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CUBIC INTERSECTIONS BY MOVING PLANE

Albena Jordanova, Victoria Daneva

We investigate cubic intersections by moving plane, which depends on three param-
eters. For this we prove the main theorem and find the area function (Theorem 2).
We show that the area function is a smooth function and differentiable once only.
In many special cases this function has at least two points of maximum and four
inflection points. For this purpose we also use computer-based methods.

We recommend some special cases that can be used in school mathematics. In this
way one can integrate together plane geometry, solid geometry, algebra, analysis and
computer science.

We consider a cubeABC DA, B1C1 D1 with edge a, and a plane ¢,y determined by:
(1) BM =mBA", BN =nBC", BK' =kBB;: m,n,k € (—00,+00).
This plane cuts the lines of the other edges at the points: P, S, T,U,V,W, X,Y, Z, given
by the equations:

-1 -1 —m—
AT = nmm AD, OV =mX—-CD’, DY = k%DDi,
-1 } } -1 } } k- }
(2) ﬁ :k/’mTAAl, BlU :kaBlAl, AlZ ZNWAlDl,
. ey k=1 kn-k—n——
oW =k 200, BiX =n——DBiCi, CiP :m%chl.

We shall give some short proofs of these relations:
The equality BM~ = mBA’ is equivalent to the relation BM = mBA, where BM

and BA are the algebraic measures respectively of BM and BA’.
v D C The triangles BM N and CV N are

\. similar (Fig. 1). It follows:
BN BM —— BM___
CN CV BN
'N\‘ Since CN = CB + BN, it follows
CcV = mni 1C—D, which means,

A B M n
Fig. 1 that CV' =m
In the same way one can prove all relations (2).
In this paper we consider the case m < 0, 0 < n < 1, k — arbitrary. There are two
possible cases:

1
"D,

n
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Case 1: The point T belongs to the edge AD (in such a case the point V' does not
belong to the edge DC).

Case 2: The point V belongs to the edge CD (in such a case the point 7' does not
belong to the edge AD) (fig. 2).

D1 C1 D1 C1

A1

N
o]
i'
N
Sy
= (=

Fig. 2

Now we shall consider the first case, i.e. the point T is from the intersection of the
m—1— .
AD", it follows

cube and the plane €. Then from the representation: AT = n

m
0O<n

< 1 which is equivalent to the inequality: mn —n —m >0 .

Lemma 1. The point T belongs to the section <= mn —n —m > 0.
The relation: mn = n = m = 0 determines a hyperbole with vertices (0,0) and (2,2)
and asymptotes m = 1 and n = 1 (Fig. 3).
8
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Fig. 3
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One can easily see that we have in mind all points X (m,n) for whichm < 0,0 <n <1
and which are placed under the hyperbole (Fig. 3).
mn

Let us designate kg = ———.
mn—m-—n

Lemma 2. The following inequalities are valid:

n m
ko < —— <0< < 1.
Y 0> h—1 m—1
The proofs follow directly.
A) Let k < ko.
Az Z D1 From the equations (2) it follows immediately that

the point Y belongs to the ray < D;D (where the ray
originating at the point D; and does not containing a
point D is designated "Dy D) then the point Z is from
the edge A1 D; (Fig. 4).

B) Let k < Ll From (2) = W € €010 <=

n—

X € B;(C4.
A T D From A) and B) it follows:

Fig. 4 Lemma 3.If k < ko the section is quadrilateral
NXZT.

Q) Let ko < k < ——.
n—1

Then Y belongs to the edge DD, consequently Z €
<_leh and P € chl-

Lemma 4. Ifky <k < " the intersection is a
n—1
D P 1 pentagon NXPYT.

D) If —— <k <0 then W € CCy and Y € DDy

X Lemma 5. If Ll < k <0, the section is quadri-
lateral NWYT.
E)If0<k< % then from (2) it follows that S
Ax B1 belongs to the edge AA;.
Fig. 5 Lemma 6.If 0 < k < mn
quadrilateral NKST. e

then S € <A, A.

1 the intersection is

F)If k>
m

m-—1’
7 < k < 1. From (2) and F) it follows: U € A1B;, Z € A1 D;.

