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In this talk several models of tsunami waves are considered. Physical interpretation
of this kind of waves is presented. Mathematical model of the long water waves with
nonlinear vorticity is studied. For this model Cellular Neural Network (CNN) ap-
proach is applied. The dynamics of the CNN model is studied by means of describing
function method. Computer simulations and discussions are provided.

1. Tsunami modeling. Physical regimes of long waves of small amplitudes.

Tsunami are without a doubt among the most infamous and least understood natural
disasters today. Often referred to in the popular literature by the misnomer “tidal
wave”, tsunami are generated by large displacements in the sea level, often via seismic
activity. Most tsunami – a term from the Japanese for “harbor wave” – are caused by
vertical movement along a break in the earth’s crust. Other causes can include volcanic
collapse, subsidence, as well as landslides. Contrary to popular imagination, a tsunami
need be neither large nor destructive – classification is based on origin of the wave or
wave period rather than on size. Though between 1861 and 1948 there were more than
15 000 earthquakes recorded, there were only 124 tsunami [5, 8]. Indeed, off the west
coast of South America, 1 098 earthquakes have led to only 20 recorded tsunami [2].
As waves of such great scale, generated by complex movements of the earth, and with
such devastating consequences for populations surrounding the world’s oceans, accurate
modeling of tsunami is of utmost importance.

One question which has been raised repeatedly is whether the behavior of tsunami at
sea can be described by the Korteweg-de Vries equation (see [13, 14]). We will pursue
this question for one of the greatest tsunami of recorded history – generated by a series of
earthquakes in southern Chile on May 22, 1960 – as it propagated from Chile to Hawaii.
These earthquakes, among them the largest ever recorded, resulted from a rupture about
1000 km long and 150 km wide along the fault between the Nazca and South American
plates, at a focal depth of 33 km. The principal shock occurring on May 22 at 19:11 GCT
registered at 9.5 on the moment magnitude scale, and led to changes in land elevation
ranging from 6 m of uplift to 2 m of subsidence – which has been modeled to correspond
to an average dislocation of 20 m along the fault, with peaks of more than 30 m [4]. This
subsidence extended as far as 29 km inland, resulting in some 10 km2 of forest around
the Rio Maullrin being submerged by the tides and consequently defoliated [10].
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Fig. 1. Earthquake causing the tsunami

Not only was the principal earthquake at 39.5 S, 74.5W especially powerful, it gener-
ated tsunami with an average run-up of 12.2 m and a maximal run-up on the adjacent
Chilean coast of 25 m. Over the course of the next day, a number of tsunami wreaked
havoc upon the Pacific, taking the lives of more than 2000 people and causing millions
of dollars in damages. The initial wave traveled between 670 and 740 km/h, with a
wavelength of between 500–800 km and a height in the open ocean of only 40 cm [4].
Borrowing an example from [10], sitting in a boat in the Pacific, the tsunami wave would
take between 45 min to an hour to pass one by while raising the boat by less than one
centimeter per minute – hardly noticeable on the open sea. Nevertheless, the tsunami
reached amplitudes of 7 m in Kamchatka and 10.7 m in Hilo, Hawaii, where it caused
widespread destruction after traveling 10 000 km in just under 15 hours. The Chilean
tsunami of 1960 had wavelengths in excess of 500 km and amplitudes of less than one
meter while propagating over the Pacific Ocean, which, though the deepest of the worlds’
oceans, has an average depth of only 4.3 km. These scales lend themselves to modeling

Fig. 2. Tsunami wave
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with shallow-water long-wave theory, i.e. water depth is small compared to wavelength
and depth is large compared to amplitude. We note also that the depth of open ocean
across which the 1960 tsunami traveled is relatively uniform, and given that the rup-
ture length exceeded the wavelength of the resulting tsunami, it is reasonable to assume
the waves as two-dimensional; this is borne out (at least between Chile and Hawaii) by
consulting travel time charts (see [7]).

The study of propagation of tsunami from their small disturbance at the sea level to
the size they reach approaching the coast has involved the interest of several scientists. It
is clear that in order to predict accurately the appearance of a tsunami it is fundamental
to built up a good model. From this point of view the most important tool in the
context of water waves is soliton theory [9]. Frequently in the literature it is stated
that a tsunami is produced by a large enough soliton. Solitons arise as special solutions
of a widespread class weakly nonlinear dispersive PDEs modeling water waves, such as
the KdV or Camassa-Holm equation [6, 13], representing to various degrees of accuracy
approximations to the governing equations for water waves in the shallow water regime.
How the tsunami is initiated?

