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ON SOME SUBCLASSES OF ANALYTIC FUNCTIONS WITH
NEGATIVE COEFFICIENTS

Donka Zheleva Pashkouleva

The object of this paper is to obtain sharp results involving coefficient bounds, growth
and distortion properties for some classes of analytic and univalent functions in the
open unit disk.

1. Introduction and definitions. Let S denote the class of functions of the form:
o0
(1.1) f(z) :z—i-ZakszH
k=1

which are analytic and univalent in the open unit disk
E:={z:2z€C and |z| < 1}.
We denote by (f * ¢g)(z) the Hadamard product of two functions f(z) and g(z) in S
where f(z) is given by (1.1) and g(z) is given by

o0

(1.2) g(z) = z+2bk+1zk+1.
k=1

Thus

(1.3) (fx9)(2) =2+ anpabesr2"F
k=1

The n-th order Ruscheweyh derivative D™ f(z) of a function f(z) in S is defined by
2 (" f(2)"

(1.4) D"f(z) = -
where n is any integer such that n > —1. It is easy to see from (1.3) and (1.4) that
n z
(1.5) D f(z):m*f(z)
(o)
(1.6) =z+ Zé(n, E)agy1 2t
k=1
where
k
(1.7) 5(n, k) = (” > ke N.
n
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The symbol D" f(z) was called the n-th order Ruscheweyh derivative of f € S by
Al-Amiri [1].

Next, let T" denote the subclass of S consisting of analytic and univalent functions
which can be expressed in the form

(1.8) fz)=2z- Zak+1zk+1, ag+1 > 0.

Let T,,[A, B, «, 5] denote the class of analytic and univalent functions f(z) belonging

to the class T and satisfying the additional condition
27D f(2) -1
‘BZID”“J”(Z) —[B+ (A= DB)(1-0a)

(€ E;,0<a<1;0<p8<1; -1<A<B<1;0<B<1).

The class T-1[-1,1,a,8] = FPi(a,8) (0 < o < 1; 0 < f < 1) was studied by
Srivastava and Owa [2].

The class Ty[A,B,0,1] = T4[{A,B] (d> —-1; - 1< A<1; -1<B<0; B<A) was
studied by Chen [3].

The class Ty[-1,1,, 8] = P*(o,8) (0 < a < 1; 0 < 8 < 1) was studied by Gupta
and Jain [4].

The class To[—1,u,«, 8] = P*(a, ) (0 <a<1; 0< <1 0< pu<1) was
studied by Owa and Aouf [5].

The object of the present paper is to obtain some results involving coefficient bounds,
growth and distortion properties for the class T,,[A, B, «, 5].

(1.9)

<p

2. A theorem on coefficient bounds.
Theorem 1. A function f(z) defined by (1.8) is in the class T, [A, B,a, 8] if and
only if

(2.1) > 1+ BB)3(n+1,k)ar1 < (B — A)B(1 - a).
k=1

The result is sharp.
Proof. Let inequality (2.1) hold true and let |z| = 1. Then we obtain
2T D" f(2) = 1] = BBz D" f(2) = [B+ (A= B)(1 - a)]| =

- Z S(n+1,k)ap, 12"
k=1

-B|(B-A)(1-a)- Z (n+1,k)ap 12"

k=1

<

Zé (n+1,k)ak1 — B
k=1

(B—A)(1—a)— BiénJrl k)am] -
k=1

o0
> (14 BB)s(n+1,k)agi1 — (B—A)B(1 —a)) <0
k=1
by the hypothesis of Theorem 1, §(n, k) being defined by (1.7). By the Maximum Modulus
Theorem, we have
f(z) e T,|A, B, o, B].
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In order to prove the converse, we assume that f(z) is defined by (1.8) and is in the
class T,,[4, B, a, 8]. Then the condition (1.9) readily yields

271D f(2) -1 _
Bz=1Dmt1f(z) — [B+ (A — B))l — a)]

- Z S(n+1,k)api12"
(2.2) = <B z€E.

o0
(B-A)(1-«a)-— BZé(n + 1,k)ags1 2"
k=1
Since |R(z)| < |z| for all z, we find from (2.2) that

