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We consider the root function expansion of the spectral problem related to the nonlocal
first. order integro-differential operator: y'(l)+f(: V(t, u)y(u)du = Ay(t), N(y) = 0, where N is
a continuous linear functional in C[—«,a]. By certain assumptions imposed on the functional
N, some theorems for the spectrum of this problem and for the nniqueness its of the root
function expansion are proved. A theorem for a recovery of the functions of L'[—a,a] by
means of their coefficients in this expansion is proved. The convolutional structure of of the
root function expansion is studied. The question concerning the completencss of the root
functions in some functional spaces is discussed as well.
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*kk

Consider the integro-differential expression
t
(1) ly =y'(t) +/V(t,u)y(u)du, t € [—a,d]
0

where V(t,u) € C(G),G = {(t,u): —a <1 <u<0}U{(t,u): 0<u<t<a}.
Let N(f)= [2, [dn with n € BV [—a,«] be arbitrary nonzero continuous linear
functional in C[~a,a] and let Cn[—a,a] %' {f € C[-a,a]l: N(f) = 0}..

The nonlocal Volterra integro-differential operator of first order is said to
be the operator D generated by the expression (1) in the space X' = L'[-a,a]
with domain Xp = ACN[—a,d] def {J € AC[~a,a] : N(f) = 0}. The present
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paper is devoted to the spectrum and root function expansion of the operator
D. A necessary and suflicient condition for the validity of a uniqueness theorem
for the root function expansion is found. A necessary and suflicient condition
for a recovery of the functions of L![—a,a] by means of their coellicients in the
root function expansion is found as well. Also we give suflicient conditions for
the completeness of the root functions in the space LP[—a,a], 1 < p < oc. The
convulutional structure of the operator D and its root function expansion is
studied too.

Let y(A,t) be the solution of the problem ly = Ay, y(A.0) = 1. Also, for
cach f € L'[—a,a] and each A € C let 5 = Il&o)f € AC[—a.a] be the unigne
solution of the Cauchy problem I — Ay = [f,5(0) = 0. (The existence and
uniqueness of the solutions of these problems is trivially proved reducing them to
Volterra integral equations of second kind. It is clear that "the initial resolvent”
Ilf\o) maps the space L'[—a,a] in AC[—a,a] and that for each f € L'[—a.a] the
functions Rf\o)f and y(A,t) are C — C[—a,«] entire functions of A.)

It is easily proved that the operator I has a point spectrnm a(D),
which coincides with the set of zeroes {\y, Az, As,...} of the entire function
E(XN) = Ne{y(A, 1)}, if zeros exist, and let {niy, m2, ms, ...} be their correspond-
ing multiplicities. To each zero A\, one may correspond the one-dimensional
eigensubspace generated by the eigenfunction y(Ag,t).

For each A of the resolvent set p(D) = C'\ a(D) = {N € ' : E(N) # 0}
the resolvent Ry = (D — A)~! of the operator D is represented by the equality

(0)
) Rrf=ROS - iv—{l—,f'f(é‘ﬁf—lyu,n, f e L' -aa]
So for each A the corresponding root projection Py, = —;';; J RxdA
1%

has the form

, (0)
(3) P\ f = 5:_5 y(/\,t)El\;,{\;?-,\ I}, [ € L'[-a,a),
r

k

and it maps the space L'[—a,a] on the my-dimensional root subspace Iy, =
ker(D — ApI)™* of the operator D corresponding to Ai. (IHere 'y is a circle
with center A; enclosing only the eigenvalue A; among the all cigenvalues of the
operator D.) The root subspace /Ty, is generated by the basis of root functions
(eigen and associated functions)

8
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of the operator D and the projection Py, is represented with respect to this
basis in the form

my—1 .
k 1o 1
(4) P, f = ,Z_:% An‘k—]—-’(f).:!-—(),\.sy(Ak’l)’ f € L'[-a,a],

.where

d\, fe€ LY-a.d],

1 / (A = Ap)™=1=s N (R f}

(5) A{:(f) = :2—7; E(N)

| _
0<s<mp -1, k=0,1,2,... are the coefllicient functionals of the projection
Py, with respect to this basis. Let { Py, }7Z, be the orthogonal projection system
of the root projections of the operator D (i.e. Py P\, = 0 for k # s).