Fig. 3. Tsunami as large soliton

The thrust of a mathematical approach is to examine how a wave, once initiated,
moves, evolves and eventually becomes such a destructive force of nature. We aim to
describe how an initial disturbance gives rise to a tsunami wave.

Let h be the average depth of the water, λ be the typical wavelength of the wave and

a be a typical amplitude. There are two important parameters: ε =
a

h
, called amplitude
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parameter, and the shallowness parameter δ =
h

λ
. According to these parameters a

rigorous validity ranges are obtained [1] for the main physical regimes encountered in
modelling of two-dimensional water waves:

1. Shallow-water, large amplitude (δ ≪ 1, ε ∼ 1), leading firstly to the shallow-water
equations [14] and secondary to the Green-Naghdi model [11]. In this case, when the
wavelength δ → 0 is increasing the stability properties of traveling water waves improve
significantly. Moreover, one can prove orbital stability of these waves allowing their shape
to be stable under small perturbations.

2. Shallow-water, medium amplitude regime (δ ≪ 1, ε ∼ δ) leading to the Serre
equations [5] and to the Camassa-Holm equation (CH) [6]. Unlike KdV, which is de-
rived by asymptotic expansions in the equation of motion, CH is obtained by using an
asymptotic expansions directly in the Hamiltonian for Euler’s equations in the shallow
water regime. The novelty of the Camassa and Holm’s work was the physical derivation
of CH equation and the discovery that the equation has solitary waves (solitons) that
retain their individuality under interaction and eventually emerge with their original
shapes and speeds. For this reason CH is not appropriate for advancing insight into the
propagation of tsunamis.

3. Shallow-water, small amplitude or long-wave regime (δ ≪ 1, ε ∼ δ2) leading at
first order to the linear wave equation

(1) ϕtt − ϕxx = 0

with general solution

(2) ϕ(x, t) = ϕ+(x − t) + ϕ−(x + t),

where the sign ± refers to a wave profile ϕ± moving with unchanged shape to the
right/left at constant unit speed. The small effects that were ignored at first order
(small amplitude, long wave) build up on longer time/spatial scales to have a significant
cumulative nonlinear effect so that on a longer time scale each of the waves that make
up the solution (2) to (1) satisfies the KdV equation [13].

This regime leads to Boussinesq systems as well.

4. Deep-water, small steepness regime ( δ ≫ 1, εδ ≪ 1) leading to the full-dispersion
Matsuno equations [16].

We are interested in small-amplitude long waves, in the limits ε → 0 and δ → 0. The
regime ε = O(δ2) emerges naturally since one obtains a problem involving only small
parameter, ε. It is in this regime that firstly the evolution of the waves is governed by the
linear wave equation (1) with general solution (2). The corresponding dimensional speed

is
√

gh0. Let us choose the wave moving to right by means of the method of multiple
scales [14]. It is possible to obtain in the region of (x, t)-space more precise information
about the evolution of the water’s free surface by taking into account weakly nonlinear
interactions. This can be achieved by showing that to the next order of approximation,
the evolution of the leading order of the free surface is described by the KdV equation
instead of the linear equation (1). Allowing for waves traveling in both directions the
Boussinesq system is obtained. For our purposes it is more important to specify how
solutions of KdV or Boussinesq approximate the free surface. The sharpest rigorous
result in this direction is given in [14] and ensures that, given ε0 > 0, there exists T0 > 0
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such that if ε = O(δ2), then if one defines

ϕε(x, t) = ϕ+(τ, x − t),

where τ = tε and ϕ+(τ, ϕ) solves the KdV equation

ϕ+
τ +

3

2
ϕ+

ϕϕϕ +
1

6
ϕ+ϕ+

ϕ = 0,

then for some A > 0 independent on ε ∈ (0, ε0) the following is satisfied:

|ϕ(x, t) − ϕε(x, t)| ≤ Aε2t, t ∈ [0,
T0

ε
].

Similar approximation of order O(ε2t) can be found for the solution of the Boussinesq
system in the case when the wave propagation is not unidirectional [14]. Moreover, in the
case of a non-flat bed with small variations of the order of the size of the surface waves,
meaning that if b measures the amplitude of the variations of the bottom topography,

then
b

h0

= O(ε), the constant-coefficient KdV equation may be replaced by a variable-

coefficient KdV equation [13]; and similarly for the Boussinesq system with the same
scaling and approximation properties.

