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RICCATI EQUATIONS

M.M. Konstantinov, P.Hr. Petkov, V.A. Angelova

Local and non-local perturbation bounds for general discrete algebraic Riccati equa-
tions (GDARE) are derived using the technique proposed in [2]. The equations con-
sidered generalize the symmetric discrete-time matrix Riccati equations arising in the
optimal control and filtering of linear discrete time-invariant dynamic systems [3].

1. Problem statement. Consider the GDARE
(1) F(X,P):= F\(X,P) + Fo(X,P)F; 1 (X, P3)Fy(X, Py) =0,

where X € R™*" is the unknown matrix. Here the operators F; are defined from
T
Fi(X,P)=Ci+ Y _ (AxXBj) + B XA +exDix XD}) , i = 1,3,
k=1

with Cl = Cir, 03 = C;r, Eik — +1 and FQ(X, PQ) = CQ + 222:1 AQkXB;k, F4(X, PQ) =
F) (XT,P,). The function F(-,P) : R™*" — R™ " is a symmetric fractional affine
matrix operator, depending on the matrix collection P = (Py, P2, P53, Py) and satisfying
FT(X,P) = F(XT,P). The affine operators F; depend on the the matrix collections
P = (Ci;Aila B, -~-aAi,n-7 Bi,n)-

Denote by Fz(X,P) : R**™ — R"™*" the partial Fréchet derivative of F' in the
corresponding matrix argument Z € P := {C1, A11, B11, ..., A3 ry, B3 ry }, computed at
the point (X, P). Suppose that equation (1) has a solution X, such that the linear
operator Fx := Fx (X, P): R"™*"™ — R™*" is invertible.

Let the matrices from P be perturbed as Z — Z + 6Z. Denote by P + 6P the
perturbed collection P, in which each matrix Z € P is replaced by Z + 6Z. Then the
perturbed equation is F(Y, P+ §P) = 0. In general some of the coeflicient matrices from
P may not be perturbed. Denote by P* := {Z1,Zs,...,Z,.} C P the set of all matrices
from P, which are perturbed.

Since the operator Fx is invertible, the perturbed equation has an unique isolated
solution Y = X 4 §X in the neighbourhood of X if the perturbation §P is sufficiently
small. Moreover, in this case the elements of § X are analytical functions of the elements
of §P.

Let A := [Ay,Aq,.. .,AT]T = [02,,02,, - .,527,]T € R’ be the vector of non-zero
absolute norm perturbations dz := ||6Z||r in the data matrices Z € P*.

The perturbation problem for GDARE (1) is to find a bound

ox < f(A), AeQCRY,
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for the perturbation dx := ||0X||r. Here 2 is a certain set and f is a continuous function,
non-decreasing in each of its arguments A; and satisgying f(0) = 0. The inclusion
A € Q guarantees that the perturbed equation has an unique solution ¥ = X + 6X
in a neighbourhood of the unperturbed solution X, such that the elements of §X are
analytical functions of the elements of the matrices §Z, Z € P*, provided A is in the
interior of 2 [3, 4].

2. Sensitivity of GDARE Consider the conditioning of the GDARE (1). Denote
by Lin the space of linear operators R™*"™ — R"*",

Having in mind that F(X, P) = 0, the perturbed equation may be written as
F(X +06X,P+06P) = Fx(6X)+ Y Fz(6Z)+ G(6X,6P) =0,
ZeP
where Fz(-) := Fz(X, P)(-) € Lin are the Fréchet derivatives of F(X,P) in Z = X or
Z € P*, evaluated at the solution X. The matrix G(6X,dP) contains second and higher
order terms in §.X, 0 P.

A straightforward calculation leads to

1

(2) Fx(Z) = Z(AlkZB;rk + BlkZAirk + EllekZD;rk)
k=1
T2
+ ZA%ZB;k) N
k=1

T3
- M (Z(A%ZB; + B Z A, + gng%ZD;k)) N

72
+M < BQkZAsz> ,
k

and
(3) Fo,(2) = Z,
Fa, (Z2) = ZXB), + BuXZ",
Fp,(Z2) = AuXZ" + ZX A],,
Fp, (Z) = ey ZXD{, + eix D1 X Z T,
Fo,(Z) = ZN + MZT,
Fa, (Z) = ZXBgyN + MBy, X Z ",
Fp, (Z) = Asx XZ "N + MZX A},
Fe,(Z) = —MZN,
Fa, (Z) = ~MZXBJ,N — MB3,XZ'N,
Fp, (Z) = ~MA33,XZ"N — MZX A;. N,
Fp, (Z) = —e3stxt MZXDJ N — 3, M D3, X Z " N,

where M := Fy(X, P)F3 '(X,P), N := F; (X, P)F4(X, P).
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Since the operator Fx(.) is invertible we get

(4) 60X =— Y FyloFy(6Z) — Fx'(G(6X,6P)).
VASY 24
The relation (4) gives
(5) 0x < Y Kzéz+O(|A?), A= o0,
zZePpP*
where the quantities Kz := HF);1 o FZH , Z € P*, are the absolute individual condition

numbers of GDARE (1). Here ||.|| is the induced norm in the space Lin.

