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A generalized Ramsey number R(G1;G2) is the minimum n, such that every 2-
coloring of the edges of the complete graph Kn contains a monochromatic subgraph
isomorphic to G1 or a monochromatic subgraph isomorphic to G2.

Consider the graphs G1 # G2 with no loops or multiply edges and no isolated points
with maximum 4 and 5 vertices.

In this paper are proved with details some of the values of the generalized Ramsey
numbers with 4 and 5 vertices, which proofs are not accessible or are not known.

A generalized Ramsey number R(G1;G2) is the minimum n, such that every 2-
coloring (for example black-white coloring) of the edges of the complete graph Kn con-
tains a monochromatic (black) subgraph isomorphic to G1 or a monochromatic (white)
subgraph isomorphic to G2.

Solid lines are used for black coloring of the edges and dashed lines for white.

The graphs with maximum 4 vertices without any isolated vertex are represented on
the Figure 1:
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Figure 1.

Theorem 1. R(K1,3+x; K4 —x) = 7: Every 2-coloring of the edges of the complete
graph K7 contains a black subgraph K1,3+x or a white subgraph K4-x. (See Figure 2.)
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Proof. We assume that there is a 2-coloring of K7 without black K1,3 + x and
white K4 — x. Then there is a vertex, which has at least 4 monochromatic edges. In the
opposite case, every vertex has to have 3 adjacent black and 3 adjacent white edges. But
there is no regular graph with an even number of odd degree vertices.

1). Let the vertex V1 be adjacent to black edges [V1,V7i], i = 2,3,4,5. If any two
vertices between [V2,V3,V4, V5| are connected with black edges x, then there is black
graph K1,3+ x. But if the last four vertices are connected with white edges, then there
is white K4 — z.

2). Let the vertex V1 be adjacent to white edges [V1,V7i], i = 2,3,4,5. This in-
duces 2-coloring in subgraph K4, created from V2, V3, V4, V5 without white P3. But
R(P3,C4) = 4 and thus in the subgraph K4 there is a black C4. Both diagonals of C'4
are white. See Figure 3.

Figure 3

At least one of two edges [V6,V2], [V6,V4] or [V6,V3], [V6, V5] must be black, in
which case, K1, 3 + x must also be black, and thus it is proven that:

(1) R(K1,34+x; K4—1x) <T.
Figure 4 shows 2-coloring of K6 without a black K1, 3+ x or white K4 — x and thus:
(2) (K1,3+x; K4 —x2) > 7.

Figure 4.

From (1) and (2) it follows that R(K1,3+ z; K4 —x) =17.

Theorem 2. R(C4;kd — x) = 7. Every 2-coloring of the edges of the complete K4
graph contains a black C4 subgraph or a white K4 — x subgraph. See Figure 5:
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Proof.
(3) R(C4; K4 —2) <T.
Consider an arbitrary black-white coloring of K7, and assume that there is no white
K4 — z or black C4.

1). Let vertex V0O be a white neighbour of V1,V2,V3 and V4, and let the edge
[V'1,V2] be black. Vertex V3 is a black neighbour with at least one of the vertices being
V1or V2 (eg. [V2,V4] is black). In the same way, V4 is a black neighbour of V1
or V3 (e.g. [V3,V4] is black), and then [V1,V2,V3,V4] will be a black C4. This is
why [V'1, V4] must be white. It follows that [V2,V4] and [V'1, V3] must be black, and
[V1,V2,V4,V3] must be a black C4. See Figure 6.

Figure 6

2). Let the vertex V0 be a black neighbour of V1,V2,V3 and V4. At least two
vertices among V'1,V2, V3 and V4 are neighbours with a black edge. For example, if the
edge [V'1,V2] is black, then the edges [V2,V3], [V2,V4], [V1,V3] and [V1, V4] must be
white. The vertices V1,V2,V3 and V4 are adjacent to one black edge and to vertices
V5 and V6. So a black C4 is obtained, and thus R(C4; K4) < 7. See Figure 7.

Figure 7

(4) R(C4;K4—12)>7
follows from Figure 8 (with only black edges) which represents 2-coloring of K6 without
a black C'4 or a white K4 — z:
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Figure 8

From (3) and (4) it follows that R(C4; K4 —x) =T.
Theorem 3. R(G7) = 10: Every 2-coloring of the edges of the complete K10 graph
contains a monochromatic G7 subgraph. See Figure 9:
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Proof. The inequality
(5) R(GT) = 10,
follows from figure 10, which represents a 2-coloring of K9 without a black G7 or white
G7.

Figure 10

Next, the inequality
(6) R(G7) <10
will be proven.

Consider the arbitrary black-white coloring of the edges of K10. A vertex is considered
“black” if its black edges have a degree of at least 5, otherwise it is considered “white”.
The black neighbours of V2 are U1,U2,U3,U4 and U5. See Figure 11:
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Since there is no black G7, vertex V1 has a maximum of two black neighbours among
the vertices U1,U2,U3,U4 and U5. The same is true for V3.

Therefore, among the vertices Ui (i = 1,2,3,4 or 5) there is one (e.g. U3), which is a
white neighbour of V1 and V3. There are also two other vertices, W1 and W2. Vertex
V1 must be a black neighbour of W1, W2, and V3. Furthermore, V1 must also be a
black neighbour of exactly two of the vertices Ui (i = 1,2,3,4 or 5) (e.g. Ul and U2).
V3 is a black neighbour of W1, W2, U4,U5 and V1. Vertex V2 is a white neighbour of
W1 and also of W2. U3 is a black neighbour of W1 and also of W2. Hence W1 and
W2, together with V1,U3 and V3, create a black G7, which is a contradiction. Thus,
R(GT7) < 10.

From (5) and (6) it follows that R(G7) = 10.
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N3YNCJIIABAHE HA HAKOUN OBOBIITEHN YNCJIA HA PEM31

Bopsana JdayeBa MuiakoeBa

O606meno uncio Ha Pemsun R(G1; G2) e MUHAMAJIHOTO €CTECTBEHO YUCJIO N, TAKOBA
qe IpU BCSIKO JBe-OIBETsIBaHe Ha pebpara Ha mbjaHuA rpad Kn ce cbhibpKa HIU
exHouBeren nojarpad, nzomopden Ha G1 wiu egHonserex noarpad, u3oMopdeH Ha
G2. Pazrnexyar ce rpadu G1 # G2 6e3 npumku, 6e3 1BoitHN pebpa u 6e3 n30/JMpaHu
BbPXOBeE.

B razu crarus ca jgokasaHu mojipoOHO HSIKOM OT CTOWHOCTUTE Ha Jucjara Ha Pem3u
¢ 4 u 5 BbpXa, YUUTO JIOKA3ATEJICTBA He Ca JIOCTBIIHU MJIU CA HEU3BECTHU.
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