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In this paper we introduce new notions of o-homogeneous space, lo-homogeneous
space, do-homogeneous space and, co-homogeneous space. If a lo-homogeneous space
X is first-countable at some point, then X is first-countable. If a lo-homogeneous
space X contains a dense extremally disconnected subspace, then X is extremally
disconnected.

1. Introduction. By a space we understand a Tychonoff topological space. We use
the terminology from [7].

In this article we introduce new notions of homogenity of spaces: o-homogeneous
space, lo-homogeneous space, do-homogeneous space and co-homogeneous space. Let
P be one of the properties {fan—complete, g—complete, sieve—complete} and U be an
open non-empty subset of X with the property P. We prove that if X is a regular lo-
homogeneous space and U is an open non-empty subset of X with the property P, then
X is a space with the property P. Other properties of homogeneous spaces are studied
as well.

2. Various types of completeness. In this section we list some several notions
introduced in [2, 4].

For a sequence {H,, : n € w} of subsets of a space X, Lim{H, : n € w} is the
set of all accumulation points of {H, : n € w}. If H,11 C H, for any n € w, then
Lim{H, :n € w} = {clxH, :n € w}.

A sequence {U,, : n € w} of open subsets of a space X is called a stable sequence if it
satisfies the following conditions:

(S1) 0 # Upyq C U, for any n € w;

(S2) Every sequence {V,, : n € w} of open non-empty sets in X such that V,, C U,
for each n € w, has an accumulation point in X, i.e. Lim{V,, :n € w} # 0.

A subset L of a space X is bounded if for every locally finite family v of open subsets
of X, the set {U € v: UNL # (0} is finite.

From conditions (S1) and (S2) it follows that H = N{clxU, : n € w} = Lim{U, :
n € w} is a bounded non-empty subset of X.

Let X be a space , v = {7, = {Un : @ € A,} : n € w} be a sequence of families of
open subsets of X, and let 7 = {m, : A,41 — A, : n € w} be a sequence of mappings.
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A sequence a = {a, : n € w} is called a c-sequence if o, € A, and 7, (nt1) = @ for
every n. Let H(a) = N{U,,;n € w}. Consider the following conditions:

(SC1) U{U;s: B € A} is a dense subset of X for each n € w.

(SC2) UW{Us : B € m; ()} is a dense subset of the set U, for all « € A, and n € w.

(SC3) X =U{U, :pe A} and Uy, =U{Ug: B e m, (o)} for all @ € 4, and n € w.

(SC4) WclxUs: B em, ()} CU, forall « € A, and n € w.

(C1) For any c-sequence o = {ay, € Ay, 1 n € w}, the sequence {U,,,;n € w} is stable.

(C2) For any c-sequence a = {ay, € A, : n € w}, each sequence {y, € Uy, ;n € w}
has an accumulation point in X.

(C3) For any c-sequence a = {a,, € A, : n € w}, the sequence {U,, ;n € w} is a base
of open neighbourhoods of the set H(«) in X.

(C4) For any c-sequence o = {a, € A, : n € w}, the set H(a) is a non-empty
compact subset of X.

(C5) For any c-sequence o = {a, € A, : n € w}, the set H(a) is a non-empty
countably compact subset of X.

Sequences v and 7 are called an A-sieve if they have the Properties (SC3), (SC4).
They are called a dense A-sieve if they have the Properties (SC1), (SC2), (SC4).

A space X is called densely sieve-complete if there exists a dense A-sieve with the
Properties (C2) and (C4). A space X is called sieve-complete if there exists an A-sieve
with the Properties (C2) and (C4).

A space X is called densely q-complete if there exists a dense A-sieve with the Property
(C2). A space X is called g-complete if there exists an A-sieve with the Properties (C2)
and (C5).

A space X is called densely fan-complete if there exists a dense A-sieve on X with
the Property (C1). A space X is called fan-complete if there exists an A-sieve on X with
the Property (C1).

The sieve-complete and g-complete spaces were studied in [5, 6, 8, 10, 9]. The other
classes of spaces were introduced in [2, 3, 4].