Theorem 1. The spectrum a(D) of the nonlocal Vollerra integro-
differential operator of first order operator D is either emply or infinile countable
sel. If —a,a € suppN, i.e. if —a,a are poinls of variability of the representing
Junction n € BV[—a,a] of the funclional N, then the spectrum a(D) of the
operator D is an infinite countable sct. ;

Proof. To prove the thecorem as well as in the following considerations,
we use a transmutation operator of the form

(
(6) Tf= f(l)+/I\"(t,u)f(-u)(lu
0

considered in [2] - [4], which transforms the operator D into the nonlocal op-
erator D = d/dt considered in L'[—a,a] with domain Xp = {f € AC[-a,q] :
N(f) = 0}, where the functional N = N o 7""! and the inverse transmutation
operator T'~! is a second kind Volterra integral operator as well.

The transmutation operator 7' is a continuous anthomorphism of the
space L'[—a,a] and its restriction is a continnous authomorphism of the corre-
sponding space X = LP[—a,a], 1 < p < o0; Cl—a,a); BV[-a,a]; AC[-a,d]
and the equality

(7) ITf = T%f holds for cach [ € AC[-a,a].

The operator T transforms the integro-differential operator I into the operator
D d/dt considered in L'[—a,a) with domain

Xp={f € AC[-a,a]: N(f)=0},
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where N ¥ NoT-1 ¢ C*[-a,al,i.c.
(8) T:L'—= L', T(Xp)=Xp, and DT =TD in X,

The equality

(9) yA 1) =T7H(e™), M =Ty(A.1)

holds as well. The transmutation operator T' allows us to reduce the nonlocal
problem Dy = Ay, N(y)= 0 to the corresponding nonlocal problem

(10) ¥'=Xxy, Ny =0

on the segment [-a,a] and from the equality (9) we get immediately that the
entire function £(\) def Ni[y(A,0)] = N[TY(eM)] = (N o T")[eM] = Ny[eM).
These equalities show that both problems have one and the same spectrum, i.e.
o(D) = a(D).

The nonlocal problem (10) is considered by many authors but in the
following we essentially use the results of L.Schwartz [5], A.F.Leont’ev [6],
A.M.Sedletzkii [7] and J.I.Ljubi¢ [10].

Especially from a theorem of [6], pp. 106 — 110 we get that the spectrum
of the problem (10) is either empty or infinite countable set. The spectrum
of the problem (10) is empty if and only if the support of the functional N
consists of only one point. In the opposite case (if and only if the support of the
functional N contains at least two different points) the spectrum of the problem
(10) is infinite countable set. It is clear that the last casc is true, if and only
il the representing function # € BV[-a,a] in the Riesz representation of the
functional N(f) = [°, f(u)di(u), f € C[—a,a] has at least two dilferent points
of variability.

We shall prove that the endpoints —a,a € suppN, if and only if —a,a €
suppN, i.e. —a,a are points of variability of the representing lunction n €
BV |[—-a,a] of the functional N, i.e. if and only if —a,a are points of variability
of the representing function i € BV [—a,a].

First we shall prove that @ ¢ suppN, il and only if a ¢ suppN. Indeed, let
a ¢ suppN. Then there is a neighbourhood of the form (a — 8,a] that N(f) =0
for each f € C[—a,a] with suppfl C (a — §,a] and from the Volterra form (6) of
the transmutation operators 7" and 7'=! it is clear that suppT~'l C (a — 8, a],
hence N(f) = N(T-'f) = 0. Therefore a ¢ suppN. The converse implication
a ¢ suppN = « ¢ suppN follows in the same way, since now the inclusion
suppf C (a — §,a] implies the inclusion suppT~'f C (a — 6,a). This shows that
a € suppN, if and only if a € suppN. Analogously, it can be proved that
—a € suppN, if and only if —a € suppN and the last statement of the theorem
will follow from previous remarks. -
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Other conditions, which imply the infinity of the spectrum can be for-
mulated as well. However, the following theorems show that the case when
—a,a € suppN is the most interesting for the investigation of the root function
expansion, since this condition is necessary and sufficient a uniqueness theorem
for this condition to be true, which gives a posiibility for a recovery of an ar-
bitrary function of L[—a,a] by means of its coeflicients in the root function
expansion of the operator D.

