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Nowadays computer generated fractal patterns can be seen everywhere, from squig-
gly designs on computer art posters to illustrations in serious scientific journals. The
interest continues to grow among scientists and, rather surprisingly, artists and de-
signers. This paper provides visual demonstrations of complicated and beautiful
structures that can arise as solutions of even simple equations. In particular, the
famous fractal called King’s dream is also presented.

1. Introduction. Fractals are geometric objects which are usually the result of an
iterative or recursive construction or an algorithm, i. e. they are not just static images,
but created by a dynamical process. Think about the beautiful forms that we can see in
nature – plants as a result of their dynamic growth; mountains as a result of past tectonic
activity as well as erosion processes. . . Fractals cannot be described by algebraic formulae
like e. g. some plane figures in the Euclidean geometry.

It is not difficult to imagine that if a system is described by complicated mathematical
equations, then its solution might be complicated and unpredictable. What has come as
a surprise to most scientists is that even simple systems, described by simple equations,
can have “strange” solutions. The most famous example is the equation, used to model
a single species time evolution and known as the logistic map. More about its solutions
can be found in [2].

Here we consider systems of two discrete nonlinear equations, known also as recurrence
(or difference) equations or as iterated maps. This kind of systems might arise, for
example, from an ecological predator-prey model. Such two classical Lotka-Volterra
models are presented in Section 2 and used to demonstrate the idea on bounded and
stable solutions (called trajectories) of such a system. Examples of general quadratic,
cubic and other nonlinear iterated maps are presented in the next Sections 3, 4 and
5. As it can be seen from the figures there, the solutions totally differ from the ones
presented in Section 2; the trajectories (bounded but unstable) describe pieces in the
plane that genuinely can be compared to pieces of art! If you want to learn more about
the properties of such kind of solutions of iterated maps, you can read Section 6. The
visualization in the paper is carried out in the computer algebra system Maple 13. Simple
Maple commands producing some of the images are given in the Appendix.
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2. Discrete predator-prey models. Consider a two-species predator-prey discrete
model in which one species preys on another. Examples in the nature include sharks
and fish, ladybirds and aphids, wolves and rabbits. A very simple model, known as the
Lotka-Volterra model [3], is the following:

xn+1 = xn(1 + p1 − p2xn − p3yn)

yn+1 = yn(1 − q1 + q2xn), n = 0, 1, 2, . . .
(1)

Here p1, p2, p3, q1 and q2 are nonnegative constants; xn and yn represent the number
of prey and predator populations respectively at time n. The terms appearing in the
right-hand sides of the equations, have a biological meaning as follows: (1 + p1)xn −
p2x

2
n

represents the logistic growth of the population of prey in the absence of predator;
(1 − q1)yn – the extinction of predators in the absence of preys; p3xnyn and q2xnyn

represent species interaction: the population of prey suffers and predators gain from the
interaction.

Having some values at the initial time n = 0, say (x0, y0), we can consecutively
compute by means of (1) an infinite sequence of points in the (x, y)-plane

(2) (x1, y1), (x2, y2), . . . , (xn, yn), (xn+1, yn+1), . . .

This sequence describes the evolution of the populations as time increases and it is called
a trajectory of (x0, y0); (x0, y0) is called initial point or initial condition. Obviously, the
values of the sequence members depend on the choice of (x0, y0) as well as on the values
of the constants p1, p2, p3, q1, q2. The main question is: given some initial point (x0, y0)
what can we say about the behavior of the trajectory (2) for sufficiently large n? Figure
1(a) presents three trajectories within

(3) p1 = 0.05, p2 = 0.0001, p3 = 0.001, q1 = 0.03, q2 = 0.0002

for three different initial conditions (x0, y0) = (20, 5), (x0, y0) = (100, 10) and (x0, y0) =
(50, 40), denoted by solid boxes. As you can see, when n increases, the three trajectories
approach one and the same point in the plane and remain close to it. Such a point is
called a stable steady state or attractor. You can find it by replacing in (1) xn+1 = xn = x,
yn+1 = yn = y and then solve the obtained nonlinear system for x and y. You will obtain
three different solutions (x, y) = (0, 0), (x, y) = (500, 0) and (x, y) = (150, 35). The third
point (150, 35) is the attractor, shown in Figure 1(a). The other two steady states are
called unstable, because the trajectories of initial points, even slightly different from these
steady states, move away from them as n increases.