3. Some new generalization of homogenity. A space X is called:

— 0-homogeneous if for any two points a,b € X there exists a continuous open mapping
hap : X — X such that hyp(a) = b;

— lo-homogeneous if for any two points a,b € X there exist two open subsets U and
V of X and a continuous open mapping hg, : U — V such that a € U, b € V and
hab(a) = b;

— co-homogeneous if for any two points a,b € X there exist two open subsets U and
V of X and a continuous open mapping hgp : U — V such that a € U, b €V, h(a) = b
and the set ¢l Xh;bl(:n) is countably compact for each z € V;

— do-homogeneous if for any two points a,b € X there exist two open subsets U and
V of X, two subsets A and B and a continuous open mapping hqp : A — B such that
a € ACUCclxA, b€ B="huw(A) CV CcxB and hg(a) =b.

We mention that the space X is called d-homogeneous [1] if for any two points a,b € X
there exist two dense subspaces A and B of X and a homeomorphism hy,, : A — B
such that a € A, b € B and hgp(a) = b.

Theorem 3.1 (see [1], Theorem 2.1). Let X be a regular locally separable first-
countable space without isolated points. Then, X is d-homogeneous.
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Proof. Fix two points a,b € X. There exists two open subsets U and V' of X such
that U and V are separable subspaces of the space X, a € U and b € V. Fix a dense
countable subset L of U and a dense countable subset M of V. We can assume that
a € L and b € M. The spaces L and M are homeomorphic to the space of rationals Q.
Hence, there exists a homeomorphism g : L — M of L onto M such that g(a) = b.

Weput C =X \cx(UUV), A=B=LUMUC, g(z) =z for x € C, g(x) = h(x)
for z € L and g(z) = h=!(z) for x € M. The set A= Bisdensein X and h: A — A
is a homeomorphism. The proof is complete. [

Theorem 3.2 (see [1], Theorem 2.2). Let X be a regular do-homogeneous space.
Then, x(X) = x(z, X) = x(y, X) for any points x,y € X.

Proof. Fix two points a,b € X. Then, there exist two open subsets U and V
of X, two subsets A and B and a continuous open mapping h : A — B such that
a € ACUCecxA be B=h(A) CV CecxB and h(a) = b. Then, x(a,X) =
x(a, A) = x(b, B) = x(b, X). The proof is complete. [

Theorem 3.3. Let X be a regular lo-homogeneous space, P be one of the properties
{fan — complete, q— complete, sieve — complete} and U be an open non-empty subset of
X with property P. Then, X is a space with property P.

Proof. An open continuous image of a space with property P has property P (see
[2, 3, 4, 5, 6]). Hence, X has locally property P. Obviously, a space X has property P
if and only if it has locally property P. The proof is complete. [

Example 3.4. Let Yy be the space of irrationals, C' be the unit circle, Y7 = C' x Yj
and X be the discrete sum of the spaces Y and Y;. The space X is not homogeneous, is
co-homogeneous and for any two points a,b € X there exists an open continuous mapping
hap with compact fibers of X onto X such that hy,(a) = b.

Example 3.5. Let Yj be the space of irrationals, R be the space of reals, Y7 = R x Y)
and X be the discrete sum of the spaces Yy and Y;. The space X is not co-homogeneous,
it is o-homogeneous and for any two points a,b € X there exists an open continuous
mapping hgp of X onto X such that hgp(a) = b.

Example 3.6. Let C be the unit circle, R be the space of reals and X be the discrete
sum of the spaces C' and R. The space X is not co-homogeneous, not o-homogeneous
but it is lo-homogeneous.

4. Extremal disconnectedness and do-homogenity of spaces. A space X is
extremally desconnected if the closure of every open subset of X is open [7].

A point z € X is a point of extremal disconnectedness of the space X if = ¢
cxU NclxV for any two disjoint open subsets U and V of X. Obviously, the space
X is extremally disconnected if and only if any point of X is a point of extremal discon-
nectedness of the space X. Moreover, if z € Y C X and Y is a dense subspace of the
space X, then x is a point of extremal disconnectedness of the space X if and only if x
is a point of extremal disconnectedness of the space Y.