Z S(n+1,k)ag12"
(2.3) R h=1 <B z€E

(B A)1—a)~ BY (n+ 1, Kyags1t
k=1

Now we choose values of z on the real axis so that z=1D"*! f(2) is real. Upon clearing
the denominator in (2.3) and letting z — 1 through real values we obtain

[ee] [ee]
(2.4) > 6(n+1,k)aki1 < (B—A)B1—a)—BBY d(n+1,k)ar
k=1 k=1
which gives us the desired assertion (2.1).
The assertion 2.1 of Theorem 1 is sharp. The extremal function being
(B-A)BA—-0a) i
2.5 =2z— k € N.
(2:5) I&) == A BB T LA ©
Corollary. Let the function f(z) defined by (1.8) be in the class T, [A, B, o, §]. Then
_ (B-4)B01-a)
ak+1 >
(1+8B)d(n+1,k)

(2.6) ke N.

The equality in (2.6) is attained for the function f(z) given by (2.5).

3. Growth and distrotion properties.
Theorem 2. Let the function f(z) defined by (1.8) be in the class T,,[A, B, «, 8]. Then

forlzl=r (0<r<1),
(B—A)B(1 —a)

(3.1) I O] 2 <|f(2) <7+

2B — A)B(1 — a)

2B — A)B(1 — a)

(3:2) Ly U LA OO e w73y s
and

(B-A4)B(1—-qa) D" f(2) (B—-A)B(1—-qa)
(3.3) 1- 1+ 5B rg‘ . <1+ e T.

Each of these results is sharp.
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Proof. Since f(z) € T,[A, B, «, f], in view of Theorem 1, we have

(34) (14+8B)S(n+1,1)Y ary1 <> _(1+BB)S(n+1,k)ars < (B— A)B(1 — )
k=1 k=1
which immediately yields

= (B - A)B(1 - a)
(3.5) kz::lakﬂ < (L4 BB)(n+2)

Consequently, for |z| =7 (0 < r < 1), we obtain

> (B—A)B(1—a)
(3.6) If(Z)IZT*?"QkZ::lak+1 = (1+3B)(n+2) TQ

and

S (B—-A4)60 -a) ,
3.7 f(z <7472 g1 <7+ T
(3.7 762) > o <7+ on Y
which prove the assertion (3.1) of Theorem 2.
Furthermore, it is easily seen from (1.8) that, for |z| =7 (0 <r < 1)

oo
(3.8) IF'(2) = 1=r> (k+ a1
k=1
But, in view of Theorem 1, we have
1+8B)6(n+1,1) —
(1+5 )2( ) ;(k+ Dags1 <

(3.9) i~
<> (1+BB)s(n+1,k)ag1 < (B—A)B(1 - a)
k=1
which readily yields
> 2(B — A)B(1 — a)

(3.10) ;(kﬂ)akﬂ < TR T

Upon substituting from (3.10) into the second members of (3.8) and (3.9), we obtain
the assertion (3.2) of Theorem 2.
Next, by using the second inequality in (3.4) we observe that, for |z]| =r (0 <r < 1)

- B— A)B(1 —
(3.11) 271D ()] <1 +T;5(”+ Lk)agr <1+ ( 142%2? o
and

= B—A)B(1—
312 D 2 L S L Rjaen 21 C

which prove the assertion (3.3) of Theorem 2.
Equalities in (3.1), (3.2) and (3.3) of Theorem 2 are attained for the functions f(z)
given by
(B=A)5(1—a) ,

(3.13) fz)=2z— (1+ﬂB)(n+2)Z z==r.
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BBbPXY HAKOUN ITIOJAKJIACOBE AHAJINTNYHU ®YHKIINN C
OTPUIATEJ/JIHN KOE®PUITUEHTN

Honka 2Kenesa IlamkyneBa

IIpeamer Ha Ta3u CTATHUS € Oy YaBAHETO HA HSIKOU PE3YJITATH OTHOCHO KOEDUITUEHTH,
OIIEHKH M CBOMCTBA HA HAKOU IOJIKJIACOBE €JHOJUCTHU (DYHKIIMYM B €IMHUIHUS KPbI.
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