Denote by Lz € R™*"* the matrix representation of the operator Fz(-) € Lin. We

have
T1

(6) Lx = (B1k ® A1k + A1 ® B + e15D1k ® Diy)
k=1
T2

+ Z((B;cN)T ® Agi + Ao, ® (M Bay))
=1

LS (BRN)T @ (MAg) + (ARN)T @ (MByy)
ke

+eau(D3,N) ® (M Day)),
and
Lo, = 1,

La, = (XB)" @I, + (I, ® (B1x X)),

Lp, = (XA @1, + (I, ® (A1 X)),

Lp, = eie(XD])" @ I, + e1(I,, ® (D1, X)L,

Lo, = NT®1I, + (I, ® M),
La,, = (XByN)" @I, + (I, ® M By X)11,,,
Lp,, = (NT @ (A2 X)L, + (X Ag,) T @ M,
Lo, = —NT ® M,

La,, = —(XB#{N)T @M — (NT @ (M B3, X )11,

Lp,, = —(NT @ (MAg X)), — (XA3N)" @ M,
—e36((XDgN)T @ M) — 3, (N T @ (M D3, X))II,,,
where I1,, is vec-permutation matrix. Having in mind the above expressions, the absolute
condition numbers are calculated from K, = ||L;(1LZ||27 Z € P*.

LD3k

Local bounds of the type considered above are usually used neglecting terms of order
O(]|A]|?), i.e. they are valid only for A — 0. This disadvantage of the local estimates
may be overcome using the techniques of non-linear perturbation analysis, presented
below.

The perturbed quantities F;(X + 06X, P; + §P;) are expressed as follows. We have

F;:= Fy(X +6X,P,+6P) = F, + E;(0X,0P,),
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where F; := F;(X, P) and
Here the operators Lz() € Lin are defined as

T

Li(2) = (AiZBj}, + BiZAj, + e DinZDyy), i = 1,3,
k=1

T2 T2
Ly(Z) =Y  AokZByy, La(Z) =Y  BuZAj,
k=1 k=1
the term

Ki(6P;) = 6C; + Z (0Ai X Bj}, + AixX8B;, + 6By X AJ, + B, X0A},
k=1

+ei(0Dix X D} + DiX6Dy)), i=1,3

K5(6Ps) = 6Co + Z(aA%XB;k + Ay XSB3y)
k=1

K4(6P,) == 6Cy + Z (0Bak X Agj + Bop X6 A),)
k=1
contains the first order perturbations in P; and Q;(-,dF;) is the affine operator
T
Qi(Z,0P,) =Y (6AinZBjj, + A Z0By, + 6Air(X + Z)6B),
k=1
+ 0B Z A, + B ZSA), 4 0B (X + Z)5 A,
+ei(6Di ZD ) + Dy Z6D,),. + 6Dyt (X + Z)6D}L)), i=1,3,
T2
Q2(Z,0P,) :=> (0AokZBy), + Ao Z6 By + 6 Ao (X + Z)3Byy,)
k=1
T2
Qu(Z,6Py) =Y (0BarZAg), + BopZ6Agy + 6Bok (X + Z)6A3y).
k=1
Thus the expression Q;(6X, (5P) contains the second and third order terms in X and
0 P;. The perturbed equation F1 + FQF F4 = 0 may be written as

(7) ﬁ(t‘:) = F A&+ (Fy+ &) (F5 + &) H(Fy+ &) =0,

where £ = (£1,,85,&4) and & := E;(0X,6P;). We may represent F(£) as the
sum of the first order terms L(E) plus the second and higher order terms Q(£) in
g, F(&) = L(€) + Q(£). We have Fg,(0)(Z) = Z, Fe,(0)(Z) = ZN, Fg,(0)(2) =
—MZN, Fg,(0)(Z) = MZ. Hence

(8) L(g) =& +EN — MESN + ME,.
The expression for Q(€) is
9) Q(E) = E(Fs + &) & — Ex(Fy + E3) ' EN
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+ ME3(F3 + &) 'E3N — ME3(F3 + E3) &y
= (& — M&)(F5 + 53)71(54 —&N).

