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ON HOMOCLINIC SOLUTIONS OF EXTENDED
FISHER-KOLMOGOROV EQUATION

Stepan Agop Tersian, Julia Vancheva Chaparova

We study the existence of homoclinic solutions of the extended Fisher—Kolmogorov
equation with cubic nonlinearity and variable coefficients. An existence result is
proved, using the mountain-pass theorem and the concentration-compactness princi-
ple.

1. Introduction. In this paper we study the existence of homoclinic solutions of
the fourth-order equations
(1) u”’ 4+ pu” +a(x)u—b(x)u? —c(x)u® =0, =R,
where u (x) is unknown function, p is a constant, a (z),b(x) and c¢(x) are continuous
and bounded functions on R. The equation (1), known as stationary Fisher-Kolmogorov
equation, appears in several branches of Physics. The problem of finding a solution,
which is homoclinic to the origin (i.e. a nontrivial function u (x) such that u (z) — 0
as |z| — o0) is usually related to the existence of solitary waves or to the existence of
stationary solutions with finite energy, namely solutions of the Sobolev space H? (R).

The search for homoclinic and heteroclinic solutions is a classical problem, originating
from the work of Poincaré, which has been studied from several points of view. Existence
of homoclinic solutions can be obtained by analyzing the intersection properties of the
stable and unstable manifolds of the fixed points. Let us recall that Devaney [5] proved
that an autonomous Hamiltonian system in dimension 4, with homoclinic orbit to a
saddle-focus fixed point (i.e. the linearized system at the fixed point has the eigenvalues
+ (a £ iw), where a, w > 0) is chaotic if the homoclinic orbit is the transverse intersection
of the stable and unstable manifolds. The verification of the transversality for specific
systems such as (1) is a difficult task.

The variational method for the existence of homoclinic and heteroclinic solutions of
Fisher—-Kolmogorov equation was applied by Amick & Toland [1], Buffoni [3], Peletier,
Troy and Van der Vorst [6].

Since the equation (1) has a variational structure, the homoclinic solutions are critical
points of the functional on H? (R)

(2) I(u)= /R <% (W —pu” + a(z)u?) — %b(x) u® — %c(:c) u4) d.
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We prove the following existence result using the mountain-pass theorem of Brezis &
Nirenberg [2] and the concentration-compactness principle.

Theorem 1. Let a(x),b(x) and c(x) be continuous 1-periodic functions and there
exist positive constants a1, as, b, k1 and ko such that
0<ai <a(z)<ag, |b(z)] <b, 0< ks <c(x)<ko
and p < 2y/a1. Then there exists a homoclinic solution uw € H of the equation (1) which

is a critical point of the functional (2).

In the case of constant coefficients a () = b(z) =1 and ¢ (z) = 0 for p < —2 Amick
& Toland [1] have proved the existence of homoclinic solution of (1). Their result is
extended by Buffoni [3] for p < 2 applying mountain-pass theorem of Brezis—Nirenberg
[2] and concentration-compactness principle. This idea has been developed in Coti—Zelati,
Ekeland and Séré [4] for convex Hamiltonian systems.

2. Main result. We prove the existence of homoclinic solution of (1) in the space
H? (R) using variational method under some boundedness conditions on the coefficients
p,a(z),b(x) and c(x). Assume that:

(3) a(z),b(xz) and c(x) are continuous 1-periodic functions,
such that there are positive constants a1, a2, b, k1 and ks verifying
4) 0<ar <a(z)<ag, |b(x)] <b, 0<k <c(r)<ks

(5) p < 2y/ay.
By assumption (4) it follows that the functional I : H?(R) — R is Fréchet-differentiable
on H? (R) and its Fréchet-derivative is given by

(I' (u) ,v) = [R (" = pu'v' +a(z) uv — b (z) v?v — ¢ (z) u’v) do

for allv € H? (R). The critical point w # 0,w € H? (R) of the functional I is a nontrivial
homoclinic solution of (1). Let |lul|* = Jr (v + w2 + u?) dx be the norm of the Sobolev
space H := H?(R).

Lemma 1. Let a(z) and p satisfy assumptions (4) and (5). Then there ezists a
constant ¢1 > 0 such that

(6) / (u" — pu' + a (x) u?) dz > c1 |Jul®.
R

Proof. If p < 0 it is clear that (6) is satisfied with ¢; = min (—p,a1,1). Let us
suppose

(7) 0<p<2/ar.
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Let 4 (€) be the Fourier transform of u () € H? (R) . Suppose that k € (0, 3) is a constant
such that

(8) (p+1)§27a1+1§§(1+§2+§4), V¢ € R.

By Parseval’s identity we obtain (6) with ¢; =1 — £ > 0 as follows

/(u”Q—pu’2+a(z)u2)daz > /(u”pru’QJraluQ)d:c
R R
= [ pe e ik (€ de

(E+E+1-(p+1)&€ +ar—1) a4 () d¢

I
e

- E) /R (64 +€2 1) Jaf (&) de

The inequality (8) is equivalent to

0§§4+<1W)52+<1+M), Ve € R.

The last inequality is satisfied provided that

(1 BE0Y () B0y

or
k? 42k (p+2a1 — 1) =3 (p+1)* > 0.
Since 0 < k < 3 we have
3>k’21—p—2a1+\/(p+2a1—1)2+3(p+1)2 =: ks.

The last inequality implies p? < 4a;. Since we suppose p > 0 then we obtain (7).
Conversely if (7) is satisfied, then we can choose k € [k3,3) such that (6) holds with

k
Cc1 = 1— g O
In the following, c; denote positive constants. By the Sobolev embedding theorem
H'(R)c L*(R), 2<p< oo

Let ¢; and ¢3 be constants such that

(9) /R fu () de
(10) /R ot () da

The functional I satisfies the geometric conditions of the mountain-pass theorem under
assumptions (4) and (5) .