Now let a(D) = {Ax}3Zo be an infinite countable set an suppose { Py, }72,
be the orthogonal system of root projections of the operator D (i.e. I\ Py, =0
for k # s). We say that this system is total in the space L'[—a,a], iff the
equalities Py, f =0, k =0,1,2,... for some [ € L![-a,d] (i.e. A¥(f)=0,0<
s<my-1, k=0,1,2,...) imply that f = 0 almost everywhere in [—a,a]. In
other words, a uniqueness theorem for the root function expansion f ~ § i)

k=0

of the functions of L![—a,a], i.e. for the formal expansion

= 19
(11) J o~ 3 Y AN e e ),
k=0 s=0 *

on the root functions of the operator /1 is valid. Then the coefficient functionals
AF of this expansion generates the "traditional” integral transformation

(12) feL — f = {AKS)..., Ab (D) € A,

which is injective according to the totality and maps the space L'[—a,a]in the al-

gebra (X, *x) consisting of the cellular sequences of the form € = {&f..... &5 _ 122,

provided with the inner Cauchy convolution £ +y np = {3 €& ¥ : 0 < s <
i=0

my, — 1}%2, (see [1], pp.26 - 34).

Theorem 2. (Uniqueness theorem) The condilion —a,a € suppN
is necessary and sufficient for the totality of the rool projection system { P, }7%o
in the space L'[—a,a), i.e. it is is necessary and sufficient a uniqueness theorem
to be valid for the root function expansion (11).

Proof. According to the proof of Theorem 1, the condition —a,a €
suppN, is equivalent to the condition —a,a € suppN. Let R\ and itf\o) be
respectively the resolvent and ”the initial resolvent™ of the operator 1 in the
space L![—a,a) and it is clear that "the initial resolvent” is also an entire function

of A,
From the equality o(D) = o(D) we proved above it follows that for each

A of the resolvent set p(D) = p(D) = C \ a(D) = {A € C : E()) # 0} the
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resolvent Ry = (D — AI)~! of the operator 1 is represented by the equality

. . N{R®
(13) Raf=ROf - %«-“, f € L'[~a,a).
From (7) and (8) it follows that
(14) | Ry=T'R\T, R =1""R\"1

in LY[—a,a]. Then the last equalities imply the equality

(15) Py, = T"II.’,\,‘T inl'[—a,a],
where

P, = 1 i 1 . p
(16) Py, = 2m,/n,\d,\, f€eL[-aa], k=0,1.2....

are the root projections of the operator D).

We shall prove that the root projecton system {I\, }7Z, is total in the
space L'[—a,a],if and only if the system {I’\k ‘A‘LU is total in the space L'[—a,al.
Indeed, suppose first that the system {1’\/.}&—0 is total in the space L[—a,da]
and let P\, f = 0, k = 0,1,2,... for some [ € L'[—a,a] . Then P\, f =
T‘lP\ka = 0 and since T" is an Homorplusm of the space L'[—a. u] we get
that P,\,‘Tf = 0 and since the system {I’,\k}k_:o is total in the space L'[—a,a]
we get that T'f = 0 almost everywhere in [—a, a]. But 7" is also an isomorphism
of the space L'[—a,a]). Therefore f = 0 almost everywhere in [—a,a]. This
shows that the system {P), }7, is total in the space L'[—a,a]. The converse
statement is proved in the same way.

Now let —a,a € suppN. Then —a,a € suppN and according to a the-
orem of L.Schwartz—A.F.Leont’ev [5], [6] it follows the root projection system
{Pr, 12, is total in the space L'[—a,a]. Tlence the system { Py, }72, is total in
the space L'[—a,a].

Conversely, let the system { Py, }72, be total in the space L'[—a,a]. Then
the system { P, }§2, is total in L'[—a,a] and according to our theorem proved
in [1], p.199 we get —a, a € suppN. Therefore —a,a € suppN, which finishes the
proof of the theorem. ]

Next theorem shows that the necessary and suflicient condition for to-
tality —a,a € suppN is necessary and suflicient for recovery of an arbitrary
function f € L'[—a,a) by means of its cocflicients A¥(f), 0 < s <my =1, k=
0,1,2,..., i.e. that the functions of L'[—a,a] can be reconstructed by their
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coefficients in the root function expansion, if and only if the uniqueness theo-
rem is true for the root function expansion (11). Also, this theorem shows that
the recovery can be made always using the Abel summability method and the
mentioned transmutation operator T'. We note that in the case of an arbitrary
continuous function V(¢,7) the function y(A,t) is in general not holomorphic
with respect to the variable t. This shows that in the next theorem the using
of transmutation operator T cannot be avoided, as in the case V(I,7) = 0,

D = d/dt considered in [5] - [7].