Now set p2 = 0 in the model (1); in this way you change the growth rate law in the
prey population. The system becomes

xn+1 = xn(1 + p1 − p3yn)

yn+1 = yn(1 − q1 + q2xn), n = 0, 1, 2, . . .
(4)

Figure 1(b) presents one trajectory with the same coefficient values for p1, p3, q1

and q2 from (3) and with initial condition (x0, y0) = (20, 5), denoted by a solid box.
Now we see a totally different picture: the two populations oscillate, building a stable

cycle. How can the system (4) be interpreted in terms of species behavior? If the ratio
of predators to prey is relatively high, then the population of predators drops. When
the ratio of predators to prey drops, then the population of prey increases. If there is
sufficient quantity of prey, the predator number starts to increase. The resulting cyclic
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behavior is repeated over and over.
The trajectories in the above two examples have a common feature: they all are

bounded, because there exist quadrangles in the (x, y)-plane (see Figure 1) which enclose
all points (xn, yn), n = 1, 2, . . . for any initial condition (x0, y0) inside these quadrangles.
In the two systems there is either a stable steady state, that attracts all trajectories, or
the trajectory builds a stable cycle. In both cases we say that the trajectories are stable.

Fig. 1. Trajectories: (a) of model (1); (b) of model (4)

The equations in (1) and (4) are called discrete iterated systems or iterated maps

because the next values of the x- and y-quantities are predicted by the previous values. In
the next sections we consider more general examples of iterated maps, whose trajectories
are bounded but unstable: such a trajectory will never move off to infinity, but will also
never settle down to a point or a cycle. Initial conditions are drown to a special type of
attractors, called a strange or chaotic attractor, which is not a point or even a finite set
of points but rather a complicated geometrical object, called fractal.

3. Iterated quadratic maps. The iterated maps (1) and (4) have terms of the
form x2

n
and xnyn as their highest order term, thus they are maps of order 2 or quadratic

maps. The general form of a quadratic map is

xn+1 = a1 + a2xn + a3x
2
n

+ a4xnyn + a5yn + a6y
2
n

yn+1 = b1 + b2xn + b3x
2
n

+ b4xnyn + b5yn + b6y
2
n
, n = 0, 1, 2, . . .

(5)

Denote by a = (a1, a2, a3, a4, a5, a6) and by b = (b1, b2, b3, b4, b5, b6) the vectors of
the coefficients in the quadratic iteration scheme (5). Table 1 contains four numerical
examples for a and b [7]. The initial point in all examples is chosen to be (x0, y0) = (0, 0).

Now enjoy the fascinating shapes of the chaotic attractors of these maps in Figures 2
and 3.

The computations and graphic visualizations are carried out in the computer algebra
system Maple 13. The Maple commands producing the left image on Figure 2 are given
in the Appendix. Note the value of the constant iterations, which is equal to 35000!
This value corresponds to the number n of the points in (2), which are used to produce
the image. Some of the examples in Table 1 require even more iterations – about 50000!
Can you imagine that you would be able to reproduce the picture by hand-made calcu-
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Table 1. Examples of quadratic maps with chaotic attractors

Example Coefficient vectors a and b Figure

1 a = (−1.2, −0.6, −0.5, 0.1, −0.7, 0.2) 2 (left)

b = (−0.9, 0.9, 0.1, −0.3, −1, 0.3)

2 a = (0.7, 0.6, −0.4, −0.1, 0.8, 0.1) 2 (right)

b = b = (−0.9, 0.4, 0.6, −0.4, −0.7, −1.2))

3 a = (−0.9, 0.6, 1.2, 0.8, −0.8, −1) 3 (left)

b = (−0.4, 0.1, −0.6, 0.4, 0.1, 0.9)

4 a = (−0.3, 0.7, 0.7, 0.6, 0, −1.1) 3 (right)

b = (0.2, −0.6, −0.1, −0.1, 0.4, −0.7)

Fig. 2. Chaotic attractors of quadratic maps: Examples 1 and 2

Fig. 3. Chaotic attractors of quadratic maps: Examples 3 and 4
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lations?... The solution images could not be seen in their full glory without computers
and computer technologies and this is one of the greatest gifts of the 21-st century.

Task 1. Visualize the chaotic attractors of the following quadratic maps, starting
with initial condition (x0, y0) = (0, 0) and coefficient vectors

(i) a = (0.8, −0.8, −1.1, −0.3, −0.1, −1), b = (−0.9, −0.4, 0.6, −0.4, −0.4, 0.4);

(ii) a = (1.3, 0.3, 0, 0.6, −0.6, −1), b = (0.1, −0.7, 0.5, −0.8, 0.1, −0.6).

