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Some Expansions Related to a Family
of Generalized Radiation Integrals

Shyam Kalla*, Leda Galué*, Virginia Kiryakova™*

Presented by P. Kenderov

This paper is devoted to some applications of the hypergeometric functions
to environmental sciences and protection from accidental radiations. We study
a family of integrals involving the Gauss hypergeometric function and arising in
radiation-field problems. We express these integrals in terms of Appell’s double
hypergeometric function and derive some series expansions related to different
values of the basic parameters a, b, p. In some cases the integrals are represented
by means of two terms: the former is a classical special function and the latter is
a series convergent under the conditions imposed on the parameters. Results
obtained earlier by various authors: J. H. Hubbell, R. L. Bach and J. C.
Lamkin; M. L. Glasser; D. G. Andrews; S. L. Kalla, B. Al-Saqabiand
S. g.onde; etc. follow as special cases. A procedure for a numerical computation
is discussed.

1. Introduction

The following integral

a

dx
\/1+x2) J1+x?

, 0<asb<oo,

(1.1) f(a, b)= }arctg(
[}

has been derived in [8] in calculation of the radiation field arising from a plane
isotropic rectangular source. This integral has been generalized by S. L. Kalla,
B. Al-Sagabiand S. Conde [10] in a form suitable for dealing not only with
radiation fields with a rectangular source but also with specific configuration of
source, barrier and detector, viz.:
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a’b’p’l .

_ﬂ;xA(xz_'_ )% ,F, (&% B; v; —
d,ﬂ,’)’ —41:0‘ P 2g\& Ps Vs
Re(y)>Re(f)>0, —1<i<2a—1; p, a, b>0,

where ,F,(a, B; 7; t) is the Gauss hypergeometric function [4]. Integral (1.2)
possesses a further generalization defined in [11] as follows:

a
x*+p

(12) H[ )dx,

_JJabpAp] % ey X
(1.3) I_I[a, 8y ]-a{x‘(x +p)~*(1 bz)"
a2
X ZFl(a’ ﬂ; 75 _x2+p)dxa

Re(y)>Re(f)>0, —1<i<2a—2u—1, u>—1; p, a, b>0, 0<asb<oo.

Indeed, previous integrals (1.1), (1.2) can be obtained as special cases of (1.3),
namely:

a, b, 10,0 . Dp=
(1.9) 1[1, 12, 32 ]=f(a, b), i.e. ae

a, b,p, 2,0 __47: a, b, p, . _
(1.5) I[a, 8. v ]— - [a, B, ], ie. u=0.

Let us note also that generalized integral (1.3) can be considered as an
Erdélyi-Kober operator of fractional integration [16] (see also [12], [13]):

2b 2(n+d) b

R L A i (G L

of a Gauss hypergeometric function, namely:

I[a, b, p, A, p]_ab‘“"l’(p+l)

I,_ b2 -a
a, B,y 2 a-1y2.u+1 {(B*+p)

a2
x ,Fy (2 B ¥ —m)}-

In other words, the generalized radiation integral (1.3) is an integral of fractional
order 6 =pu+ 1>0, while its special case (1.2) reduces to an integral of order 6=1

£ b’  J j” .
(u=0). In a sense, the same radiation integral I=1I : 8 : e

represented also as a generalized fractional integration operator of the form
introduced by S. L. Kalla [9]:

b
(1.6) R{SB) =" [ @x/bef(x)dx

can be
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with a suitably chosen kernel-function ®(x) and f(x)=const (for some other
generalized fractional integrals belonging to the class of operators (1.6) one can
see S. L. Kalla [9], S. L. Kalla and L. Galue [12], V. Kiryakova [14],
S.L.Kalla and V. Kiryakova [13], etc).

Our aim here is to express the values of integtals (1.3) by means of the
Appell’s double hypergeometric function and by different convergent series
depending on the values of the parameters.