Theorem 3. (Recovery theorem) Lel —a,a € suppN  and suppose
that o(D) = {A:}2o be the spectrum of the operalor D and T be the trans-
mulation operator mentioned before. Let [ € L'[—a,a] and A%([f), 0 < s <
mp—1, k=0,1,2,... be the coefficients (5) of lhis function in the root funclion
expansion (11). Then by means of these cocfficients A([f) for every 6 > 0 one
may construct two functions F*(z), F~(z), whose are limits of lwo scquences

.
of Dirichlet quasipolynomials of the form kz: Chk+¢kt+...4+¢ ooy M)t
v=0

and which coefficients C¥, 0 < s < myp — 1, k = 0,1,2,... arc finile linear
combinations of the numbers Af(f), 0<s<mp -1, k=0,1.2,... and their
czponents are the eigenvalues A\, k = 0,1,2,... of the operator DD. The func-
tions F+(z), F~(z) are holomorphic [unclions in the open reclangles

O ={2€C: —a+6<Rez<a-60<Im:<wi},

Oy ={z€C: —a+8§<Rez<a-6 —wy <Imz <0}
with sufficiently small w;' >0, wy > 0 and the equality

(17) (Tf)(=z) = lim [FY(x+iy) + F(z —iy))

lin
y—040
holds for almost all z € [—a + 6,a — 8). Also the equalily
(18) f@) = T7H lim [F¥(z+iy) + F(z = iy)])

holds for almost all t € [—a + 6,a — §].
If f € C[-a,a), then the convergence in (18) is uniform with respect to
x € [~a + é,a — 6] and the equality (18) holds for every t € [—a + é,a — §].
Proof. From the equality (14) we get N{flf\o)f} = "N{T? flf\o)f} =
N {RS\O)T f}. Hence from the equalities (13) and (16) and we obtain that

X 1 [MN{RPf) 1 [ eMN{ROT )
(19) R\,f_mrf—ﬁ(—,\)——(u_%rfw-d,\,
k 3
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for f € L'[-a,a] and k£ = 0,1,2,... is the root projection of the operator
D. The root projection maps the space L[-a, a] on the mny-dimensional root
subspace II,\* = ker(D — AeI)™ of the operator D corresponding to Ay, which

|
is generated by the basis of root functions {—l"’ Mt 0 < 8 <y — l} of the

operator D and the projection P\k is represented with respect to this basis in

the form
m‘,—l

(20) Pf = 2 A D, [ e D],

where /if, 0<s<mp—1, k=0,1,2,... are the coeflicient functionals of the
projection Py, with respect to this basis. Using (15), (20), (9) we obtain that
the equalities

my—1

. . B
P\f = T-lP,\hTf = Z Afuk-l—-a('rf);iT_]['l"F’\"'t]
. =0
mi71 15 A m,,-l r
T=1[eM
=Y A @Rt = S A O

hold for f € L'[—a,a]. Then from (1) we get that
(21) Ak f) = A¥(f) for [ e IL'[-a.a).

Hence the statement of the theorem follows rom a theorem due to L. Schwartz
[5], A.F.Leont’ev [6], pp.435 - 447. A convenient formulation of this theorem
can be found in [7] or in [1], p.198. (]

We note that the nonlocal operator D generated by the expression (1)
by the same nonlocal boundary value condition can be considered in the spaces
Y = L?[-a,a],1 £ p £ o or ¥V = C[-a;a]; BV[-a,a] with domain Xpy =
{f € AC[~a,a]: f' € Y,N(f) = 0}. Now the resolvent Ry, the root projec-
tions Py, etc. are represented by thie same formulae (2)-(12) but with f € Y.
Next theorem studies the convolutional structure of the operator 1 of the root
function expansion (11) and of the integral transformation (12).