2. Mathematical modeling of tsunami waves. In order to derive the model equa-
tion of tsunami wave we assume an initial disturbance of the form of a two-dimensional
wave and we are interested in understanding the dynamics of the wave as it propagates
across the ocean. Choose Cartesian coordinates (X, Y ) with the Y -axis pointing verti-
cally upwards, the X-axis being the direction of wave propagation, and with the origin
located on the mean water level Y = 0. Let (Φ(X, Y, T ), Ψ(X, Y, T )) be the velocity field
of the two-dimensional flow propagating in the X-direction over the flat bed Y = −h,
and let Y = H(X, T ) be the water’s free surface with mean water level Y = 0. The
equation of mass conservation

ΦX + ΨY = 0

is a consequence of assuming constant density, a physically reasonable assumption for
gravity water waves.Under the assumption of inviscid flow (which is realistic since exper-
imental evidence confirms that the length scales associated with an adjustment of the
velocity distribution due to laminar viscosity or turbulent mixing are long compared to
typical wave-lengths) the equation of motion is Euler’s equation:











ΦT + ΦΦX + ΨΦY = −1

ρ
PX ,

ΨT + ΦΨX + ΨΨY = −1

ρ
PY − g,

where P is the pressure, g is the constant acceleration of gravity and ρ is the constant
density of water. We also have the boundary conditions P = Patm on Y = H(X, T ),
where Patm is the (constant) atmospheric pressure at the water’s free surface, Ψ =
HT + ΦHX on Y = H(X, T ), and Ψ = 0 on Y = −h. These conditions express the fact
that the water particles cannot cross the free surface, respectively, the impermeable rigid
bed, while P = Patm decouples the motion of the water from that of the air above it in
the absence of surface tension; for wavelength larger than a few mm (and in our case we
deal with hundreds of km) the effects of surface tension are known to be negligible. We
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will consider irrotational flows with zero vorticity

ΦY − ΨX = 0,

a hypothesis that allows uniform currents but neglects the effects of non-uniform currents
in the fluid.

Finding exact solutions to the nonlinear governing equations for water waves is not
possible even with the aid of the most advanced computers. In order to derive ap-
proximations to the governing equations it is useful to write them in non-dimensional
form. We assume that the two-dimensional waves under investigation have acquired
a certain pattern. We assume that the wave pattern under investigation represents a
weakly irregular perturbation of a wave train in the sense that averages over suitable
times/distances resemble a wave train. Since h is the average depth of the water, the
non-dimensionalisation Y0 of Y should be Y = hy, which is to be understood as replacing
the dimensional, physical variable Y by hy, where y is now a non-dimensional version
of the original Y . The non-dimensionalisation of the horizontal spatial variable is also
obvious; if λ is some average of typical wavelength of the wave, we set X = λx. The

corresponding non-dimensionalsation of time is T =
λ√
gh

t.

Then the governing equation for irrotational water waves equations in nondimension-
alized form is:































δ2Uxx + Uyy = 0 in Γ(t),

Uy = 0, on y = −1,

ξt + εξxUx +
ε

δ2
Uy = 0 on y = εξ,

Ut +
ε

2
U2

x +
ε

2δ2
U2

y + ξ = 0 on y = εξ,

where x 7→ εξ(x, t) is a parametrization on the free surface at time t, Γ(t) = {(x, y),−1 <
y < εξ(x, t)} is the fluid domain delimited above by the free surface and below by the
flat bed {y = −1}, and where U(·, ·, t) : Γ(t) → R is the velocity potential associated to
the flow, so that the two-dimensional velocity field is given by (Ux, Uy).

An interesting phenomena in water channels is the appearance of waves with length
much greater than the depth of the water. Korteweg and de Vries started the mathemati-
cal theory of this phenomenon and derived a model describing unidirectional propagation
of waves of the free surface of a shallow layer of water. This is the well known KdV equa-
tion:

{

ut − 6uux + uxxx = 0, t > 0, x ∈ R,

u(0, x) = u0(x), x ∈ R

where u describes the free surface of the water; for a presentation of the physical deriva-
tion of the equation. The beautiful structure behind the KdV equation initiated a lot of
mathematical investigations.

Recently, Camassa and Holm proposed a new model for the same phenomenon:
{

ut − uxxt + 3uux = 2uxuxx + uuxxx, t > 0, x ∈ R,

u(0, x) = u0(x), x ∈ R.