2. Series expansions

Definition ([4], p.230, (2), 17])). Appel’s (double hypergeometric
function F, 18 [ 18 defined as follows: PP ¢ yperg )

@1 Fy@ b, ¥, ¢, & x »)= —r-‘f’— S femta—ur

re)rec—
o L _ rErne)
x(1—ux)~*,F, (a, b; ¢; l_x,,)d“‘ o) re’)rc-brc -bv)

11
X f 170 UL - (1 — o Y M —ux—vy) ™ dudo,

where Re(b)>0, Re(b')>0, Re(c—b)>0, Re(c’—b')>0.
Theorem 1. Let I be defined by (1.3). Then the following representation holds:
A+1 A+1
(S )N-s-37)

r'(—p

(22) I";’{(—l)z.+‘1+_‘ b)+l

— +1 A 3 a
xp Fz(% B, —: 7 m +2+2 —-;, —;—)

A+1

2 ) A+1

/1+l
( 1y r( 2 - )P(I‘ pl"'T"

b INa)
A+1 112 a b
XFz(a—”_—z——’ p’ K Y 5—"2'_“; "F, —;')}—Eh i-l, 2, 3,

};l:g;ﬁp-}-l# +1, £3, £5,... and each of the series E,, E,, E, is defined as

r‘(a—n—-)'—;—l+k)
2.3) E,-—( 1PpA* -2 rut) £ (7 2 % —
k=0

l"(a—i+ +k)
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X (%)‘zFx(—k, B; v; —?), when b*>a*+p;

Mra+p) 3 (-a)l"(ﬁ+k)
TB) =0 k 'TG+k)

2.4 E;=g-(—1)“b““z“

A+1
Ma+k— l"‘—) 2k

a A A1 p
-1, Brapr 12F‘(z 3 1Hmatk—3+3:-133)

5-)

X
M(e+k—

when b%>a?;

o Ta—p—5—5+k)
(2.5) E3=g(_1)ﬂbl+l—2¢r(1+u) > ( ka) 21 21
k=0 Ne+k—z+3)
22
14 A1 i1 a?
xﬁ§y3FAa+k,a “—5—_+k ﬂ)ga+k—2 2’—5ﬂ’

when b%>p.
“* ) in (13) by the Euler integral
—m) in (1.3) by the Euler integr.
representation [4], 2.1.3., (10), we obtain
__af® tt.,
rero-mii-

x (x2+p+a*t)”*dtdx, where Re(y)>Re(f)>0.
The latter integral can be broken in two parts as follows:

[ J
Proof. Substituting ,F,(a, B; 7;

)“ i1 —gyrFt

I=¥—E,
where
r o 1
26 - oAl Pl e e
X (x*+p+a*t) - dt dx,
r o 1 2
et ey

x (x*+p+a®t)~*drdx.
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First, let us change the order of the integrations in (2.6) and then set y=x2. We
have

_ & I'(y) lp—l _ 1—5—1{ —2— s
Y=ir@ro-p 79 [T gy

x (y+p+a2t)"'dy} de.

Using the known integral ([7])

[ X" (B+x)"*(x+7)"?dx=B"*y" " B(v, p—v+p) F, (1, v; u+p; 1_%),
o
larg Bl <m, |argy| <=, Re(v)>0, Re(u)>Re(v—p),
we obtain
A+1 A1
a  TO) s T334
\y=_ _____(_ )2n+—2—- b1+1
2TBrey—>A Ta—p)
2 A+1 b?
B—-1(1 __¢4\v—B8—1 2.\ —a o e M)
xgt (11— (p+a%t)™® ,F, (o, 53¢ ).,l+p+ 2t)dt.
Further, from the relation ([15])
ry)Ty—a—p) °
F,(a, B; v; 2)= —=——+——— ,F,(@ B 1+a+B—y; 1—2
2 l(a ﬂ .y Z) l-w(,y_a)r‘(?_ﬂ) 2 l( ﬂ ﬁ ? )
capg T T(@+B—Y)
—\y=a=p " NNV - —B: 1—a— I .
+(1 z) r(a)r(ﬂ) 2F1 (‘y a, y B! o ﬂ+y, 1 z)!
largzl<m, larg(1—2z)|<n, a+Bf—y #0, 1, +2,...,
we_dedue: A+1 A + 1
a r() A+1 ( )r( K= ) b1+l
\y=____7_{(_1)zn+—r )
2T (BI(y—p) I(—p) p*
- A+1 A3 b%/p
-1 -1 dl AT 3 L. _1F
of L (H ) R 7 B3t TTragp
. A+1
r@-g-g-mnw—;—) Jeiihss
+(—=1) @ T
1 a’t,  At1 A+1 1 A
p—1 _y—8—-1 Wt 3 —a o Ml e P B e i, TR



Some Expansions Related to a Family of Generalized Radiation Integrals

195
b*/p
T 1+ad% dt}’
where A+2u # +1, +3, £5,..., which is equivalent to:
1+1 A+1
ar T = I—n— )bux
2.8 Y= 1)2#+7 2 ' .
9 {( ’ (=) 3
A+1
Me—21-—y
}.+ A 3 a:l b? 2
z+
A+1 A+1 1 2 a? b?
Xr( +— 2 T'—Fz(“"ﬂ-T’ ﬂy —H Y 5—5—“1'—_9 -_)}-

In this way, the first term in representation (2.2) is obtained.

