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A CONNECTION BETWEEN THREE [44, 22, 8] SELF-DUAL
CODES, MATHIEU GROUPS M22,M23, AND

SELF-ORTHOGONAL DESIGNS*

Nikolay Yankov

A connection between three particular binary self-dual [44, 22, 8] codes with large
automorphism groups, Mathieu groups M22,M21 and self-orthogonal designs with
parameters 3-(22, 8, 12), 2-(21, 8, 28) and 1-(23, 8, 80) is established.

1. Introduction. Let Fq be a finite field with q = pr elements. A linear [n, k]q code
C is a k-dimensional subspace of Fn

q . We call the codes binary if q = 2. The number
of the nonzero coordinates of a vector in F

n
q is called its weight. An [n, k, d]q code is an

[n, k]q linear code with minimum nonzero weight d.

Let (u, v) =

n
∑

i=1

uivi ∈ F2 for u = (u1, . . . , un), v = (v1, . . . , vn) ∈ F
n
2 be the inner

product in F
n
2 . Then if C is a binary [n, k] code, its dual C⊥ = {u ∈ F

n
2 | (u, v) =

0 for all v ∈ C} is a [n, n − k] binary code. If C ⊆ C⊥, the code C is termed self-
orthogonal, in case of C = C⊥, C is called self-dual.

Two binary codes are equivalent if one can be obtained from the other by a permu-
tation of the coordinate positions. The permutation σ ∈ Sn is an automorphism of C,
if C = σ(C). The set of all automorphisms of a code forms a group called the automor-
phism group Aut(C). If a code C have an automorphism σ of odd prime order p, where
σ has c independent p-cycles and f fixed points, then σ is said to be of type p-(c, f).

For a finite set of points X = {x1, x2, . . . , xv} and a family D = {B1, B2, . . . , Bb} of
k-element subsets of X called blocks, we say that D is a t− (v, k, λ)-block design if every
t-element subset of X is contained in exactly λ blocks from D.

Every point from X is contained in a fixed number r of blocks. Sometimes a design
is denoted by its five parameters (v, b, r, k, λ). Evidently, from this definition it follows
that the parameters of a design satisfy the equations bk = vr and λ(v − 1) = r(k − 1).

An incidence matrix of a t − (v, k, λ)-design D is a v × b matrix A = (aij), where
aij = 1 if and only if xi ∈ Bj . An automorphism of a design is a permutation on the point
set that preserves the block set. A group obtained under composition of automorphisms
is the full automorphism group of a design, which we denote by Aut(D).
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Block intersection numbers of a design D is the cardinality of the intersections of any
two distinct blocks, |Bi ∩ Bj |, i 6= j. A t-(v, k, λ) design is called self-orthogonal if the
block intersection numbers have the same parity as the block size k, i.e. |Bi ∩ Bj | ≡
k(mod 2).

A Steiner system S(v, k, t) is a rank 2 geometry with v points, such that each block
contains exactly k points and each set of t points is incident with a unique block. The
Steiner system S(5, 8, 24) is also called the Witt design [13].

The first sporadic groups were discovered by E. Mathieu in 1861 and 1873 [9, 10].
The Mathieu groups are five sporadic simple groups Mn, that are multiply transitive
permutation groups on n objects for n = 11, 12, 22, 23. By taking the Mathieu groups as
a tower of extensions of the unique projective plain of order 4, their Steiner systems can
be obtained [2].

There is a connection between self-dual codes and self-orthogonal designs given by
next theorem.

Theorem 1 ([11]). Let A be the incidence matrix of a self-orthogonal t-(v, k, λ) design
then: a) when k is even, the rows of A generate binary self-orthogonal code of length v

and dual distance d⊥ ≥
v − 1

k − 1
+ 1.

b) when k is odd, the rows of the matrix (1 A) (where 1 is an all-one column) generate

binary self-orthogonal code with length v + 1 and dual distance d⊥ ≥
v

k
+ 1.

Self-dual codes with an automorphism of odd prime order are an extensively studied
subject. Although such codes are classified up to length 50 [14], there are still un-
usual codes, as for example, the three self-dual one [44, 22, 8], with largest automorphism
groups, possessing also the largest values of the parameter β in their weight enumer-
ators. In [5] the following question remained unanswered: Which of the constructed
self-dual [44, 22, 8] codes with an automorphism of odd prime order have connections
with combinatorial designs?

