 of [4].

Lemma 2. Threre does not exist a [80,40,16] self-dual code of type I with an auto-
morphism of order 13.

Proof. Suppose C is a [80,40,16] self-dual code with an automorphism o of type
13-(6,2). Hence m(F,(C)) is a [8,4] self-dual binary code (see [4]). All such codes are Cj
and Ag [3].

Let n(F,(C)) be C3. Then (F,(C)) has a vector with weight 14. This eliminate Cj.

If 7(F,(C)) is Ag then the weight enumerator to (F,(C)) has coefficients: Bag =
3, By = 8, Bss = 3, B7p = 1 and every other is zero. Let C have weight enumerator Wj.
Then it is necessarily that Ajg = 0 (mod 13) and A5 = 0 (mod 13). We have A =
4+ 9a (mod 13), A1g =9 — 11l (mod 13). Then o = 1 (mod 13) and a = 2 (mod 13).
This contradiction eliminates the case to W7. As in Wy Ajg = 10 (mod 13) we obtain
that ¢ is not an automorphism of order 13.

Lemma 3. There does not exist a [80,40,16] self-dual code of type I with an automor-
phism of order 19.

Proof. Suppose C' has an automorphism o of order 19 with 4 cycles and 4 fixed
points. Hence p(E,(C)*) is a [4,2] self-dual code. The polynomial z® + 27 + ... + z +1
is irreducible over field F». Hence P is a direct sum of one irreducible cyclic code (see
[4]) of length p, denoted with I. We have I = {0, e;, u(x), p2(z), ..., > ~2(z)} where
e=2% 4+ 2" + .+ 22+ 2 and pu(x) = 2% + 23 + v + 1 is a primitive element in 1.
Then ¢(E,(C)*) is a code over the field I. Hence the possible generator matrices for
p(Eo(C)7) are

e1 0 ai(x) aox)
0 e1 as(z) as(z) )’
where a;(z) € I for i = 1,2, 3,4.
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Applying (3) we obtain the following cases for the first row to the above matrix:

(4) (e(x) 0 ph(z) 0)
and
(5) (e(x) 0 p(z) ph(z),

for t; =0,...,218 =2 for i = 1,2.
The case (4) is developed in [4] and the inequivalent cases are:
(e(x) 0 e(@) 0), (&) 0 p19) 0), (efx) 0 pH¥93() o)

and (e(z) 0 pPt>19%9(z) 0).

If we add the first and the second row of the corresponding generator matrices for
©(E,(C)*) in the all four cases we obtain a vector with weight at most 14.

Let us consider the case (5). Applying transformations (i), (ii), (iii) and (iv) to the
first row we obtain

(e1 0 &"(z) &(x))

where §(x) € I is of order 7 x 27 x 73, t; = 1,...,7 x 27 x 73 for i = 1,2. It follows
from (3) that 61’1 (z) + 622+ () = e(z). Let y(z) = 6°*3(z). The order of ()
is 511 and it is a primmitive element of a field of 512 ele/ments. F/rom the addition and
multiplication tables of this field and the equality e(z)+~* (z) = v'2(x) we can determine
all possibilities for (¢}, t,). Since (2t,2ty) and (¢}, t,) lead to equivalent codes, we obtain
only : t; =t; + 511 X ky, to = ty 4+ 511 X ko, where k; = 0, ...,26 for i = 1,2 and (¢, t,)
and (£, t;) can be (1,93), (3,262), (5,408), (7,505), (9,59), (11,248), (15, 37), (17, 343),
(19,105), (21,87), (23,383), (25,251), (27,409), (29,178), (35, 231), (39,111), (41, 332),
(43,246), (45,61), (47,340), (53,375), (55,428), (57,366), (63,190), (73,219), (79,491),
(91,167), (109,341) and (125, 187).

Applying (iii) for the above cases we reduce the values for (t;,t,) and (t,,t;) to the
following cases:

(1,93), (3,262), (5,408), (9,59), (11, 248), (17, 343), (19, 105), (29, 178)
(6) (35,231), (41,332) and (73,219).

We can consider a generator matrix for ¢(E,(C)*) of the form

e(x) 0 d(z) o%2(x)
< 0 e(x) & (x) xz%.0%(x) )
where t; =1,...,7x 27 x 73 for i = 3,4 and s =0, ..., 18.

From the orthogonal condition (3) for the second row we obtain 5t3(29+1)($)+
5t4(29+1)(:£) = e(:c)l. Hence t3 = t3//+ 511 X k3,t4 = t4a + 511 x ky, where k; = 0, ..., 26
for i = 3,4 and (t3 ,t4 ) and (t4 ,t3 ) can be (6).

The same condition (3) we apply for first and second row. It is follows 8t +2°t1 (z) =
x5 otat2t (x). We denote t3 + 29 = I3 and t4 + 2°.t3 = 5. Hence

(7) oh () = 256" (x).
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Denote by r; the order of 6'2. We have that /2 and z* are in field I, §2.2° = 2°.6'2,
the order on z* is 19 for s = 1,...,18 and (ry,19) = 1. Then the element z°.6%2(z) € T
has a order 19 x ry. It follows from (7) that the element 6"+ has order 19 x 71 but 19
does not divide the order of §'*. Hence s = 0 and the matrix for ¢(E,(C)*) can be the
following:

e(x) 0 5t1/+511.k1 (x) 5t2l+511‘k2 ()

0 e(z) 5t3'+511.k3 (z) 5t4'+511.k4 ()

Applying (3) we obtain 5t3+t129+511(k3+k129)(x) _ 5t4+t229+511(k4+k229)(x)
Hence t3 +¢12” + 511 (ks + k12%) = t4 + £22° + 511(ky + k2”)(mod 511) and
t1 —ty =ty — ty(mod 511). It follows that (t3 ,t4 ) = (t2 11 ).

Using GFQ for every case of t),t, we obtain the values for 8151151 (z) and

§latollks (x) for k; =0, ...,26,7 = 1,2 We include them in computer program and obtain

that in all cases the matrix of the code E,(C') has a vector with a weight at most 14.
Apllying the Lemma 1, Lemma 2 and Lemma 3 completes the proof of the theorem.
Acknowledgment: I would to thank V. Yorgov for the useful discussions.
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Pagnnka Anekcangposa dondesa
Karenpa Anrebpa mpu ®MUU Ha
IMymenckn Yuausepcurer ,En. Koncranrum [IpeciaBeku®

ITymen 9712

HECBIIIECTBYBAHE HA [80,40,16] CAMO/IYAJIEH KOJI, C
ABTOMOP®U3bM OT HEUYETEH ITPOCT PE/ IIO-TOJISIM OT 7

Panunka Ajsekcangposa /loHueBa

Camopyasen [80,40,16] kox ot Tun I He npuTexasa aBTOMOP(MUIBLM OT HEYETEH HPOCT
peJi Io-roJIsIM OT 7.
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