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We investigate the probability distribution of the product of a Dirichlet distributed
random vector and a random matrix with independent Dirichlet distributed rows.
We find when the distribution of the product coincides with the distribution of the
random vector.

There are many applications of random matrices in multivariate statistical analysis,
physics, etc. For references see e.g. Wigner [2], Mehta [1] and Girko [4].

Let us consider a discrete, time-homogeneous, ergodic Markov chain &g, &1, ..., with
transition matrix

q11 qi12 ... (Qin

g21 Q22 ... Q2n
Q =

dnl1 4n2 --- (Qnn

and initial distribution q = (g1, ¢2, ..., ¢n). It is well known that

lim ¢.Q" =,

n—o0
where the row vector m = (71,72, ..., 7,) does not depend on g(see e.g. [5, p. 58-59]
and [6, p. 192-196]). The vector 7 is a left eigenvector of the latent root 1 of Q i.e.
(1) TQ=m

The natural generalization of (1) from the probabilistic point of view is to randomize
the elements of w and Q.

By analogy with this non-random phenomenon (1) we will investigate when the
product of a Dirichlet distributed random vector & = (&1,&s,...,&,) with parameters
(b1,b2,...,b,) and the random matrix

m: M2 ... Mn

21 722 ... T2n
A =

i1 "Thm2 -+ Tnn
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has the same distribution as & under the assumption that & and A are independent and
the rows of A are independent and Dirichlet distributed.

Recall that (&1,&, ..., &) has a Dirichlet distribution with parameters (by, bs, ..., by,)
(briefly € € D(by,ba,...,by)) if & + & + - -+ &, = 1 with probability 1 and the random
vector (&1,&a,...,&—1) has a density with respect to the Lebesgue measure in (n — 1)-
dimensional Euclidean space of the form

T(by+bot - +b _ —
(br+bo -+ n)zlfl_lzgrl . ~-93l;1":11 1(173317:@7 e f:cn,l)b"*l for x;>0, Zzigl

[1re) =1
i=1
and zero otherwise.

Theorem 1. If
(Z) (517§27 o 7§n) S D(bl,bg, -

(id) (i1, Miz, - - - Min) € D(ain, aiz, . . -,
are positive integers;

n
(i) » a =bi, i=1,2,...,n and Yy _a; =b;, j=1,2,...,n;

(iv) the random wvectors (£1,&a2,-..,&n), (M1,M2y - Mn); (M21,M22, -« sN2n)s -« -
(M1 M2y - - s M) are independent,
then the random vector €. A has the same Dirichlet distribution as € i. e. £&.A€ D(by, b,

coybp).
Proof. Let 7;;(s), s =1,2,...,a;; fori,j5 =1,2,...,n be independent and identically,
exponentially distributed random variables with mean E7;;(s) = 1. It is well known that
the joint distribution of

,bn) and b; fori=1,2,...,n are positive integers;
i), 1 =1,2,...,n and a;; fori,j=1,2,...,n

s=1,2,...,a4 for i,7=1,2,...,n

is Dirichlet one with all parameters equal to 1 (see e.g. Wilks [6] § 7.7).
Taking into account (iii) and the additive property of Dirichlet distribution (if

(&1,82,...,&) € D(e1,ca,...,cpn) then (& 4 &2,85,...,&n) € D(c1 + ca,c3,...,¢,)) We
can conclude that the random vectors
n Qaij n  Gnj
> mils) DO Tils)
]-,1& 1 j=1s=1
aij Qjj
SOl ZZZ%
i=1 j=1 s=1 i=1 j=1 s=1
n  ai n  Qin
ZZT“(S) ZZTm(s)
i=1 s=1 i=1 s=1
n aij n Aij
S ) ZZZ%
i=1 j=1 s=1 i=1 j=1 s=1
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have the same Dirichlet distribution which coincides with the distribution of £€D(by, b, . . .
by,). We will briefly denote this coincidence by

n aij n Qnj n  ai n  Qin
22 i) 2.2 mils) > oY als) > inls)
£N j—l s=1 o j=1s=1 -~ i=1 s=1 . i=1 s=1
n  Qij ’ n n Qi n n Qi ’ n  Qij
)3) ) BLATID 353 BTH B D9 ) SO Z > miss)
i=1 j=1 s=1 i=1 j=1 s=1 i=1 j=1 s=1 i=1 j=1 s=1
n aij n Qanj
PIPILHC) D2 muils)
. j=1s=1 7j=1s=1
The independence of the random vector T" A
9> 2) RACHIED 95 9) SR
i=1 j=1s=1 i=1 j=1s=1
aij
and the random variable ZZZTM ) follows from the properties of the gamma
7j=114i=1 s=1
distribution (see e.g. Wilks [6, p. 202]).
By analogy using the independence of 7;;(s), s =1,2,...,a,; for 4,5 =1,2,...,n we
have:
(a) the row vectors of the matrix
Aik
D Tik(s)
s=1
n Qij
22 mul®)
j=1s=1 1<i,k<n
are independent;
a1 Qin
2 als) 2 7ins)
(b) o au o au ED(aﬂ,aig,...,am), 1=1,2,...,m;
YSPILACID 9 Seftt
j=1s=1 j=1s=1
a;l QAin
Z 7ia(s) Z Tin(s)
(¢) the random vector - e - is independent of the ran-
n ij n iJ
> 2 mis) ZZ%
j=1s=1 j=1s=1
n Qij
dom variable ZZTM ) for each i = 1,2,...,n. We may interpret (a) and (b) by
j=1s=1

