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006 ogHOM (bYyHKIMOHAJIBHOM YpaBHEHUH

H. Hukosios B. Craskos

B crarbe obcyxkgaercst perienne 3ajaun 16.6 u3 3amaunuka «Ma-
TEMATUIECKOTO TTPOCBEIEHUST>

B sT0it crarbe Mbl uccaeayem pyHKIMOHAIBHOE YPAaBHEHNE

f(f(@)) = g(x), (1)

na dyuxmuo f: N — N,V e g: N — N — jgannas unbexrusaas GyHKims.?)

Oynkimn g yaobHO comocTaBuTh opueHTHpoBanublii rpad I'(g), Beprmna-
ME KOTOPOro ciy»Kar sjeMenTsl N, a pebpa BeyT or x K g(x) st Bcex x € N.
VHBbEeKTUBHOCTD ¢ BJIEUET CJIEYIONLYI0 CTPYKTypy rpada: Bce Bepuiunbl ['(g)
pasbuBaroTCs Ha HelepeceKarompecss MHoxkecTBa K, rme kaxpoe K; mmeer
OJIMH U3 CJEIYIOINX TPEX TUIIOB:

i) Geckomeumast uenouka: © — g(x) — g*(z) — ..., B xKoropoit g~ (z) =
=0, u g'(x) # ¢°(x) npn s # t;
i) yura daunor 0o: ... — g 2(z) — g H(z) — x — g(z) — ¢*(x) — ...,

rie g (x) # g°(z) npu s # t;

i) wuma daunw k (k € {1,2,3,...}): 2 — g(x) — ¢*(z) — ... — ¢%(x) =
= x, rje Bee ajeMentTsl T, g(x), g%(x), . .., ¢ '(z) nonapuo pazamuHbL

Byzaem rosoputsk, uro g — dbyukius muna (a;b; ¢y, ca, . . .), ecau I'(g) pas-
buBaeTcsa Ha a IENOYEK, b IUKJIOB JJIMHBI OC U ¢, IUKJIOB IIUHHI k, k =
= 1,2,... (31€ch a,b, ¢k MOrYyT HE3ABHCUMO JPYI OT JIpyra NPUHUMATH 3Ha-
genus 0,1,2,...,00). CupasemnBa cjejyromas TeopemMa, B KOTOPOii jaercst
orBeT (B TepMUHAX THIA (YHKIMA ¢) HA BOIIPOC O PA3PEIIUMOCTU yPaBHEHHs
(1), IpEYeM U3 JOKA3ATEIHCTBA SICHO OIECAHIE MHOMKECTBA permeHmii.®)

UN MOXKHO 3aMEHHTH HA HPOM3BOJILHOE CUETHOE MHOXKECTBO, TAaK KAK apH(METHUCCKHE
OllepaIUy 3/1eCh He UCIOJb3YIOTCS.

D HanoMHEM, YTO g HA3BIBACTC UHLEKTHBHOM, eciu u3 g(z) = g(y) BoITekaer & = y.

3 JIns HATYpaibHOrO k MBI IOJIATaeM g () = g(¢" (). Kpome roro, ¢°(z) = =,

—10N _ —k(N _ =1, —kF1

g (@) ={ylgly) =z}, g "(x) =g (g7 (2)).

' MeTon m0KA3ATEIHCTBA IPUMEHIM JIJIsi ONMCAHHS Pellennii ypasnenns f° = g, rue k —
HATYPAJIbHOE, & § — JAHHAS WHHLEKTUBHAA (DYHKIMS.
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TEOPEMA. [Iyemov g: N — N — dynryus muna (a;b;cy,ca,...).
a) Ypasuenue (1) nepaspewumo mozda u moavko moada, ko2da 6 MHoHCE-
cmee {a,b,cop | k=1,2,...} ecmv zoms 6o, 00HO HeuemHOE HUCAO.
6) Vpasnernue (1) paspewumo u umeem KOHEUHOE MHOHCECTNEO DEUWEHUT
moeada u MoAvko Mozda, K020 BVMOAHEHDL CACOYIOULUE YCAOBUS: 68 MHOHCECTNEE
{a,cor | k= 1,2,...} sce wucaa wemmo, b =0, u cymma
o0
> (can—1(cop—1 — 1) + cox)
k=1

KOHEUHA.

Ormernm, 9TO YaCTHBIN ciaydail Hameil 3ajgaun st Gyuknuu g(r) = x +
41987, npemrarasicss Ha MexKayHapOSHON MaTeMaTuIeckoi ogumMmuaae 1987 r.
Kak Buanm, sra dbysknus umeer tun (1987;0;0,0,...), u, coracHo HaIeii
TeopeMe, Jist Takoii byHKIMK g ypaBHeHue (1) He uMeer pereHuii.

,HOKASATEIIBCTBO TEOPEMBI

[Tycte N — 310 MHOXKecTBO Bcex BepriuH 1'(g), mpuHA/JIeKaIIUX K-
naM (KOHeYHbIM U GeckoHedHbIM), a M — 310 MHOXKecTBO Beex Bepiud ['(g),

0 .
upuHa Ieamnx oeckonednbiM nenoukaM. (Popmansao N = () ¢*(N), M =

i=0
= N\ N.) SIcno, uto g(N) = N u g(M) C M. Obozunaunm M; = g'(M)
(i =0,1,2,...) u S; = M;y1 \ M;, Tak 9ar0o Sy — MHOXKECTBO HaYATHHBIX

9JIEMEHTOB BCeX BECKOHEUHBIX Ienouek, S1 = ¢(Sp), S2 = ¢(S1), - .- .
[Tycrs dynkius f ynosiaersopsier (1). Tak kak g MHbeKTHBHA, TO U f
unbekTHBHA. OTMETHM TaKKe, 9T0

fg(n)) = g(f(n)) mrs Beex n €N, (2)

Tak Kak JieBasi u npasas dactu (2) pasasl f(f(f(n))).