Let *y be the Berg-Dimovski convolution

[*gg= ﬁ,{/‘zf(w +1- r)_(/(r)(lr}, f,9€ L'[-a.a) -

generated by the functional N = N o T-! (sec (8], [9], (1], Ch.2), where N
denotes the Lebesgue extension of the functional N = N o 7' € ([~a,a]*, in
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the sense of Lebesgue-Stieltjes integral (see [1]. Ch. 2). Consider the operation

(22) F2g ¥ T TS 43 Tg) for [,9€ L'[—a,a,

where T', T-1 is the transmutation operators considered hefore.

Theorem 4. a) The opcration * is a conlinuous convolulion for the
operalor D in every space Y = LP[—a,a],1 < p < o0o; Cl—a,a]; BV[—a,d], i.c.
il is such a conilnuous, bilincar, commutalive and associalive operalion in'Y
that Xp,y is an ideal of the algebra (Y,*) and the equality D(f*g) = (D[f) % g
holds for all f €Y, g € Xp,y. Fach space Y = LP[-a,a],1 < p < 00: C[—a,al;
Cnl-a,a] € {C[-a,d]: N(f) = 0}; ACN[~a.a] & {AC[-a,a): N(J) = 0}
is an ideal of the convolutional alg gebra (L'[—a, a],*) and the operation * is a
Y x L'[-a,a] — Y continuous operation. The resolvent Ry of the operator D
in the space Y is represented by the cquality

: y(A’ t) ’ . nl
: =4 -=2" » A€ C with E(X)#0.
(23) R\f { ) } x [ Jor f€Y, A€ #

b) For each eigenvalue )\ the corresponding rool projection Py, is con-
volutionally represented in the form

: 1 [yAl)
(24)P\, f = [ * ufnk_l, J € L'[-a,a), where uy, oy 2’”|~/ 3B d\

is an associated function of the operator I of hihgest order my— 1 4"""'"-“1"""{""!!
to A\ and the equality um"_l * “fm ;= u,‘,“ y holds. The opcralion * is a
conlinuous convolulion for the root function cxpansion (11) and for the intcgral
transform (12) in the sense of [1],1.2.6.

Proof. a) Since the convolution * is of the form (22) where g is
the Berg-Dimovski convolution (see [8], [9]) with respect to the functional
N = ToN, then from our results of [1], Ch.2 it follows that the convolution * is is
a continuous bilinear operation in the space L'[—a,a], which is a Banach algebra
with respect to this operation. Also, its commutativity and associativity follow
from the corresponding commutativity and associativity of the Berg-Dimovski
convolution. Since the transmutation operators 7', T=1 are continuous antho-
motphisms of each space Y of mentioned form and the , the Berg -Dimovski
convolution is ¥ x ¥ — Y continuous, commutative and associative operation
as well as Y x L![—a,a] — L'[—a,a] continuous operation, then it follows im-
mediately that the convolution # is also operation of the same kind. Using

the fact that E(A) €' Ny[y(A, )] = N[T~'(M)] = (N o T-1)[eM] = Ny[e ] we
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obtain that formula (23) follows from (1), (9) and analogous formula R\S =
{—e\/N(eM)} *y f € L'[~a,a] for the Berg-Dimovski convolution established
in [1], Ch.2.

b) Since P\, = —# fl‘,.. Ry d\ and since the convolution * is Y X
I'[—a,a] = Y continuous operation it is clear that the statement follows from
(23) by means of a contour integration under the convolution sign. From the
general results in [1], Ch.1, 1.5 it follows that # is a continuous convolution for
the root function expansion (11) and for the integral transform (12). i

The system of root functions

M o

(25) YA t) : 05.«gmk-—1};

=0

{iow

of the operator D (or equivalently the root subspace system {ITy,}7Z, of the
operator D) is said to be complcte in a lincar topological space Y C L'[-a,a],
if the set of the finite linear combinations of the root functions is dense in Y.
In the next theorem we obtain a necessary condition for the completeness
of the root functions in every lincar topological space Y C L'[—a.a], which are
dense linear subspace of L'[—a,a] and is topological imbedded in 1.'[—a,d), i.c.
if the topology of Y is stronger than the topology induced in Y by L'[-a,a].