The variable u(t, x) in the Camassa-Holm (CH) equation represents the fluid velocity
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at time t in the x direction in appropriate nondimensional units (or, equivalently, the
height of the water’s free surface above a flat bottom). Unlike KdV, which is derived by
asymptotic expansions in the equation of motion, CH is obtained by using an asymptotic
expansions directly in the Hamiltonian for Euler’s equations in the shallow water regime.
The novelty of the Camassa and Holm’s work was the physical derivation of CH equation
and the discovery that the equation has solitary waves (solitons) that retain their indi-
viduality under interaction and eventually emerge with their original shapes and speeds.

As an alternative model to KdV, Benjamin, Bona and Mahoney [3] proposed the
so-called BBM-equation:

ut + ux + uux − uxxt = 0, t > 0, x ∈ R.

Numerical work of Bona, Pritchard and Scott shows that the solitary waves of the BBM-
equation are not solitons.

As noted by Whitham [18], it is intriguing to find mathematical equations including
the phenomena of breaking and peaking, as well as criteria for the occurrence of each. He
observed that the solutions of the KdV-equation do not break as physical water waves
do. Whitham suggested to replace the KdV-model by the nonlocal equation

ut + uux + K = 0, t > 0, x ∈ R,

for which he conjectured that breaking solutions exist. Here K is a Fourier operator
with symbol k(ξ) =

√

(tanh ξ)/ξ. Whitham’s conjecture was proved in Naumkin, Shish-
marev, Nonlinear Nonlocal Equations in the Theory of Waves, vol. 133, Transl. Math.
Monographs, Providence, Rhode Island, 1994. The numerical calculations carried out for
the Whitham equation do not support any strong claim that soliton interaction can be
expected.

On the other hand, Camassa, Holm and Hyman [6] show that the solitary waves have
a discontinuity in the first derivative at their peak and that soliton interactions occur in
CH equation. The advantage of the new equation in comparison with the well-established
models KdV, BBM and the Whitham equation is clear: The Camassa-Holm equation
has peaked solitons, breaking waves, and permanent waves.

3. CNN modeling of tsunami waves. In this chapter we shall study a model of
the motion of the water before arrival of a tsunami wave. We require that a flat free
surface for the background state excludes linear vorticity functions, unless the flow is
trivial. So, nonlinear vorticity distributions are introduced in order to admit nontrivial
flows with a flat free surface. Consider the following dynamical system

(3) ϕtt + ϕxx = −f(ϕ),

(4) f(ϕ) =

{

ϕ − ϕ|ϕ|−1/2 if ϕ 6= 0

0 if ϕ = 0.

By applying Cellular Neural Networks (CNN) approach [17] we shall study the wave
propagation of the model (3), (4).

CNN model of our system (3), (4) will be the following:

dvj

dt
= A1 ∗ uj + f(uj),(5)

duj

dt
= vj , 1 ≤ j ≤ N
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We shall study the dynamics of the above model (5) by applying the describing
function method [17]. Applying the double Fourier transform:

F (s, z) =
k=∞
∑

k=−∞

z−k

∫ ∞

−∞

fk(t)exp(−st)dt,

to the CNN model (5) we obtain:

sV (s, z) = (z−1U(s, z) − 2U(s, z) + zU(s, z)) + F (U(s, z))(6)

sU(s, z) = V (s, z).

Without loss of generality we denote F (U) = U(s, z)−U(s, z)|U(s, z)|−1/2. In the double
Fourier transform we suppose that s = iω0, and z = exp(iΩ0), where ω0 is a temporal
frequency, Ω0 is a spatial frequency.

According to the describing function method [17], H(s, z) =
1

s − (z−1 − 2z + z)
is the

transform function, which can be presented in terms of ω0 and Ω0, i.e. H(s, z) = HΩ0
(ω0).

We are looking for possible periodic state solutions of system (5) of the form:

(7) XΩ0
(ω0) = Xm0

sin(ω0t + jΩ0),

where X = (U, V ). According to the describing function method we take the first har-
monics, i.e. j = 0 ⇒

XΩ0
(ω0) = Xm0

sin ω0t,

On the other side if we substitute s = iω0 and z = exp(iΩ0) in the transfer function
H(s, z) we obtain:

(8) HΩ0
(ω0) =

1

iω2
0 − (2 cosΩ0 − 2)

.

