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MEASURABILITY OF SETS OF PAIRS OF NONPARALLEL
POINTS IN THE GALILEAN PLANE

. . *
Adrijan Varbanov Borisov

The measurable sets of pairs of nonparallel points and the corresponding invariant
densities with respect to the group of the general similitudes and its subgroups are
described.

1. Introduction. In the affine version, the Galilean plane I'; is an affine plane
with a special direction which may be taken coincident with the y—axis of the basic affine
coordinate system Ozy [7], [8], [10], [11]. The affine transformations leaving invariant
the special direction Oy can be written in the form

2’ = a1 + asx,

1
M y' = a3 + asr + asy,
where ay,...,a5 € R and asas # 0.

It is easy to verify that the transformations (1) map a line segment and an angle
of T'y into a proportional line segment and a proportional angle with the coefficients
of proportionality |as| and |a; 'as|, respectively. Thus they form the group Hs of the
general similitudes of I'y. The infinitesimal operators of Hs are

0 0 0 0 0
Xi=— Xo=—. Xg=—, Xg=0—. Xs=y—.
1 axv 2 xax; 3 ayv 4 Zay; 5 yay

In [1], [2] we proved the following results:

I. The four—parametric subgroups of Hs can be reduced to one of the following sub-
groups:

Hi - (Xla Xo, X3, X4)7 Hf - (le Xo, X3, X5)a ij - (X27 X3, Xy, X5)a
Hj = (X1, X5, X4, aXs + X5).

II. The three—parametric subgroups of Hs can be reduced to one of the following
subgroups:

H; = (XlaX2vX3)a H?? = (X17X27X5)a Hg = (leXBaX4)7 Hgl = (XQ,X37X4)a

H3 = (X2, X3,X5), Hy = (Xo, X4, X5), Hy = (X1, X3, aX2 + X4 + X5),
H58 = (X37X4,OéX1 + X5)) H59 = (X37X4,OéX2 + X5|Oé # 0)7

H3? = (X3, Xo 4+ 2X5,aX; + Xyla #0).
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III. The two—parametric subgroups of Hs can be reduced to one of the following
subgroups:

Hy = (X1, X2), HZ = (X2, X3), Hi = (Xo,X4), H = (X2, X35),
HS = (X1,aXs + X3), HS = (X1,aXs + X5), Hi = (X3,aX; + X4la #0),
HS = (X3,aX1 + X5), Hy = (X3,aXs + X4 + Xs|a #0), HI® = (X4, aXs + X3),
Hy' = (X4,aXs + X5), Hy? = (X2 +2X5,aX; + Xa|a #0).
IV. The one-parametric subgroups of Hs can be reduced to one of the following
subgroups:
H| =(Xy), H} = (Xz) Hf = (X3), H{ = (X4), H = (X5),
HY = (aX; + X4la #0), = (X1 + X5), HY = (aXs + X3la # 0),

HY = (a X3 + Xsla # o) H = (aXy + BX4 + X5]af #0).

Here and everywhere in the text a and 8 are real constants.

Using some basic concepts of the integral geometry in the sence of M. I. Stoka [9],
G. I Drinfel’d and A. V. Lucenko [4], [5], [6], we find the measurable sets of nonparallel
points in I's with respect to Hs and its subgroups.

2. Measurability with respect to Hs. In I's a straight line is said to be special
if it is parallel to the special direction. Two points P;(z1,y1) and Py(z2,y2) are called
parallel if the straight line P; P is special. Then it follows that

xo —x1 = 0.

Let Pi(x1,y1) and Py(x2,y2) be a pair of nonparallel points, i.e.
(2) xg —x1 # 0.
Under the action of (1) the pair (Pi, P2)(z1,y1,%2,y2) is transformed into the pair
(PL, P) (2, y1, 5, y5) as
3) xh = a1 + agx;, asas #0, 1=1,2.

y; = a3 + asax; + asyi,

The transformations (3) form the so—called associated group H; of Hs [9, p. 34]. The
associated group Hs is isomorphic to Hs and the invariant density with respect to Hs of
the pairs (P1, Py), if it exists, coincides with the invariant density with respect to Hs of

the points (1,Y1, T2, y2) in the set of parameters [9, p. 33]. The infinitestimal operators
of Hy are