4. Iterated cubic maps. If we introduce in the quadratic map (5) terms of order 3
like x3

n
, x2

n
yn, xny2

n
, y3

n
, we obtain a cubic map. The general form of the cubic map is

xn+1 = a1 + a2xn + a3x
2
n

+ a4x
3
n

+ a5x
2
n
yn + a6xnyn + a7xny2

n
+ a8yn + a9y

2
n

+ a10y
3
n

yn+1 = b1 + b2xn + b3x
2
n

+ b4x
3
n

+ b5x
2
n
yn + b6xnyn + b7xny2

n
+ b8yn + b9y

2
n

+ b10y
3
n

n = 0, 1, 2, . . .

Denote by a = (a1, a2, a3, a4, a5, a6, a7, a8, a9, a10), b = (b1, b2, b3, b4, b5, b6, b7, b8, b9, b10)
the coefficient vectors of the map. Table 2 contains four numerical examples [7] of cubic
maps with chaotic attractors. The images of the chaotic attractors are shown in Figures
4 and 5. Would you imagine that so simple equations can produce so beautiful solutions?

Table 2. Examples of cubic maps with chaotic attractors

Example Coefficient vectors a and b Figure

5 a = (−0.1,−0.6, 0.5, 0.2,−0.2,−0.3,−0.7,−0.8,−0.1,−0.9) 4 (left)

b = (−0.6,−0.2, 1.1, 0.6, 0.8,−0.8,−0.8, 1, 1.2,−0.8)

6 a = (−0.4, 0.6, 0,−0.5, 0.4,−1,−0.5, 0.3,−0.9,−0.7) 4 (right)

b = (−0.2,−0.7,−1.1,−0.2,−0.8,−1.2,−0.1,−0.4,−0.7,−0.9)

7 a = (0,−0.6,−0.6, 0.1,−0.9, 0.3,−0.5, 1, 0.2, 0.1) 5 (left)

b = (−0.2,−0.7, 0.4, 0.8,−0.4,−0.4,−0.5,−1.1, 0.9, 0.3)

8 a = (0.2, 0.9,−0.7,−0.2, 1,−0.2,−0.8,−0.4,−1.1, 0.3) 5 (right)

b = (−0.6, 0.1, 1.2, 0.3, 0.9,−0.2, 1,−1, 1.2, 0.8)

Fig. 4. Chaotic attractors of cubic maps: Examples 5 and 6
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Fig. 5. Chaotic attractors of cubic maps: Examples 7 and 8

It is interesting to note, that for most of the strange attractors the initial point does
not matter, i. e. all initial conditions (x0, y0) result in the same image (check it!). In
other words, any initial point will generate the same set of points, although they will be
generated in a different order.

Task 2. Develop the image of the chaotic attractor for a cubic map with coefficients

a = ( −0.3, 1.2, −1, −1.1, 0, 0.1, −0.7, 0.1, 1.2, 0.2)

b = ( −0.8, 0.3, 1.2, 0.8, −0.6, −0.5, −0.5, −0.8, 0.6, 0.8).

Task 3. Write down the general form of a quartic iterated map, i. e. a map with
the highest order term being 4. Modify the Maple commands to visualize the chaotic
attractor of the quartic map with coefficient vectors

a = (−0.4,−0.9,−0.4,−0.9, 0.6,−1.1, 0.7, 0.3, 0.1,−0.9,−1.1, 0.6,−0.6, 0.2,−0.2)

b = (0.2,−0.2,−0.6,−1.2,−0.2, 0,−1,−1,−0.9, 0.1, 1.1,−0.7,−0.5, 1, 0.4).

5. Other fascinating iterated maps. In the previous two sections we considered
polynomial iterated maps, i. e. the right-hand sides of the quadratic and cubic maps
were polynomials of two variables of second and third degree respectively. Instead of
polynomials we can consider iterated maps, involving other nonlinear functions such as
trigonometric functions, absolute value, square root, signum function etc. – all functions
that are usually supported by any software environment. Below we present two such
examples.