The proof of (2.3), (2.4) and (2.5) follows from (2.7) by making the substitution
t=b?/x2, that is:

a T A3
29 E=2 —— " _pA+1( (=07 (g—1
@ L =1y
Xt~ (1 —1) 7P~ (b2 +¢p+a*tr) *dtdr.

Using the well-known binomial expansion
(2.10) (A+xP= Z,(Z)x", Ix|<1,
k=0

we are able to represent the term (b2 +1tp+a®tt) ™ in three different alternative
forms, depending on the conditions on the parameters a, b, p, namely:
(2.11) (b2 +1p+a’tr) = [bz+(p+azt)1] =
=b"2 2 (, X )(p+a2t)“b2,, when b2>a?+p,

k=0

(2.12) (b*>+tp+a’tr) *=[(b*+pr)+a’tr] *
_ to)t
=(b*+1p)~° z ( )(b(f+’)),, when b?>a?,
(2.13) (b2+tp+a2t1:)‘ =[(b2+a2n)+prr'

=(b*+a*tr)"" tzo( )(bT(-f%):—r);’ when b*>p.

Now, if we substitute (2.11) in (2.9) and change the order of integration and
summation, permissible due to the absolute convergence, we have
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_g _r(y) +1-—2a - —a £
El_z r(ﬂ)r(y__ﬂ)b‘ 1-2 ufo( k )(bZ)k

11 A+3 a’t
X jj' rThTTT tE (— lrt‘"(l—t)""‘(1+7)“dtdt,
00

with b%>a?+p.

After presenting the double integral as a product of two integrals, using the
definition of the beta-function and the integral representation of the Gauss
hypergeometric function, we obtain

1
a - l"(a—p—;'—;—+k)
E,=5(=1FT@+)b*172 £ (7) —3
k=0 r(a__2_+k)

a2
% ({7)' 2Fi(=k B, % —?), when b%>a?+p,

that is, series representation (2.3).
Further, a substitution of (2.12) in (.29), according to the previous procedure,
leads to the representation

a r('y)r(l"'“) A+1—2a it —a r(ﬂ+k)
E.=—(—1p—21"1 T s
: 2( 4 I'p) t-o( k )r(‘)’+k)
A+1 >
F(a+k—p——-—)
2 ’ A+1 a-1
X (9—2')’ 2F1(a+k; 'a+k—[l——L; a+k— ; _Ez_)’
A—1 b 2 3 b
I"(a+k-—T)

with b2>a2.
Using relation ([15])
Fi(e B y; 2)=(1—2y7*7% ,F,(y—a, y—B; 7 2), larg(1—-2)|<m,
we have — ')
NIA+H) g2 5 (—2
= b D
') k=0( k )

A+1
r(p+k)r(a+k—p—-12'—)

E,=5(—1y

a2&

X .
A=l “(BF4pyttrT!
T +0Ta+k—"5-) ®*+p
1 A Al
X 2F1(§—5; 14+ u; a+k—§+5; —b—pz),

with b%?>a?, that is, representation (2.4).
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Finally, substituting (2.13) in (2.9) and interchanging the order of the
integration and summation, we receive

a l"(-y) 11 _ _1+3
Ey=-=————b**' X ERTTT tk
2T()T—B) k= o( )p'“;

x(t—=1PtP" (1 —t) P~ 1 (b% +a%tr)"**Pderdr, b2>p.
Then, we have to expand the term (b?+a?tt)”“*® according to (2.10), namely:

a r('y) —a 11 ¢ _14'3
= b1+l r—"3 +k
Es= 2 T®TOo—p .f( e

x(t—1p A= (1 —tp~p-1p=2e-2% 5 (77 k)(‘;z)"‘t"t‘"dtdt
m=0
with b%>p.
Now, we use the identity
2.14) ("M== 1)-'(“")"

then change the order of the integration and summation again and present the
double integral as a product of integrals. So,