0 0 0 0
Y, Y, = —
! 8:51 0 2’ 2 Zla 1 +x26$2’
0 0 0 0 0 0
Vs=—+—, Vi=a— — ., Ys =
’ 8y1+8y2’ ! $13y1+x23y27 o 3 +y23y2

From (2) it follows that the infinitestimal operators Y3 and Y, are arcwise uncon-
nected. On the other hand, we obtain
Y, = L2y1 —301?}2Y3 + Y2 —y1y4
To — I1 To — X1
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and since

T2 — T1 T2 — T1

T - —
Yz( 2Y1 1y2)+y4(y2 yl)#a

we can state the following

Theorem 1. The sets of pairs of nonparallel points are not measurable with respect
to the group Hs of the general similitudes and have no measurable subsets.

3. Measurability with the respect to subgroups of Hs. The group H_j =
(Y1,Ys,Y3,Yy), corresponding to the subgroup H} = (X1, Xa, X3, X4) of Hs, is a simply
transitive group and therefore it is measurable. The integral invariant function [9, p. 9]
f = f(x1, 91, 22,y2), satisfying the system or R. Deltheil [3, p. 28], [9, p. 11]

Yi(f) =0,Y2(f) +2f =0,Y3(f) =0,Ya(f) =0

has the form

C
(zg — x1)2

f=

where ¢ = const # 0. Thus we establish:

Theorem 2. The pairs (P1, P2) of nonparallel points Py(x1,y1) and Pa(x2,y2) have
the invariant with respect to H} density
1
(w2 — 21)
where dP; = dx; N\ dy;, i = 1,2, denote the metric density for points in T's.

d(Pl,Pg) = 2dP1 ANdPs,

By arguments similar to the ones used above we examine the measurability of the set
of pairs of nonparallel points with respect to all the rest subgroups of Hs. We collect the
results in the following table:

subgroup measurable set/subset expression of the density
Hi (Z27Z1>72dpl N dPs
H Y2 —y1 #0 (w2 —x1) 2(y2 — y1) 2dPL A dP,
H3 it is not measurable and

has no measurable subsets
H} it is not measurable and has no
a = measurable subsets
H} (zy — 21) 2% dP, A dP,
a#0
H; Y2 —y1 =A (w9 — x1)"2dPy A dwo
H3 Y2 = Ay1, Ay1 #0 (w3 — 1) 2|y APy A dy
Hg 352:3514—)\,)\750 dP; N dys
H? 1'2:>\l'1, )\7&1, £C17é0 1 71dP1 /\dyg
Hg To = Ax1, A 7é 1, l‘l(yg — yl) 75 0 X1 _l(yg — yl)_QdPI A\ dyg
Hg Tg = )\1'1, A 7& 1, £C1(>\y1 — yg) 7& 0 1 71(>\y1 — y2)72dP1 AN dyQ