Barry Martin fractal. It is produced by the following discrete iterated system

xn+1 = yn − sign (xn)
√

|bxn − c|

yn+1 = a − xn, n = 0, 1, 2, . . . ; x0 = y0 = 0.1

Three special functions are used in the first equation: the square root, the absolute value
function, and the signum function sign. The sign function returns a value of 1 if the
xn-value is positive, and a value of −1 if the xn-value is negative. The constants a, b

and c may take any values. The fractals, presented in Figure 6 are computed for a = 1,
b = 2, c = 3 (left plot) and for a = 0.4, b = 1, c = 0.1 (right plot).
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Fig. 6. Barry Martin strange attractors

The King’s Dream. It is a simple and beautiful fractal, developed by Clifford
Pickover and published in his book “Chaos in Wonderland” [5]. The equations are:

xn+1 = sin(b yn) + c sin(b xn)

yn+1 = sin(a xn) + d sin(a yn), n = 0, 1, 2, . . .
(6)

With initial condition (x0, y0) = (0.1, 0.1) and a = −0.966918, b = 2.879879, c =
0.765145, d = 0.7447228 the fractal is shown in Figure 7 (left). If we slightly change the
values of b, c and d, taking b := b + 0.1, c := c + 0.01, d := d− 0.2, then we obtain a new
fractal, presented in Figure 7 (right).

Fig. 7. The King’s Dream (left) and its modification (right)

Thus pupils can create with imagination and intuition their own fractal world turning
their dreams into reality . . .

6. If you want to learn more . . . Classical fractals such as the Koch curve, the
Sierpinski triangle or hexagon (see [1], [4], [6], [8] for details) are objects that display
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self-similarity under magnification and can be constructed using a simple motif (an image
repeated on ever-reduced scales). Many objects in nature display this self-similarity at
different scales; for example, cauliflowers, ferns, trees, and even blood vessel networks in
our own bodies have some fractal structure. Fractals appeared also in art, for example in
the paintings of the Dutch artist Maurits C. Escher [9], before they were widely appre-
ciated by mathematicians and scientists. Fractals are being applied in many branches of
science, for example in computer graphics and image compression (take a closer look at
the images on the Web).

The fractals shown on the figures in the previous sections do not display exactly self-
similarity; they have only regions that are self-similar. Are there such objects in the real
world?

The main ingredient in the definition of a fractal is its dimension. Isolated points
have dimension zero, line segments have dimension one, surfaces have dimension two,
and solids have dimension three. This is their “usual” or so called topological dimension.
A fractal has a dimension that exceeds its topological dimension. In most cases, fractals
possess non-integer dimension, called fractal dimension. The fractal dimension gives finer
information about the roughness or complexity of the set. There are however fractals
with integer dimension; in this case the fractal dimension must exceed the topological di-
mension. For example the Sierpinski tetrahedron (a tetrahedral analogue of the triangle)
has fractal dimension two, but topological dimension one [4].

The uniqueness of the strange attractors is due to the fact that one does not know
exactly where on the attractor the system’s trajectory will be. Two points on the attrac-
tor that are near each other at one time will be arbitrarily far apart at later times. The
only restriction is that the state of the system remains on the attractor. The motion on
these strange attractors is what is called chaotic behavior of the system.

Imagine a set of initial points filling a small square region in the (x, y)-plane. After
one iteration the points will move to new positions in the plane, occupying for example
an “elongated” region like a parallelogram. The square has contracted in one direction
and expanded in the other. With each iteration the parallelogram gets longer and more
narrow. The orientation of the parallelogram also changes with each iteration. The
quantitative interpretation of these effects are given by the so called Lyapunov exponents.
The name comes from the Russian mathematician Aleksandr M. Lyapunov (1857–1918).
An iterated map described by two equations, like the quadratic or cubic maps, possesses
two Lyapunov exponents – a positive one corresponding to the direction of expansion,
and a negative one corresponding to the direction of contraction. Typical for chaos is that
at least one of the Lyapunov exponents should be positive. The method for computing
the Lyapunov exponents is slightly complicated and will not be discussed here. The
Maple commands for computing the Lyapunov exponents in Example 1 are given in the
Appendix.

There is a close relation between the fractal dimension and the Lyapunov exponents.
Assume that L1, L2 are known and L1 > 0, L2 < 0; as a rule they should satisfy the
relation L1 < |L2|. Then, the fractal dimension FD can be computed via the formula

FD = 1 −
L1

L2

. The value FD is called Lyapunov dimension and also Kaplan-Yorke

dimension after the names of the mathematicians who proposed the rule. The intersted
reader can consult the books [3], [4] and [7] for more details on this topic. Table 3
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Table 3. Lyapunov exponents L1, L2 and fractal dimensions FD of Examples 1 to 8

Example L1 L2 FD Figure

1 0.18 −0.45 1.4 2 (left)

2 0.13 −0.24 1.54 2 (right)

3 0.029 −0.032 1.91 3 (left)

4 0.16 −0.32 1.5 3 (right)

5 0.11 −0.19 1.58 4 (left)

6 0.095 −0.16 1.59 4 (right)

7 0.049 −0.11 1.45 5 (left)

8 0.043 −0.058 1.74 5 (right)

contains the Lyapunov exponents L1, L2 and the fractal dimension FD of the quadratic
and the cubic maps from Examples 1 to 8.