2. Main results. The weight enumerators of the extremal self-dual codes of length
44 are known [1]:

W44,1 = 1 + (44 + 4β)y8 + (976− 8β)y10 + (12289− 20β)y12 + . . . , 10 ≤ β ≤ 122,

W44,2 = 1 + (44 + 4β)y8 + (1232− 8β)y10 + (10241− 20β)y12 + . . . , 0 ≤ β ≤ 154.

All such codes with an automorphism of odd prime order are classified [5], whereby
three of the codes C1, C2, C3 standout by possessing the largest possible (or known) values
of β and very large automorphism group:

C1 : β = 154 for W44,2, |Aut(C1)| = 786839961600 = 216 · 34 · 52 · 72 · 112,(1)

C2 : β = 122 for W44,1, |Aut(C2)| = 3251404800 = 215 · 34 · 52 · 72,(2)

C3 : β = 104 for W44,2, |Aut(C3)| = 116121600 = 213 · 34 · 52 · 7.(3)

We take a look at the structure of these codes and prove a connection to Mathieu groups
M22,M21 and self-orthogonal designs with parameters 3-(22, 8, 12), 2-(21, 8, 28) and 1-
(23, 8, 80).

2.1. A connection between M22, 3-(22, 8, 12) self-orthogonal design and the

code C1. The code C1 with weight W44,2 for β = 154 was first constructed by V. Yorgov
and R. Russeva in [15] as a code with an automorphism of order 11.
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Theorem 2. The code C1 has a generator matrix of the form









D1 O

O D1

1 1
X X









, where

D1 =

































1111111100000000000000
1111000011110000000000
1111000000001111000000
1110100010000010011000
1110100000010001000011
1110010000100100010010
1110010000010010100100
1110001000100001001100
1101100000011000001100
1011100001001000010010

































results from the incidence matrix of a 3-(22, 8, 12) self-orthogonal design with 330 blocks,
1 is the all-one vector of length 22, X = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 1, 0, 1, 0, 1)
and O is a 10× 22 zero matrix.

Proof. We can take the generator matrix of C1 and compute all codewords of
minimum weight 8. There are exactly 660 such codewords and it turns out that after a
permutation we can split the 44 coordinate positions into two sets of 22 coordinates: K1 =
{1, . . . , 22} and K2 = {23, . . . , 44} such that the first 330 minimum weight codewords
have supports that are entirely in K1 and the rest 330 minimum weight codewords have
supports in K2. We take the first set of words and remove their coordinates which are in
the set K2 and we denote the resulting 330× 22 matrix by D1. Taking every set of three
different coordinate position in D1, the number of words with support containing this
three coordinates is always 12. Then DT

1 is an incidence matrix of a 3-(22, 8, 12) design

with b = λ

(

v

t

)

(

k

t

) = 12.
22.21.20

8.7.6
= 330 blocks. Since there are no 10-weight codewords in

C1 and the code is self-dual, we can conclude that the cardinality w of the intersection of
the support of two distinctive rows of D1 is 16− 2w = 8, 12, or 16. Therefore, w = 4, 2, 0
and this design is self-orthogonal. Taking the liner independent rows of D1 we found the
matrix D1. �

Design with these parameters appear with number 6 in [12, Table 2] as a residual of
the Witt system S(5, 8, 24) [12]. It is known that the automorphism group of S(5, 8, 24)
(generated by the 8-weight words of the extended [24, 12, 8] binary Golay code G24) is the
same as Aut(G24), that is the largest Mathieu group M24. Taking the subgroup of M24

that fixes every duo, the result is the group C2×M22 with cardinality 887040. Also if the
code G24 is shortened by two coordinates that from a duo, the result is a self-orthogonal
[22, 10, 8] code with automorphism group C2 ×M22 containing exactly 330 codewords of
weight 8. Thus the automorphism group of the 3-(22, 8, 12) design is exactly C2 ×M22

and so the automorphism group of a code generated by a direct sum of two such designs is
(C2×M22)

2. As we have seen in (1) we have the same cardinality and by using MAGMA
[8] we have computed that the structure of the automorphism group is