157



subgroup measurable set/subset expression of the density
Hg y2:y1+>\(127$1>%¥ +%($2*£B1) |$27$1|72a&+1dpl A dxo
a#0,1
Hg Z2:$1+>\, )\#0, (ygfyl +ﬂ>\)72dpl /\dyg
a=0 Y2 —y1 +BAF#O0
H?T y2=y1+(m2—m1)()\+61n|x2—x1|) |x2—x1|_3dP1 A dxo
a=1
HS To=x14+ A\ AN#£0 e~ a1 dP; A dys
a#0
HS it is not measurable and has
a=0 no measurable subsets
HY Ty = Az1, A #1 e~ T d Py A dys
H3O Yo = Y1 + %[ch — 22 — Mg — 21)?] (w2 — x1) 4P A day
H, Y1 = A1, Y2 = A2 (vg — 1)~ 2dx1 A dao
H22 xr1 75 0, zo = M2, M1 7é 1, |x1|_1dP1
Y2 = Y1+ Ao
H23 I 7é 0, o = )\1£C1, )\1 7& 1, |L]Z‘1|_1dP1
Y2 = My1 + Ao
Hél T 7é 0, To = )\1£C1, )\1 7& 1,
Y2 =Xy, Y1 #0 |11 |~ d Py
H25 To = T1 + Ae®¥t, A\ >0,
« 7& 0 Yo = Y1 + Ao e~ WdpP,
H25 To = T1+ A, M1 7507
a=0 y2:y1+)\2 dP;
HS To = X1 -+ Alyf‘, )\1 7é 0,
Y2 = Xay1, y1 #0 S
H27 Z2:$1+>\1, )\17&0,
Y2 = o= (2M121 + 2ay1 + A + \o) dP
H28 To = X1 + A1, )\17507
« 7& 0 Y2 = )\Q(iixl + 1 €7ézldpl
H28 1‘1:)\1, xgz)\g, )\175)\2,
a=0 Y2 —y1 #0 (y2 — y1) " 2dyr A dys
HS £C17é0,562:>\1$1,0417é1,
a#l y2:>\2$1%+%11+y1 2| dPy
HS I 7é 0, To = )\1£C1, )\1 7& 1,
a=1 Y2 = Aazy + B(A In [Apzg |- (z1)72dPy
—In|z))z + 11
H210 I 7é 0, o = )\1£C1, )\1 7& 1,
OL#O y2:y1+%[(1+)\1>(>\2+1n|$1|70éy1>] (Z1>72dpl
H210 T1 = A1, To = Ao, M 7é Ao dy1 A dyg
a=0
H211 117&0, $2:)\1£C1,>\17é1,
a;«éO Y2 :)\1y1 —)\2301% |$1|_QT+ICZP1
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subgroup measurable set/subset expression of the density
H}! x1 = A1, Ta = A3, A\ # Ao,
a=0 |hoyi — My #0 (A2y1 — Aiyz) 2dys A dys
H}? $2:)\1(%Z%70éy1>%+$1, A1 # 0,
y2 = s {M (323 — ay1)? + 2] — Na(af — 2ay1)}|[2F — 200n|2dPy
22 —2ay; # 0
H| 1 #0, y1 = A1, T2 =71 + Ag,
A2 #0, y2 = A3 dxy
H12 1 # 0, y1 = A1, T2 = Aoz, Ao # 0,
Yo = A3 |21 |~ dxq
H} r1 = A1, T2 = A2, Y2 = Y1+ As,
AL # Ao dy1
Hy w1 =iy @2 = Aoy Y2 = 5o (Aayn + As)
A0, A # Ao i1
H? r1 = A1, T2 = A2, Y2 = A3y,
1 #0, A # X ly1|~ dys
HY Y1 = 5= (@1 — A1), 22 =21 + Ao,
Y2 = o= [(@1 + X2)? — As], A2 #0 dxy
Hi y1 = 3", AL #0,
To=x1+ A1, Ao £0, yo = i—?e“ dxy
Hy a1 #0, y1 = (| + M),
To = Aoy, Mo # 1, |21 |~ tdzy
y2 = T(Infz1] + A1) + A3
Hi) X1 ?é 0, y1 = >\1$1§, Ty = Ao,
Ao #1,ys = )\1)\3m§ |z1 |~ tdy
H° 1 #0, y = )\1301i + %ml,
a#1 To = ATy, Ao # 1, |z1 |~ tdy
Y2 = A;MIC% + 532)1931
HO 21 #0, y1 =21 (A1 + Bln|z1]),
a=1 To = AoT1, Ao # 0,1, |21 |~ tday
y2 = Aax1(As + B|In |A2z1])

Remark. In the table A\, A1, A2, A3, € R.
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N3MEPUMOCT HA MHO2KECTBA OT Z[BOfIKI/I HEITAPAJIEJIHI

TOYKHN B 'AJIMJIEEBATA PABHUHA

A npusiu Bbopbanos Bopucos

Omnucanu ca U3MEPUMUTE MHOXKECTBA OT JIBOWKHU HemapaJseJTHU TOYKU U CbOTBETHUTE
MM WHBAPHAHTHU I'bCTOTA OTHOCHO I'DYyHAaTa Ha OOIIUTE HMOI00HOCTH.
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