Next we shall give an estimate for (&) := HF);I(Q(S))HF . We have

M83||2 |5 (Es — EN
— |17

)l

&
(10) o(6) < 23], 12 [
F

The perturbed equation may be rewritten as an equivalent operator equation,

(11) 6X = ®(0X,6P) := ®1(6P) + 2(6X,0P) + U(6X,5P),
where
(12) ®,(0P) := —Fx ' (K1(6Py) + Ka2(6P,)N

— MKs5(6P;)N + MK4(6Py)),

®5(Z,6P) = —Fx' (Q1(Z,6P1) + Q2(Z,6 ;)N
—MQ3(Z,6P3)N + MQu(Z,0Fy)),
U(Z,6P) := —Fx'((FBa(Z,5Ps) — ME3(Z,5Ps))

x(F3 + E3(Z,6P3)) " (E4(Z,5Py) — E3(Z,0P5)N)).
Let || Z||r < p. After some computations we get
(13) [E2(Z,6P2) — ME3(Z,0P3)[l2 < as(A) +ﬂ2(A)p,
|F5 ' Es(Z,6Bs) || < as(A) + B3(4)
HF3 (Es(Z,6Py) — E3(Z, 5P3)N)H2 < as(A) + Ba(A )

Where, fOI’ Z = 2 3 4 Oéz(A) = a“(A)—i—aig(A), B’L( ) = 61'0( )+/B’Ll( )+/312(A) The
quantities aij(A) O(J|All7); Bi(A) = O(|A||*), A — 0, are determined as follows.

<o
<a

Case 1 = 2:

(14) a21(A) = 6c, + ) (| XByll26ay, + 142X |205,,)
k=1

r3
+ (| M]|28cy + Y (1M 2] X B3 ll20 4, + 1M Agp X |20 54,
k=1

+ || M ||2]| X Agyll20B,, + ||M Bs X [|20 4,
+ ||M||2]| X Dggll20psy, + ||M D31, X [|20p,,) »
g2 (A) = [[X[]2822(A),

B20(A) = Z Bay @ Agy,
k=1
+ Y (Bsk ® (MAsg) + As @ (M Bsy,) + e3xDax @ (M D)) ,
k=1
Bar(A) := > ([IBa |20, + || A2kl|205,,)
k=1
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r3

+ > (M|l Bskl|20 4y, + [ M Azk||26 5,
k=1

+ | M]|2|| Askl|20 55, + | M Bsk|[20 44,

+ [[M||2]| D3kl|20Ds; + ([ M Dakl|20Ds, ) »

T3

BQQ(A) = Z 5A2k5B2k + ||M||2 Z (26A3k6B3k + 52D3k) :
k=1 k=1

Case ¢ = 3:

(15) asi(A) = ||F5 |, dcs

r3
+ Z (HF3—1H2 ”XB;;rk”Q(sAsk + HF3_1A3’€XH2 5B3k
k=1

+ ||E5 |, 1X Agpll20,, + ||Fs " Bsi X ||, 4,
+ HF;IHQ HXD;—kHQ(SDsk + ||F371D3kXH26D3k) )
aza(A) = [|X|2832(A),

T3
B30(A) = Z (Bsk @ (F3 ' Ask) + Ask © (F5 ' Bar) +eaeDar @ (F3 ' Dar) )|
k=1 2
T3
Baa(8) = 3 (1F5 I, I Bsklladag, + || F5 " Asil|, 05,
k=1

+ (1B 1 Askll20 4 + |5 Bak |, 0
+ HF3_1H2 ||D3k||26D3k + HF?>_1D3k|‘25D3’“) ’

3
Bs2(A) = HF3_1H2 Z (25A3k533k + 5123%) :
k=1

Case i = 4:
(16) as(A) = ||F5|, dcy

o
+ Z (HF3_1H2 | X AJll208,, + |1 F5 " Bor X264, )

k=1

+ [ E57H |, IV 126,
T3

+ > (I IX B3N 1200, + | E5 A3k X |2 Nl|20 5,
k=1

+ ||E5 |, 1IX Agy N2, + || F5 ' Bar X [|2]| N |26 4,
+ ||F5 |, IX D3N |20, + |F5 ' Dap X ||2|| Nl20p,, )

as2(A) = || X|2812(A),
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r2 73

ZAQ;C@(F;lBQk JFZ BskN F3 1A3k)
k=1 k=1

+ (A§N)T @ (F5 ' Bsg) + e3x (D4 N) T @ (Fy ' Dsy) )HQ,

Bao(A) =

T2

Bar(A) = Z (HFB 1”2 143, kll20By, + HFS 1ng||25,4%)
k=1
3

+ > (1B IBskN 2640, + (| E5 ™ Ase]|, IN 285,
k=1

+ [[F5 |, 1S N l|20 g, + || 5 Bak [, V|20 44,
+ ||F5 |, 1Dk N |26 sy, + || F5  Darl|, 1N120p,, )

