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TOTAL PROGENY IN AGE-DEPENDENT BRANCHING
PROCESSES WITH STATE-DEPENDENT IMMIGRATION *

Kosto V. Mitov

We study critical Bellman-Harris branching processes with immigration in the state
zero. For these processes the limiting behavior of the total number of particles in the
interval [0, ] is investigated.

Definition and basic result. A model of branching process with state-dependent
immigration was first investigated by Foster (1971) and Pakes (1971a). They considered
a modification of the Galton-Watson branching process which admits immigration only
in the state zero. Later this model was generalized for Markov branching processes by
Yamazato (1977) and for Bellman-Harris processes by Mitov and Yanev (1985), (1989).
An interesting characteristic of the processes is the total number of particles born in the
time interval [0,¢]. It has been studied for different models of branching processes with
and without immigration (see e.g. Pakes(1971b), (1972), Kulkarni and Pakes (1983) and
references therein).

The aim of this note is to extend the results for Galton-Watson processes with state-
dependent immigration obtained in Kulkarni and Pakes (1983) to the Bellman-Harris
processes with state-dependent immigration (BHIO).

The definition of BHIO is given in Mitov and Yanev (1985) as follows. Let on the
probability space (2, .4, P) be given:

i) A set X ={X,;,i=1,2,...} of independent, identicaly distributed (i.i.d.), positive
random variables (r.v.) with a common cumulative distribution function (c.d.f.) K(z) =
P(X;<z), K(0)=0

1) An independent of X set Z = {Z;(t),t > 0,i = 1,2,...} of independent Bellman-
Harris branching processes with probability generating function (p.g.f.) of initial number
of particles f(s),|s| <1, f(0) =0, particle-life c.d.f. G(t), G(0) = 0 and offspring p.g.f.
h(s),|s| < 1.

Denote by T; the life-period of the process {Z;(t)}, i.e., T; is a r.v. such that

Zl(t) >0,0<t<T; ZL(TL) =0.
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The sequence U; = X; +T;, i=1,2,... defines the renewal process
So=0,541 =S80+ Unt1, n>1, N(t) =max{n:S, <t}

Now, a Bellman-Harris process with state dependent immigration Z(t) is defined as
follows:

Z(t =Sy — Xnw+1) = Sne) — Xnw+1 =0
0, t—Snwy — Xnw+1 <0

By the definition it is clear that the process {Z(t)} is regenerative with embedded
renewal process {S,}.

The total number of particles in the process Z(t) born in the interval [0, ] is defined
by the integral

t
Wﬁﬁi/Z@Mm
0
From now on we assume that the following conditions hold:
i) W' (1) =1, 0<h”(1) =02 < oo, (the critical case).
i) G(t) is non-lattice, = [;° tdG(t) < oo, and 1 — G(t) = o(1/t?) as t — oo.
iii) K (t) is non-latice v = [~ tdK (t) < oc.

w) B = f'(1) = EZi(0) < co.

The basic result is given in the following theorem.

Theorem 1. Let i)-iv) hold. Then ast — oo

a o

(logt/t)*W(t) = e

where W is a stable random variable with index 1/2.

w,

Proof. a) By the regenerative properties of the process {Z(t)} it is clear that almost
surely
N(t) N(t)+1

(1) > Wi <W(H < > W,
i=1 i=1
where

T;
W, = / Zi(t)dt,
0

is the total number of particles in the process Z;(t) during its life-period.

b) It has been noted in Jagers (1975) that the random variable W; has the same
distribution as the total number of particles in a simple Galton-Watson branching process
having the same p.g.f. of ancestors f(s) and the same offspring p.g.f. h(s). Appealing
to this observation we can conclude that under the condition ¢) (see Kulkarni and Pakes
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(1983))

n
(2) niQZWi 4 (B/0)°W, t — cc.
i=1
¢) Under the conditions 4)-iv) it is known that (see Mitov and Yanev (1985))
(3) PU;>t)~~t™! t— cc.
where v = 28u/0>.

d) By (3) and the weak law of large numbers (see Feller (1984), vol.2., Th.2,Sect.
VIL8), it follows that

(4) Sn/b(yn) 51, n— oo,

where b(x) is the inverse function of x/logx for > 1. Hence, from P(N(t) > n) =
P(S,, <t)and (4) and the fact that b(x) is a regularly varying function with exponent
1, it is not difficult to prove that

log ¢
(5) 7(;2; Nt 5 1, t— o

e) Now, we are in a position to prove that
N(t)

(6) (vlogt/t)* Y Wi % (B/o)*W.

i=1
Denote by C(z) the c.d.f. of (8/0)?*W.

Let € > 0 be fixed. There exists T > 0 such that for ¢t > T
logt
(7) P(|12E ‘Zg N(t) —1]>¢)<e.

Hence,
N(#)

p((“jgt)QZ Wi <)

i=1

LN ()

o :P(<71<th) ;Wigz,“‘zgtj\f(t)eas,1+s))

0]

+P((71(th> S Wi <a, 7108t Nty e (1—e,1 + g))

i=1

= Pi(t) + Pu(t).
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From (7) we obtain for ¢ sufficiently large that

Pi(t) = P ~vlogt 2 Y0 < fylogtN
(0 = P((155) L wisal SN € (1-21+9))

xP(@N(t) e —5,1+5))

et (1-¢)]

vlogt 2!
(TS )

and similarly

TI98L (146)]+1

Pi(t) > P((“Ogt)Q[ Y wi< x)(l — o).

t ,
=1

logt\?2
Now, by (2) and the fact that (%) is a regularly varying function with exponent
—2 we see that

9) limsup Py (t) < C( °
t—o00

W) )1 —e).

On the other hand, from (7) we obtain for P5(t)

Pot) = p( (218! 2N(t)W< 7108t iy e (1 -1
(1) = P((= )g (<ol BN € (L-e1+9))

(10)

logt -
xP(7 (Zg N(t) e (1 —5,1+5))< €.
Finally, (8), (9) and (10) prove (6) because £ was arbitrary.
Taking into account that v = 28u/0? and (6) one can see that as t — oo,
N(t) 2 2

2 a B°1_ o
The last relation and (1) complete the proof of the theorem.
Acknowledgement. The author wishes to thank the referee for useful comment.
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OBIIl BPOM HA YACTUIINTE B PA3KJIOHSABAIIL CE ITPOIIEC
CbC 3ABUCEIIIA OT CbCTOAHMNETO NMUT'PATIN A

Kocto Bbiaos Muros

Pasriiexk/1aT ce KpUTUIECKHU Pa3KJIOHSBAIIN ce IPOolecH Ha BenMan-Xapuc ¢ uMurpa-
Us B HyJIaTa. 3a TE3U IIPOIECH Ce M3CJIEBa TPAHMYHOTO MOBEJICHNE Ha OOIUAT GPOit
JacTHI|, pojienu B uaTepBana [0, t].
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