G) If

m —
m

Lemma 7. If 1 < k < 1, the intersection is a pentagon NKUZT.

m—
And finally let us k£ > 1.
H) If £ > 1 then X € B;C; and S € < A, A.
Lemma 8. If kK > 1, the section is quadrilateral NXZT.
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Theorem 1(the main section theorem). For k # 0 the figure of the section depends

on k and:

a) If k € (—o0 kzo] the intersection is a quadrilateral NXZT;

/\/—\

b) If k € ko, —3 , the intersection is a pentagon NXPYT;
c) If k € [ n ) the intersection is a quadrilateral NWY'T;
d) If k € (O, p— ] the intersection is a quadrilateral NKST;
e) If k € (mm ) the intersection is a pentagon NKUZT;
) If k € [1,+400), the section is a quadrilateral NXZT;
Or shortly:
4+— ’———b
NXZT NXPYT NWYT NKST NKUZT NXZT
-1 k, n_ 0 _m_ 1 +1
n—1 m—1
The following figures illustrate this theorem in some special cases: m = —2; n =
2
then ky = —2, i :7,L:_
n—1 m—-—1 3
ZDI C, D, P C, D, C
iy g4 |
Al B, Al B, 4 ! B lw
3 ! Y-
D 1D /i
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Theorem 2. For the area function o(k) holds:

2
o1(k) =onxzr = ;—m\/kaQ +m?2n? +n2k2, k€ (—oo,kol,

22 kmn — km — kn — ?
az(k)mvxpwa—<—<mn mo mn))\/m2n2+m2k2+n2k2’

2 \ km kmn
n
ke (ko,n_1>,

n
(2mn — 2n — m)v/m2n? + m2k2 + n2k2, k € {n ,0) ;

2

o3(k) = onwyT = 5
(3) 2m*n

2
os(k) =onksT = ;W(l — Qm)\/m2n2 Fm2k? + k2, k€ (0, mnz 1] ’

a’® (2 k—1)\2
05(k):UNKUZT=—— —+m| — \/k2m2+m2n2+n2k2,

2m \ k k
m
k —1
€<m17),

Proof. We use the formula o' = o cos, where ¢ is the area of a plane polygon,
o' — the area of its orthogonal projection, and ¢ is the angle between the planes of the
polygon and its projection.

2
2 km? + m2n? + n2k?, k € 1, +00).

o6(k) =onxzr = T

D1 C1 D C
i T |
Al : Bl N
K
V2 N C
IR A B
%0 X
A B M A B
Fig. 6 Fig. 7

Let us consider the plane trough BK and orthogonal to M N. From AM BN we have
BO.MN = ma.na, where O € MN and BOLMN, ¢ =¢<BOK. (Fig. 6)
—— mna mn
Since M N=av/m2+n?2, it follows BO=— ——— .
Vm2 + n2 Vm2nZ + k2m2 + k2n2
To find the area og, let NX*ZT be the projection of NXZT on the plane (ABC) (Fig.

2
n a
7). Then o} = onrpzixt = a’—; 06 = ONxzT = ——/m2n2 + m2k2 + n2k2. In the

and cos p=—

same way one can prove all the formulae in (3).
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Theorem 2. For any k # 0 the area function is a smooth function.

Theorem 3. For any k # 0 the area function is a differentiable function (exactly
once).

By differentiating we get:

2, .2
0(1)(k) _ a’*mn .
1 k2/k2m2 + k2n2 + m2n2’
2 /1 1
+a2 9 L1 2 k(m?2 + n?) .
2 \ km m n k Vm2n2 + m2k2 + n2k2’
() (1 — a’k(m? 4+ n?)(2mn — 2m — n).
O3 ( )_ 2m2n\/k2m2+k2n2+m2n2 )
a’k(m? +n2)(2m — 1
gy KO ) 2m 1)

B 2m2v/m2nZ + m2k2 + n2k2’

2 2 -1
O‘él)(k') - [(_ﬁ + 7771(1}; )) Vm2n2? + m2k2 + n2k2+

(k — 1>2) (m* +n?) } _
Vm2nZ + m2k2 + n2k2|’

Ck2Vm2n? + m2k? + n2k?

It if easy to prove that:

1) a%l)(k) > 0 for any k € (—o0, kol, i.e. o(k) is a monotone increasing function in
this interval.

2) Uél)(k') < 0 for any k € [Ll’ 0), i.e. o(k) is a monotone decreasing function in

this interval.