_3_TO)  iicse g ("% Py 3 +u
SRR AT
(a+k)u(b2)ujtc-u T*"“’"(l ‘t)"dtjt’ 14m(l—g)y P14

and according to the definition of the beta-function,

k
E;=g(—l)"wb“‘ 2a 2 ( . )(bz)g (“+ (@+k)m

()
A1
xl"(a—p—i—§+k+m) F(ﬁ+m)( az)_
—= )",
I‘(a+k+m—£+l) Ty+m)" b
2 2
that is, .
I"(a—p——-—-i+k)
E,=2(—1p T+ b= 3 (%) (B =
k=0 l"(a+k——+ )
A l l l a2
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with b?>>p. Under ,F,(—z), 3F,(—z) in (2.3), (24), (2.5) we mean the
corresponding series or their analytical continuations for |argz| <n. The proof is

completed.
Other conditions on the parameters a, b, p provide the following

Theorem 2. Let I=1 Z’ b, p, 4, “] be the generalized radiation integral
defined by (1.3) and a*<p, l;z<’p Then,
A+1
JOTEGITE+D oy o
(2.15) I== —Z(,)
2 I‘(ﬂ)l‘( +2.+3) P* -0 k
I"(ﬂ+k) l 1 l+3 b?
r(,y+k)( )kz 1( +ka 2 2’ u+ 2 )
or, otherwise:
A+1
a ( )I‘(y+l) bl+1 © ()(ﬁ)
(215) =3 T3 e ekt
k=0 [ L
Nu+—-)
a? | ).+3 i
_Z L4z, 272 _Z2 V= =
x( p yzFl(a-Fk’ 2+2’ + 2 ) ck_onFk’

where by F,, and G, we have denoted resp. ,F l(—-bz/p) and the other factor
(a)k(ﬂ)k(——)k/()’)hk' under the sum E

k=0
Proof. As in Theorem 1, we have
l‘(?) . - —p-
I= ll t’ ’(l—t)’ -1 ,

x (x2 +p+a2t)"dtdx, Re('y)>Re(ﬂ)>0.

We expand the term (x2+ p+a®t)”® according to (2.10), this time in the
following way:

(2 +p+at)*=(x*+p) *(1+ ’+pt)—
-a (a t)k 2
"(x +p) ufo( k )(x 24 )l a <p,

and substitute this series in the above expression for integral I. Then, according to
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the absolute convergence of the integral considered, we can change the order of
integration and summation, whence:
I"(.y) @ —a 2 b1 2 x2
=a——— X a x*(l1——
F(ﬂ)l“(v-ﬁ).,=o( k ) ({g ( bzy
Xt 11— 7P Y(x2 + p)~*~*drdx.

Further, let us make the substitution y=x2/b? and consider the double integral as

a repeated one, namely:
A+l © 2 1
= tHre=p 7 5 G

2TBATG—P) p* v=0 k P o

1 2
(=7 e [y =y (142 ) ey,
o

It remains only to use the definition of the beta-function and the integral
representation of.the Gauss function. Thus,
A+1

FOru+itd) 7 or-o k To+K)
2

a? A1 A 3 b?
x(—;}—)" 2F, (e+k, §+§, #+§+§, - —)
with 0<a?<p, 0<b?<p. The proof is finished.
Let us note that using relation (2.14) one can easily put expansion (2.15) in its
alternative form (2.15).

3. Special cases

Let us mention some typical special cases of the general results obtained here.
Substituting =0 in (2.8) and in (2.3), (2.4), (2.5), we obtain respectively:

A+1 A+1
Ma——)T(57) 4,

a
3.1) Y= 5 ) p?2

A+1 a?
x 2F1(‘1'—'—2—, B; v; —;), A# +1, £3,...

and
2, —a 1 4

— A+1-2a .
62 Ey=ab Z O ) zara—an

2
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2
x Fy(—k, B; ¥; —";) with b2>a?+p;

I'y) , .-, —a, [(B+k) 1
=) E:=arp°® ,'_':o( K JTo+0) @as2k—i1)
a** 1 A A1 p
X g fi(3my batk—gtss =)
with b?>a?;
1
= A+1-—2a B
CH ab fo( )(2a+2k i1y ()
A A1
X JF,(x+k, a— 5_5+k B; v, a+k—5 2, —-b—z')
with b%?>p.