Theorem 4.1. Let X be a regular do-homogeneous space and a € X be a point of
extremal disconnectedness of the space Y. Then, X is an extremally disconnected space.
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Proof. Fix a point b € X. Then, there exist two open subsets U and V of X,
two subsets A and B and a continuous open mapping h : A — B such that a € A C
UCecxA be B=h(A) CV CclxB and h(a) = b. Then, a is a point of extremal
disconnectedness of the space A and b is a point of extremal disconnectedness of the space
B and of the space X. Hence, any point of X is a point of extremal disconnectedness.
The proof is complete. [J

Corollary 4.2 (see [1], Theorem 2.3). Let X be a regular do-homogeneous space and
Y be a dense extremally disconnected subspace of the space X. Then, X is an extremally
disconnected space.

Corollary 4.3 (see [1], Theorem 3.4). Let X be a reqular space, X x X be a do-
homogeneous space and'Y be a dense extremally disconnected subspace of the space X x X .
Then, X is a discrete space.

REFERENCES

[1] A. V. Arhangel’skii. On d-homogeneous spaces and squares. C. R. Acad. Bulgare Sci., 64
(2011), No 3, 311-314.
[2] A. V. ARHANGEL'sKII, M. M. CHOBAN. Semitopological groups and the theorems of Mont-
gomery and Ellis, C. R. Acad. Bulgare Sci., 62 (2009), No 8, 917-922.
[3] A. V. ARHANGEL’SKII, M. M. CHOBAN. Remainders of rectifiable spaces. Topology and
Appl. 157 (2010), 789-799.
[4] A. V. ARHANGEL'SKII, M. M. CHOBAN. Completeness type properties of semitopological
groups, and the theorems of Montgomery and Ellis. Topology Proceedings, 2010.
[5] J. CHABER, M. M.CoBAN, K. NAGAMI. On monotonic generalizations of Moore spaces,
Cech complete spaces and p-spaces. Fund. Math., 84 (1974), 107-1109.
[6] M. CHOBAN. The open mappings and spaces. Suplimente ai Rendicanti del Circolo Matem-
atico di Palermo. Serie 11, 29 (1992), 51-104.
] R. ENGELKING. General Topology. PWN, Warszawa, 1977.
] K. MORITA. A survey of the theory of M-spaces. General Topology and Appl., 1 (1971),
49-55.
[9] B. A. PasyNKOv. Open mappings. Soviet Math. Dokl., 8 (1967), 853-856.
[10] H. H. WICKE. Open continuous images of certain kinds of M-spaces and completeness of
mappings and spaces. General Topology and Appl., 1 (1971), 85-100.

Alexander Arhangel’skii Mitrofan Choban
33, Kutuzovskii prospekt Department of Mathematics
Moscow 121165, Russia Tiraspol State University
e-mail: arhangel.alex@gmail.com 5, Iablochikin
MD 2069, Kishinev, Republic of Moldova
Ekaterina Mihaylova e-mail: mmchoban@gmail.com

St. Kliment Ohridski University of Sofia
5, James Bourchier Blvd

1164 Sofia, Bulgaria

e-mail: katiamih@fmi.uni-sofia.bg

132



OTHOCHO XOMOTEHHMU ITPOCTPAHCTBA U1 YCJIOBUA 3A
II'bJIHOTA

Anexcanabp B. Apxanresacku, Murpodan M. Hoban,
Exarepuna II. MuxaitioBa

BbBemenn ca moHSATHSITA 0-XOMOTEHHO MPOCTPAHCTBO, [0-XOMOTEHHO MPOCTPAHCTBO,
d0-XOMOTEHHO TIPOCTPAHCTBO M CO-XOMOIE€HHO IpocTpaHcTBo. [lokasamno e, 1e ako lo-
XOMOTEHHO MTPOCTPAHCTBO X MMa OTBOPEHO MOIIIPOCTPAHCTBO, KOETO € ¢-II'bJIHO, TO 1
camoro X e g-rbsiHo. Ilokazano e, de ako lo-xomMoreHHo mpocTpacTBO X CbhIbprKa
HABCIKbJE I'bCTO €KCTPEMAJIHO HECBBP3aHO IOJIIPOCTPAHCTBO, ToraBa X e eKcrpe-
MaJIHO HECB'bP3aHO.
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