3) Uil)(k) > 0 for any k € (0, Ll] , 1.e. o(k) is a monotone increasing function in
m

this interval.

4) O‘él)(k') > 0 for any k € [1,4+00), i.e. o(k) is a monotone decreasing function in
this interval.

We prove also the following assertions:

I aél)(kzo) > 0, Uél) (Ll) < 0, it means that the area function has at least one
n—

n
local maximum in the interval <k:0, 1) .
n—

1L aél) (Ll) > 0, aél) < 0, it means that the area function has at least one local
m—

m
maximum in the interval <—, 1) .

m—1
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Many special cases for m < 0 and 0 < n < 1 show that the area function has only
one maximum in these intervals. For example:

The graph of the area function when The graph of the area function when
m=2/3 n=1/3 m=-2,n=1/2

12 1,3

1.2

The graph of the area function when The graph of the area function when
m = —100, n =1/3 m=—200, n=1/2

0,6

04

0,4

0.2 0.2

15 10 5 0 5 10 -10 -8 6 4 -2 0 2 4 6 8 10

Remark. The last two assertions are not valid when m — —oo. Indeed in such
n

a case: lim kg = i and lim _mo 1, i.e. the intervals |{ ko, and
m——00 n—l mﬂfoom—l n—l
(Ll’ 1> are degenerated and there are no functions o9 (k) and o5(k). Then:
m—
2 -1 3 2 -1
m oy = - — 2 g im ok = —2 "D g
k—no,k<nog n+/1 + (n — ]_)2 k—no,k<no n+/1 + (n — ]_)2
n
where ng = .
n—1
2 25 — 1)2
lim  o{(k) = ———— >0, im0 (k) = — L= g,
k—1,k<1 n2+1 k—1,k>1 n?+1
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and £k = 1 is not

n
It follows that the area function o(k) at the points k =
n
differential.
From the last figure one can see that the area function has a minimum. This can be

1
lim ail)(k), when n tends to 5 and m tends to
k>

d ly: i D) =
Proved, Mamely: <o 73 (k) k—0,k>0

minus infinity.

REFERENCES

[1] G. StaNILOV, L. STANILOVA, L. VELINOVA. Die besondere Stellung der Wirfelschnitte,
Seiten 578-581 in: Beitrage zum Mathematikunterricht 1998. Vortrige auf der 32. Tagung fir
Diddaktik der Mathematik vom 2. bis 6. 3. 1998 in Miinchen (1998).

[2] G. StaNILOV, L. STANILOVA. Neue Max- Bill- Wirfelschnitte und ihre Anwendungen in der
bildenden Kunst, Seiten 501- 506 in: Beitradge zum Mathematikunterricht 1999. Vortrage auf
der 33. Tagung fiir Diddaktik der Mathematik vom 1. bis 5. 3. 1999 in Bern (1999).

Albena Jordanova Botseva Victoria Petrova Daneva
18 Secondary School Classic College of Fine Mechanics and Optics
Sofia, Bulgaria Sofia, Bulgaria

e-mail::Albena_jordanova@mailcity.com

KYBUYHU CEYEHNA C ITIOABUN>KHA PABHUHA

An6ena Vlopnanosa, Bukropus: [lanesa

Pasriiexxtame ceyenmsita Ha Ky® ¢ IOABHIKHA DABHHUHA, 3aBHCEINa OT TPU I1apame-
Tbpa. /okazBame ry1aBHaTa TEOpEMa 33 CEUCHHUSTA U HaMupame DYHKIUSTA JIUAIE HA
ceuennero (Teopema 2). ITokasBame, ue dyHKIUATA JMIE € HENPeKbCHaTa U Jude-
peHmupyema (0T WbPBH pej). B MHOroO pasriiefianu 9acTHH CJydad, ¢ HOMOIITa Ha
KOMOIOTHPHO 0a3supaHyd METOIU, CME YCTAHOBHJIH, Y€ Ta3u (DYHKIINSA MMa IIOHE 1B
MaKCUMyMa U YeTUPHU WHQJIEKCHA TOIKH.

CmsTaMe, Ye HAKOM YACTHU CJIydaud MOrar ja ObjaT pasrjeaHd B 4acoBeTe 110 Ma-
TeMaTHKa B YYUJIUIIIE.
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