Appendix: Maple commands. The Appendix contains Maple commands for
computing and visualizing the chaotic attractor as well as its Lyapunov exponents and
fractal dimension for Example 1. The interested reader can produce the images of the
other examples by simply replacing the vector components of a and b with the corre-
sponding numerical values from the tables. The Maple procedures are kept as simple
as possible. The more experienced programmer can translate them in her/his favorite
programming environment.

• Computing and visualizing the chaotic attractor in Example 1

> restart:

> with(plots):

> iterations:=35000:

> a:=array(1..6,[-1.2, -0.6, -0.5, 0.1, -0.7, 0.2]);

b:=array(1..6,[-0.9, 0.9, 0.1, -0.3, -1, 0.3]);

> x:=array(0..iterations):

y:=array(0..iterations):

> x[0]:=0: y[0]:=0: #initial condition

> for i from 0 to iterations-1 do

x[i+1]:=a[1]+a[2]*x[i]+a[3]*(x[i])^2+a[4]*x[i]*y[i]

+a[5]*y[i]+a[6]*(y[i])^2:

y[i+1]:=b[1]+b[2]*x[i]+b[3]*(x[i])^2+b[4]*x[i]*y[i]

+b[5]*y[i]+b[6]*(y[i])^2

end do:

> points:=[[x[n],y[n]]$n=1..iterations]:

> pointplot(points,style=point,symbol=solidcircle,symbolsize=4,

color=blue,axes=boxed,labels=[’x’,’y’]);

• Lyapunov exponents and fractal dimension of the chaotic attractor in Example 1

> itermax:=500:

> a:=array(1..6,[-1.2, -0.6, -0.5, 0.1, -0.7, 0.2]);
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b:=array(1..6,[-0.9, 0.9, 0.1, -0.3, -1, 0.3]);

> x:=0: y:=0: #initial condition

> vector1:=<1,0>: vector2:=<0,1>:

> for i from 1 to itermax do

x1:=a[1]+a[2]*x+a[3]*x^2+a[4]*x*y+a[5]*y+a[6]*y^2:

y1:=b[1]+b[2]*x+b[3]*x^2+b[4]*x*y+b[5]*y+b[6]*y^2:

x:=x1: y:=y1:

J:=Matrix([[a[2]+2*a[3]*x+a[4]*y,a[4]*x+a[5]+2*a[6]*y],

[b[2]+2*b[3]*x+b[4]*y,b[4]*x+b[5]+2*b[6]*y]]):

vector1:=J.vector1:

vector2:=J.vector2:

dotprod1:=vector1.vector1:

dotprod2:=vector1.vector2:

vector2:=vector2 - (dotprod2/dotprod1)*vector1:

length_vector1:=sqrt(dotprod1):

area:=abs(vector1[1]*vector2[2] - vector1[2]*vector2[1]):

L1:=evalf(log(length_vector1)/i):

L2:=evalf(log(area)/i-L1)

end do:

> print(’L1’=L1, ’L2’=L2); #Lyapunov exponents L1 and L2

> FD:=1 - L1/L2; #the fractal dimension
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ОТ СЪНЯ НА КРАЛЯ КЪМ МЕЧТАТА НА УЧЕНИКА

Нели Димитрова

В наши дни компютърно-генерирани фрактални обекти могат да се видят нав-
сякъде – от компютърни постери и плакати до илюстрации в сериозни научни
списания. Интересът към тях продължава да расте, при това не само сред уче-
ните, но и сред художници и дизайнери. Настоящата статия предлага графична
визуализация на сложни и красиви структури, които се появяват в резултат от
решаване на прости рекурентни уравнения. Един от представените фрактали,
предложен от К. Пиковър в книгата му „Хаос в страната на чудесата“, е извес-
тен като „Съня (или мечтата?) на краля“. Всеки ученик с повече въображение
може да сътвори свой собствен фрактален свят, превръщайки мечтите (или съ-
нищата?) си в реалост. . .
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