IN

3
C2 HUHHl(R)a

IN

4
c3 HUHHl(R)-

Lemma 2. Let assumptions (4) and (5) hold. Then the functional I € C (H) satisfies
conditions
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(1) There exists p > 0 such that I (u) > 0 if ||u|| = p.
(2) There exists e € H such that |le]| > p and I (e) < 0.

Proof. (1) From Lemma 1 (9) and (10) we have

1 1 1
I(u) > 30 lul® — gb/R|u|3dx— Zkg/Ru‘ldac

1 3 1
> e lull® = gbe [ul = Jkaca ul

= ul® (ex = s llull = e Jul) >0
for sufficiently small |ju| = p.

(2) Let us take w € H, @ >0 on R. For A > 0 we have

2
A2 (M) = 1 / (@ — pu”? + a(z) 0?) dz — A / b(x)udde — X / c(z) utdr
2 Jr 3 J/r 4 Jr
1 2 12 —92 é =3 _ )\_2 4
< (u pu“ +a(x)u )dx—i— b | wdx ki | u*dz
2 J/r 3 Jr 4 R
- —0

as A — +o0o. Hence there exists e = A such that I (e) < 0. O

Proof of Theorem 1. By Lemma 2 and mountain-pass theorem of Brezis & Niren-
berg [2], Theorem 1, there exists a sequence (uy), in H such that

(11) I(up) —¢>0and ||[I' (uy)| g — 0,
where

¢ = Inf max I(y(t)),

I = {yel(01],H):7(0)=0, ~(1)=e}.

The functional I does not satisfy the Palais—-Smale condition. For instance if ug (-) # 0 is
a critical point of I then ug (- +j), j € Z is also a critical point of I but the sequence
(uo (- +7)) ; has not any convergent subsequence in H.

We prove that the sequense (uy),, is bounded in H. Indeed we have

1 1
gallunl® < ¢ [ (- pu? (o)) do
6 6 Jr

= I(Un) - % <I’ (Un) ,Un> — %/Rc(x)uidx
< () + 5 1 () ]

Suppose that (uy),, is unbounded sequence. By the last inequality and (11) we have
1 I(un) | 1| (un)ll,

0< =< —0
67 7 Junl* 3 Junll ’
which leads to a contradiction. Hence the sequence (uy),, is bounded in H
(12) [unll < c7.
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Therefore we have
[(I" (un) , un)| — 0
and
0 < e Tm)— g (I () un)

1 . 1
= —/ b(m)ufld:ch—/ c(z)utde
6 /r 4 Jr

1
< —/ (b|un|3 +k2uﬁ) dz.
4 /r
Hence there exist constants cg and cg such that
(13) 0<eg < / (ufl + |un|3) dx < cy.
R
Denote u,, by u for simplicity. From the Sobolev inequality

lulle g < 2Mllmgan)> T €2
(12) and (13) we have

JRGRTHES 3 / "t ) e

4 3
= > <||U||L4(j,j+1) + ||“||L3(j,j+1))

J

2 2 2
Sup max (||“||L4(j,j+1> ’ ||“||L3(j,j+1)) Z (||“||L4(j,j+1) + ||“||L3(j,j+1>)
J

C8

IN

IN

J

IN

2 2
$supma ([l sy lells g ) S0 el )
J .
J
2 2
= Ssupmax ([l sin) - lell o) ) el )
J

2
< 8¢ Sup max (||u||L4(j,j+1) ; ||“||L3(j,j+1)> :
J
Therefore
2 C8
Supmax (||u||L4(j,j+1) s ||U’||L3(j,]+1)> > @ =:C10
J 7

and

sup [lull pa; j41) = min (c10, 1, v/e10) =: 1.
j

Then

j+1 1
(14) inf sup/ utda = inf sup/ ul (x+j)dx > ¢t > 0.
" ojeZ Jj n jezJo

Now we can apply the concentration-compactness argument, cf. [4]. By (14) we can
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choose a sequence (j,,),, such that

1
1iminf/ uy (z+ jn) dr > 0.
0

n—oo
Let us define vy, (-) = up (- + jn) € H. We have
[on]l = llun| < c7.

Going if necessary to a subsequence, we can assume that

(15) v, — v in H*(R),

(16) v, — v in L _(R),
(17) v, — v in Cie (R),
(18) v, — v ae. on R.

By (14) and (17) it follows that v # 0. Since the coeflicients a (z),b (x) and c¢(z) are
assumed to be 1-periodic we have

I (up) =1 (vp)
and for w € H

(I (vn) ,w ()] (I (un) s w (- = jn))]
1" (un)l. Mlw (- = )l
17 (un)l, fJwll = 0.

Hence I’ (v,) — 0 in H*. By (15) and (17) it follows that I’ (v) = 0 and therefore v € H
is a nontrivial homoclinic solution of the equation (1). O
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XOMOKJIMHNYHUM PEINTEHV A HA OBOBIIIEHUW YPABHEHUS HA
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OUNTEP-KOJIMOT'OPOB

Crenan Aron Tepsusin, FOnus BaundeBa Yamaposa

JlokazaHna e TeopeMa 3a CBIIECTByBaHe HAa XOMOKJIMHUYHU DeIIeHUs] HA ypPaBHEHUsI
na Quinrep—KoiMoropos ¢ KyonaHr HeJIMHEHHOCTH U IpOMeHInBH KoeduimenTu. Jlo-
Ka3aTeJICTBOTO € OCHOBAHO Ha TeopeMaTa 3a Xxpebera W MeToia Ha KOHIEHTPHUpaHATA
KOMITaKTHOCT.