Aut(C1) = (C2 ×M22)
2.
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2.2. A connection between M21, 2-(21, 8, 28) self-orthogonal design and

the code C2. The second code C2 with β = 122 in W44,1 first appear in a paper of
S. Bouyuklieva [4]. Taking the 532 words of weight 8, it turns out that there are two
coordinate positions 1 ≤ i < j ≤ 42 in which all these words have equal values. Removing
all codewords with two ones in coordinates i, j and the two columns i and j, we are left
with 420 words of weight 8 and 42 coordinate positions. Further the 42 coordinates can
be split into two classes of 21 and we have a matrix in the form

(

D2 O

O D2

)

,

whereDT
2 is an incidence matrix of a 2-(21, 8, 28) block design with b = λ

(

v
t

)

(

k
t

) = 28.
21.20

8.7
=

210 blocks, O is an appropriate zero matrix. This design is also self-orthogonal. We give
the matrix resulting from the liner independent rows of D2,namely

D2 =





























100000000111110010010
010000000101101010101
001000000111001111000
000100000110010101110
000010000101011001011
000001000100110111001
000000100011101001110
000000010001110100111
000000001011010011101





























.

The above block design is numbered 10 in [12, Table 2] and is a residual from the
Witt system S(5, 8, 24) [12]. Its automorphism group is the Mathieu group M21. The
group structure of Aut(C2) is C2 × (C2 ×M21)

2.

2.3. A connection between M21, 2-(21, 8, 28) and 1-(23, 8, 80) self-orthogonal
designs and the code C3. This code with weight enumerator W44,1 for β = 122 is also
constructed by S. Bouyuklieva in [4]. It has 460 codewords of weight 8. The coordinate
positions can be split into two classes: the first set having 21 coordinate positions and 210
words with nonzero coordinates in this class. Similar to §2.2 this leads to the incidence
matrix DT

2 of a self-orthogonal 2-(21, 8, 28) design. The second class of coordinates leads
to an incidence matrix DT

3 of a self-orthogonal 1-(23, 8, 80) design. The group structure
for this code is Aut(C) = (M21)× (C4

2 × C3 ×A5).
3. Conclusion. In a research by V. Tonchev [6, p.728], starting from the Witt system

S(5, 8, 24) and taking successive derived or residual designs, the designs in Table 1 are
obtained. We have found a connection between the three self-dual [44, 22, 8] codes and
the two designs denoted in bold font.

Table 1. Derived and residual of the Witt system S(5, 8, 24)

5-(24, 8, 1)
4-(23, 7, 1) 4-(23, 8, 4)

3-(22, 6, 1) 3-(22, 7, 4) 3-(22, 8, 12)
2-(21, 5, 1) 2-(21, 6, 4) 2-(21, 7, 12) 2-(21, 8, 28)
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The following open questions remain for the self-dual codes of length 44:

1. Prove the nonexistence of (or construct) a binary self-dual [44, 22, 8] with weight
enumerator:

• W44,1 for β = 69, 71, 73, 75, . . . , 81, 83, 84, 85, 87, 88, 89, 91, . . . , 121;

• W44,2 for β = 57, 63, 65, 67, 69, 71, 73, 75, 77, . . . , 81, 83, 84, 85, 87, 88, 89,
91, . . . , 103, 105, . . . , 153.

2. Are the constructed codes with weight enumerator W44,1 for β = 61, 63, 68, 72, 82,
86, 90, 122 and W44,2 for β = 59, 61, 66, 68, 70, 86, 90, 104, 154 unique examples
of codes with their weight enumerator?

Remark. For computing the automorphism groups of the codes in this research we
have used the software system Q-extensions by Iliya Bouyukliev [3].
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[9] É. Mathieu. Mémoire sur l’étude des fonctions de plusieurs quantités, sur la manière de
les former et sur les substitutions qui les laissent invariables. Journal de Mathématiques
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ВРЪЗКА МЕЖДУ ТРИ САМОДУАЛНИ [44, 22, 8] КОДА, ГРУПИТЕ
НА МАТИЙО M22,M23 И САМООРТОГОНАЛНИ ДИЗАЙНИ

Николай Иванов Янков

Доказана е връзка между три интересни двоични самодуални кодове с па-

раметри [44, 22, 8] имащи големи групи от автоморфизми, групите на Матийо

M22,M21 и самоортогонални блок-дизайни с параметри 3-(22, 8, 12), 2-(21, 8, 28)
и 1-(23, 8, 80).
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