According to (8) the following constraints hold:

Re(HΩ0
(ω0)) =

Um0

Vm0

(9)

Im(HΩ0
(ω0)) = 0.

Since our CNN model (5) is a finite circular array of L = N.N cells we have finite set
of spatial frequencies:

(10) Ω0 =
2πk

L
, 0 ≤ k ≤ L − 1.

Thus, (8), (9) and (10) give us necessary set of equations for finding the unknowns
Um0

, Vm0
, ω0, Ω0. As we mentioned above, we are looking for a periodic wave solution

of (5), therefore Um0
and Vm0

will determine approximate amplitudes of the waves, and
T0 = 2π/ω0 will determine the wave speed.

Based on the above considerations the following proposition hold:
Proposition 1. CNN model (5) of circular array of L identical cells has periodic state

solution uj(t), vj(t) with a finite set of spatial frequencies Ω0 = 2πk/L, 0 ≤ k ≤ L − 1.
After simulating our CNN model (5) we obtain the results on Figure 4.
4. Discussion on the wave dynamics. Let us conclude with a brief discussion

of the wave dynamics as the tsunami propagates towards the coast. The previous con-
siderations show that from initiation until reaching towards the costal region, a good
approximation in non-dimensional variables of tsunami waves is provided by the solu-
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Fig. 4. Periodic wave solution of CNN model (5)

tions of the corresponding model equation. In the original physical variables this means
that up until near-shore the wave profile remains unaltered propagating at constant speed
√

gh0. The linear model breaks down when the tsunami waves enter the shallower water
of the coastal regions and for understanding of the tsunamis close to the shore the appro-
priate equations are those modeling the propagation of long water waves over variable
depth. Before the waves reach the breaking state, their front steepens and dispersion,
no matter how weak, becomes relevant. In this region faster wave fronts can catch up
slower ones(but they can never overtake them) as a manifestation of the “confluence of
shocks” and can result in large amplitude wave fronts building up behind smaller ones.

Let us take for example the tsunami of 2004 in the Indian Ocean [12]. For modeling
purposes, outside of the Bay of Bengal the two-dimensional character of the tsunami
waves can not be taken any more for granted since diffraction around islands and reflec-
tion from steep shores alter this feature considerably (see Fig. 5). The earthquake that
generated the tsunami changed the shape of the ocean floor by raising it by a few m
to the west of the epicenter and lowering it to the east (over 100 km in the east-west
direction and about 900 km in the north-south direction).

The initial shape of the wave pattern that developed into the tsunami wave featured
therefore to the west of the epicenter a wave of elevation followed by a wave of depression
(that is, with water levels higher, respectively lower than normal), while to the east of the
epicenter the initial wave profile consisted of a depression followed by an elevation. The
fact that as the tsunami waves reached the shore in either direction, the shape of the ini-
tial disturbance (first wave of elevation, then wave of depression, respectively vice-versa)
was not altered is of utmost importance in validating a theory for the wave dynamics on
this occasion. This observation suggests that perhaps the shape of the tsunami waves
remained approximately constant as they propagated across the Bay of Bengal. These
clearly show a leading wave of elevation, followed by a wave of depression, a feature
common both to the initial wave profile west of the epicenter and to the tsunami as it
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Fig. 5. 2004 tsunami in the Indian ocean

entered the coastal regions of India and Sri Lanka. These measurements also confirm
another essential feature of tsunami waves: even though these waves reach large ampli-
tudes due to the diminishing depth effect as they approach the shore (waves as high as
30m were observed near the city Banda Aceh on the west coast of the northern tip of
Sumatra about 160 km away from the epicenter of the earthquake), tsunami waves are
barely noticeable at sea due to their small amplitude. Indeed, the satellite data shows
that the maximum amplitude of the waves, whether positive or negative with respect to
the usual sea level, was less than 0.8 m over distances of more than 100 km.
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МОДЕЛИРАНЕ НА ВЪЛНИ ЦУНАМИ С КЛЕТЪЧНО НЕВРОННИ

МРЕЖИ

Анжела Славова

В този доклад се разглеждат няколко модела на вълни цунами. Представена е
физическата интерпретация на такъв вид вълни. Изучен е математически модел
на дълги вълни в нелинейност. За този модел се прилага подхода на Клетъчно
Невронните Мрежи (КНМ). Изследва се динамиката на КНМ модел с метода на
описващите функции. Представени са компютърни симулации и дискусия.
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