Theorem 5. Let the system of rool funclions of the operalor D) is com-
plete in a linear topological space Y C L'[—a,a], denscly topologically imbed-
ded in L'[—a,a). Then the root projeclion system {Py, )7, is lolal in the
space L'[—a,a), i.e. the condilion —a.a € suppN is nccessary for the com-
pleteness of the root functions in the space Y. In parvticular the condilion
—a,a € suppN is necessary for the complcleness of the rool funclions in the
space Y = LP[-a,a),1 < p < o0. [l is also nceessary for the compleleness of the
root functions in the space C'n[—a,a], if the funclional N € C'[—a,a]* is nol con-
linuous in the space L'[—a,a), e.g. if ils represenling function n € BV[—a,a)
has at lcast one jump in [—a,a).

Proof. The theorem is a consequence of the convolutional structure
cstablished in Theorem 4 and our general theorem proved in [1], p.53 (‘Theorem
1.3.4). .

Next theorem gives some sufficient conditions for completeness of root
functions in some subspaces Y C L'[—«,a]

Theorem 6.  Let the representing function n € BV[—a,a] normal-
ized by the condition n(t — 0) = n(t), t € (—a,a] have at lecasl one point of
discontinuity in [—a,a]. Then:

a) There ezxists L'-bounded approximate identily in each Banach algebra
(Y,*), where Y = LP[~a,a],1 < p < oo; C[-a,a]; Cy[—a.a); AC'N[—a,a], ic.
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there is a sequence eg € Y which is boundcd with respeet to LY -norm such that
co * [ — [ with respecl to the Y -norm for cach [ € Y.

b) If the root functions of lhe operalor 1D are complele in lhe space
1l [—a,a), then they are complele in cach space ¥ = LP[—a,a).1 < p < oo;
Cl[~a,a]; Cn[—a,a); ACN[—a,qa). In particular, thcy are complele in these
spaces, if one of the endpoinls —a, a of lhe scgmenl [—a,a] is a jump poinl
and the other is a point of variability of the represenling funetion n.

Proof. Indeed, using the Volterra form (6) of the transmutation opera-
tor 7" it is easily to prove that for cach f € (‘/[—a.a] the functional N = NoT is

o

represented in the form N(f) = N(T'f) = [ [(r)di(T), where its representing

-

function 7 € BV[—a,a] is represented in the form

n(t) — j dr f K(v,7)dn(v), —a<1<0
(26) @)= Py

-

n(t)— [ dr}l\"(v, T)dn(v), 0<t<a.
o T _

The last equality shows that the functions of bounded variation it and n differ
with an absolutely continuous function, hence we obtain that the function 2 has
the same jumps as the function n. Then according to a theorem ([1], p.114)
for the Berg-Dimovski convolution *, there exists L'-bounded family of func-
tions {€9}52, in each space Y. Now since the transmutation operator 7' maps

continuously Y onto itself, it is easily scen that the family eg -4 T=Y(ég) is a
L'-bounded approximate identity for the convolution * in Y.

b) follows from a) in the same way as it is done for an analogons result
for Berg-Dimovski convolution ([1], p.151, Theorem 2.1.16). a

We note that other sufficient conditions for completenes of the root func-
tions in the space LP[—a,a],1 < p < oo can be formulated as woll. They are
similar to conditions of J.I. Ljubi¢ [10] who considered the special case D = d/dt,
V(t,7) = 0. A.M. Sedletzkii [7] proved that the conditions

(27) n(te F0) # n(xa), i:lél Ak = Ag] > 0,

are sufficient for basis property of the exponent system (root functions of D in
the special case D = d/dt, V(1,7) = 0) in the space LP[—a,a],1 < p < 00. In
the general case of the nonlocal integro-differential operator of first order D it
turns out that the conditions (27) are also suflicient for existence of LP-basis of
root functions of the operator D in the space LP[—a,a],1 < p < oo. Moreover,
these conditions are sufficient for Z'-summability of the root function expansion
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(11) by means of Riesz means for each {unction f € Ll—a, a]. They are suflicient
for C-summability of the root function expansion (11) by means of Riesz means
for each function f € Cn[—a,a]. The conditions (27) are also sullicient for the
uniform convergence of the root function expansion (11) for instance for each
function f with bounded variation of C'y[—a,a] .
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