T3
542 - HF3 1”2 (Z 6A2k532k + ||N||2Z (25’4376533’C + 52D3k)) ’

k=1 k=1
It follows from (13)—(16) that

(17) [@1(6P) + ©2(Z,0P)[[p < ao(A) +ai(A)p

bo(A) + b1(A)P +ba(A)p?
1—as(A) = Bs(A)p

W(Z,0P)[r <

provided that p < (1 — ag(A))/B3(A). Here
ao(A) := a1 (A) + ao2(A) := est(A) + || X|[2a12(A),
al(A) = an(A) + alg(A),

1
(18) a11(A) := > (|ILx" (Bux @ L) ||, + | Lx" (In ® Bix) a||,) 6.4,
k=1

+ Z (HL;(l (A1x ® I")HQ + HL;(l (In® Au) H"HQ) 0By

71
+ Z(HL}1 (Dur @ o)l + [ Lx" (In @ Dir) al,) b4
+Z 125" (B2 N) T @ L)l + | Lx" (T © (M Bok)) Tha|,) 00,

+ Z (HL)_(I (NT ® AQk) H”H2 + HL)_(l (Az2e ® M)H2) 0Bas

+ Z HL B3kN )H2 + HL;(I (NT ® (MBSk)) H"H2) 5A3k
+Z ([Lx (N7 @ (MAs)) I [, + | Lx" ((AseN) T @ M))|,) 05,
+ Z [Lx! (DgpN) T @ M) ||, +[[Lx' (N7 ® (MDsi)) T ) [,) 0,
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a12(A) = Z HL)_<1||2 (25A1k531k + 5%%)
k=1

r2
+ Z HL;(I (NT ® I") HQ 6A2k532k
k=1
r3
+ Z HL;(I (NT ® M)||2 (26A3k533k + 6%dk)
k=1

T2
+ Z HL)_(I(IH ® M)||2 514%53%
k=1

and
(19) bo(A) = HL}IH2OZQ(A)OL4(A),
bi(A) = || L], (aa(A)Bs(A) + aa(A)B2(A)),
ba(A) = [|L |, B2(2)B4(A).

Using (17) we see that the Lyapunov majorant h(p, A) for equation (11), such that
[®(Z,6P)[lp < h(p,A), is [2, 1]
bo(A) + b1 (A)p + ba(A)p?

1—a3(A) —B5(A)p
Thus the fundamental equation h(p, A) = p for determining the non-local bound p =
p(A) for dx is quadratic:

h(p, A) = ao(A) + a1 (A)p +

(20) da(A)p® — di(A)p +do(A) = 0,

where

(21) do(A) = bo(A) +ao(A)(1 — as(A)),
di(A) = ao(A)Bs(A) + (1 — az(A))(1 — a1 (A)) — b1 (A),
d2(A) = b2(A) + B3(A)(1 — a1 (A)).

Suppose that A € Q, where

(22) Q= {AEO:Q\/dO(A)dQ(A) gdl(A)} CRY.

Then equation (20) has non-negative roots p; < pa,

(23) PONE 20(2)

(D) + V(D) — ddo(A)d2(A)
Hence the operator ®(-,P) maps the closed convex ball
B(A):={Z € R™" : ||Z][e < f(A)} C R
into itself. According to the Schauder fixed point principle there exists a solution 60X €
B(A) of equation (11), for which
(24) dx = ||6X||r < f(A), A Q.
If A € Qq, where

Q= {A = 0: 2¢/do(A)dz (D) < dl(A)} c o,
then p; < p2 and the operator ®(-,A) is a contraction on B(A). Hence the solution
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dX, for which the estimate (24) holds true, is unique. This means that the perturbed
equation has an isolated solution Y = X + § X, where the elements of §. X are analytical
functions of the elements of § P.
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YYBCTBUTEJIHOCT HA OBIIIN JUCKPETHU AJITEBPUYHN
YPABHEHUS HA PUKATU

M. M. Koncrautunos, II. Xp. Ilerkos, B. A. Auremnosa

Tlosyuenu ca JIOKAJTHU U HEJIOKAJHU MEPTYPOAIMOHHY T'PAHUIM 34 OOIIH JTUCKPETHU
anreOpuyuHU ypaBHeHUs Ha PUKaTh ¢ M3mos3BaHe HA TEXHUKATA, IIPEJJIOXKeHa B [1].
Pasriienannre ypaBuenus o600maBaT CUMETPUIHNATE JUCKPETHH MATPUYHU yDaBHe-
Hust Ha PukaTu B TeopusiTa HA ONTUMAJHOTO yIpaBJIeHNEe U (DUITPAIASITA Ha, JIMHEH-
HUTE JUCKPETHH CTAIMOHADHY JMHAMUYHU cucTeMn (3.
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