writing
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ik
Z Tik (S)
s=1

s ~ A.
DD mils)
Jj=1s=1 1<i,k<n
ik
> 7ik(s)
From (c) we conclude that the matrix ns:(lw and the random vector
DO mils)
j=ls=1 1<i,k<n
n_ai n_ anj
DD mls) DD mils)
j=1s=1 j=1s=1

e are independent.

n n  Qij n n  Qij

Y>> mils) SN0 i)

i=1 j=1 s=1 i=1 j=1 s=1
Consequently
n aij n  Qanj ik
S0 NS | [ e
j=1s=1 j=1s=1 s=1 _
€'A ~ n n Qi Y T o aq : n o Qij -
22 > ) 33 Y mals) || 2D mls)
i=1 j=1s=1 i=1 j=1s=1 j=1s=1 1<ik<n
n  aij ain
DI BEIC) ik (5)
Jj=1s=1 s=1
_ n n  Qij T aij 7k = 172a yn| =
T D) 23 mls)
=1 j=1 s=1 j=1s=1

ZL: Tik(8)

s=1 k=1,2,...,n| =

n n  Qij

T )

i=1 j=1 s=1

@

n k
ol k=1,2,...,n|eD (Z ain, Y iz, .., Zan> =D(by, b, ..., by).
ZZZTM (S) =1 =1 =1

i=1 j=1 s=1

Corollary. Under the assumptions of Theorem 1, if A(1), A(2), ...is a sequence
if independent random matrices identically distributed as A and if the random wvector
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£(0) ~ €& is independent of A(1), A(2

phag
=
2
e
E ~—
2
2
phag
<
2

where £(n) = £(0).A(1).A(2).....A(n).

Proof. The proof follows by induction after applying consecutively Theorem 1 to the
product

&n—1).A(n)=£&(Mn), n=2,3,....

Denote by {p1D(c11,c12,-..,c1n) +p2D(c21,C22, ..., c2n) + -+ mD(ci1, 2, - cin) }
the mixture of Dirichlet distributions D(c¢;1,¢i2,. .., ¢Cin), ¢ = 1,2,...,1 with weights
P1,P2,---,p1. Notice that Theorem 1 follows immediately from the next more general
result:

Theorem 2. If

(1) (&1,&2,...,&) € D(b1,bay ..., by) and b;,i = 1,2,...,n are positive integers;

(Z’L) (771'1;771'27---;771'71) GD(aﬂ,aig,...,am),iz 1,2,...,% andaij fori,j = 1,2,...,77,
are positive integers;

n
(i) > aij <bj, i=1,2,...,n;
j=1

(iv) the random wvectors (£1,&a2,-.-,&n), (M1,M2y - Mn)s (M21, 125« sMn)s -« -5
(M1 M2y - - s M) are independent,
li—1
gi —1

then the random wvector
EA € > = Dyl )y,

L0102 >G> gn bi —1
P\ G

Lot +lp=b1+bot+by,
n n
where d; = Zaij’ i=1,2,...,n; g; = Zaij’ 7=12....,nandl; fori =1,2,...,n
j=1 i=1

are positive integers.

-

—.

7

The proof of this fact will be presented elsewhere.
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CJIYYAVHU MATPUIIN C JUPUT™™/JIE PA3IIPEIEJJIEHU
EJIEMEHTN

IIBeran Urnaros, Hatanmus MBanoBa, Tarana MamkapoBa

Hue mn3cnensame BepOATHOCTHOTO pa3lpejiejleHHE Ha IIPOM3BeleHHeTo or upuxie
pasmpesiesieH CAy9YaeH BEKTODp WM CiydaiiHa Marpura ¢ He3aBucumu Jlupuxiie pasm-
penesieHu penose. Hammpame Kora pa3npefiesIeHEETO Ha IIPOU3BEIEHUETO ChBIAIA C
pasnpeesIeHueTo Ha CIIydYalHus BEKTOP.

170