These results coincide with the results of B. Gabutti, S. L. Kalla and
JH.Hubbell [S].

For u=0 expansion (2.15) in Theorem2 also leads to a result from [5],
namely:

3.5) 1=H["’ b. P, ’1]— My 1o

“ by ‘“r(ﬂ>'a+1)‘ I
® —a I'(B+k),a ).+1 A+3
xk= ( )l"(y+k)( )kZFl( 2 ’—— )

with a? <p, b2 <p, while the alternative form (2.15') is giving the correspondmg
results by S. L. Kalla, B. Al-Saqabi and S. Conde [10]:

4n [ a, b, p, A ab**!' = (a),(B)
3.5 I——H[ ]= p b
¢5) % B, y p‘(A+1). AN
1+1 A+3
x(—-—)“ 2Fy(a+k, = T ——) a’<p, b*<p.

01;, the i)ther hand, by choosing partlcular values of a, B, 7, the integral
HL P ] can be reduced to different integrals with applications to
ra

B,y
atmn-ﬁeld problems with specific configuration of the sources, barriers and
detectors. In this way, Theorems1, 2 give some results obtained earlier by
JJHHubbell, R. L. Bach and J. C. Lamkin [8], M. L. Glasser [6], D. G
Andrews [2] and others.
Let us mention also that the case a= —n, f=n+d6+¢c+1, oy =6+1, u=0
corresponds to an integral involving the Jacobi polynomlals P‘ > (x), namely

a, b’ Ds A n! 2
(3:6) I—H[—m,n+5+&+L6+l] (&+najx(x+mr
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x%+p+2a?

<pe (R

)dx.

Further, for special values of , ¢ Theorems 1, 2 deliver some expansions of
radiation integrals involving other orthogonal polynomials such as Gegenbauer,
Legendre, Chebyshev polynomials, etc.

In the simplest case of the Hubbell radiation integral (1.1) (p=1, A=p=0,

. 1
a=l, ﬂ=—2—

omnidirectional radiation detector at a height h directly over a corner of a plane
isotropic rectangular source (plaque) of a length I, width w and uniform strength
o=1, where a=w/h>0, b=1/h>0 (see e.g. [8], [10], [5D.

3 . .
R y=§) our results turn into expansions for f(a, b), the response of an

4. Algorithm for a numerical computation

Series expansio.ns delivered by Theorems 1, 2 can be used for a_numerical

b’ b : .

evaluation of the generalized radiation integral I=1I :’ 8 : A . To this
end, a procedure analogous to that from [10] can be followed.

We shall illustrate such an algorithm in the case of expansion (2.15),

Theorem 2. Namely, to compute the values of the series (2.15’), we rewrite it in the

following form: s

a, b, p, 4, u it
4.1 I=I[ ]=CZGF,
) a, Ba Y k=0 KO
where )
A+1
a F(_Z——)r(”'"l) prA+t
c==
2 A+3 a
T(u+—-) P
is a constant, independent of the summation index k,
()i (B) a’
4.2 G, = ———=(——)*
) k! ( p)
and F, stand for the values of the Gauss functions:
A1 A+3 b?
4.3) F, = 2F,(a+k, 5+5, #+T, ——p—)

Then, G, can be calculated by the following subsequent steps: Go=1,

. +k—1)B+k=1) &
Gi=Grr e (p),k_1,2,...

In order to avoid the calculation of an infinite series F, for each term of the
sum, we represent F, , by invoking the result [1], p. 558, Eq. (15.2.10), in the form:
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‘ _ 1 A+5
(4.3) F"_(a+k—1)(1+b2/p){( 7 THme— k-

b2, A+1 b%? A+3
+ G =AW= T = s F
[(a )( p) 2 p 2 “] "_l}’

for k=2. To calculate F, and F,, we use the manner of calculation of the Gauss
hypergeometric function ,F, , proposed in [3]. The number of terms in each series «
is chosen in a way that guarantees the exactness required.

For the calculation of the expansions of Theorem 1 one should compute also
the term (2.8) involving Appell’s double hypergeometric functions F,.

In the particular case u=0 the corresponding numerical results (with an
exactness up to the first eight digits) are proposed in several tables in [10]. In the
general case (1.3) such tables will appear in a next paper.
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