[Mokaxem, aro f(M) C M u f(N) C N. JloctaTo4HO HOHSITH, 9TO MHO-
xectBa K = {k € M | f(k) €e N} u L ={l € N | f(I) € M} uycrsre.
[Ipeamonoxum K Hemycro. Haiigem MuHEMAJIBHBIH HOMED ¢ Takoit uro K N S;
Hermycro, u BosbMeM k € K N S;. Tak kak f(k) € N, vo f(k) = g(z) s
Hekoroporo x € N. 113 pasencrsa f(k) = f(f(x)) u uabekrusroctu f mosy-
qaeM k = f(x). s smementa z naiinem y € N Takoit uro ¢g(y) = z. [Iycts
z = f(x). Umeem k = f(z) = f(9(y)) = 9(f(y)). Ecoin ¢ = 0, 1o ectb k € Sy,
nostyunan nporusopeune, tak xkak ¢ (k) = @. Unaue f(y) € S;_1. Kpome
toro f(f(y)) = g(y) = = € N, nosromy f(y) € K N .S;_1 B mporusopedne ¢
BBIOOPOM 4.

[Tpeanonoxkum, uro L wenycro. Bosemem z € L. Ilo onpenenenuto f(z) €
M. C npyroii croponst f(f(z)) = g(z) € N. Orciona f(z) € K, u Bce cBOIUTCS
K IPEJIBIIYIIEMY PACCMOTPEHHIO.



194 H. HuxosoB, b. Crankos

Nrak, Mbl pa3aenniv HAILY 3a/a9y Ha JIBE HE3ABUCHUMBIX MOA33AYUN I
muoxkects M u N.

1. Pemmm 3agaqay gt M (MoxksO cumrarh, uto N = &). Ilosmoxnm
A={a € Sy| fla)€ Sp}, B={be Sy| f(b) e M\ Sy}

OueBugno AUB =Sou ANB=@.

Bamernm, ato ecan ¢ € A, To f(x) € B. [eiicTBUTENBbHO, TPEIITOIOKAM
uporusnoe: f(x) € A. Torna f(f(z)) € Sp no oupenesnennto A. Ho ¢ apyroii
cropoust f(f(x)) = g(z) € S1 — nporusopeune.

[Mokaxkem, uro f(B)NMy = &. IlpeanosioxKum, 9T0, HAIIPOTUB, CYIIECTBYET
y € B rakoii uro f(y) = g(g(x)) nis mexoroporo x € M. 13 (2) u (1) ciaexyer,
210 6y) = F(F@) = F(6@)) = o(g(f())). Tax xex g mvercrupms, 10
y = g(f(z)), uro uporusopeunTt BKiOUeHUIO Yy € So. Urak, /s Kaxioro
y € B umeem f(y) € Si, 1o ectb f(y) = g(x) mas mexkoroporo x € Sp.
C npyroit croponsl, g(z) = f(f(z)), u B cuiy uabeKTUBHOCTH f MOJydYaeM
y = f(z). Tak kak y € Sy, 10 x € A. Ilomyuaem, uro f(A) = B, B yacTHOCTH,
ecin a = |Sy| koneuno (|.Sy| paBHO KOIMUECTBY GECKOHEUHBIX MEIIOYEK ), TO OHO
YEeTHO.

C npyroit cTopoHbl, Ipu JIFOOOM pasOUEHNN MHOXKECTBa Sy Ha JIBe YaCTH
A u B rakue, uro |A| = |B| mobast 6ueknus h: A — B mpojoKaercs e/IiH-
CTBEHHBIM 0Opa3oM 110 uckomoii pyHkmuu f: M — M ciieayronmm oopas3oM.
IIycts ¢ € 5;, Torna

{ fa) =g (hlg7'(2)),  ecm g7i(x) € A,
J(@) = g (Mg (@), ecmn () € B,

B ciyaae gernoro a 1o naer ((;}2) - (a/2)! uckombIx yHKITHIL.

2. Tenepsb pemmnm sagady gt N.9 s xaxmoro © € N Imycrb G(z) =
= {¢'(x) | i € Z} — nuxn (opbuta) 3MeMeHTa T (UKL JBYX 3JIEMEHTOB
JibO He MepPeceKaoTCst, TMO0 COBIIAIAIOT).

Bamernm, uro ms Besikoro ¢ € N Bepuo f(G(x)) = G(f(x)). Dro caemyer
u3 toro, uro f(g/(r)) = ¢/(f(x)) mna Beex j € Z. Orcroma momydaeM, 9To
f(G(f(x)) = f(f(G(x))) = g(G(x)) = G(z). Buaunt, Jysi KazKJIOrO MUK
umeercst siBe Bo3MmoxkHocTH: Jmbo f(G) = G, nubo Haiijercs Apyro UK/
G rakoit, uto f(G) = G u f(G) = G. 3adukcupyem | € {1,2,...,00} u

pacemorpuM 1wk G sl |G| = 1.

a) Paccvorpum cayuait f(G) = G. Bosbmem z € G. Tax xax f(z) € G,
umeem f(x) = ¢/ (x) mna mexoroporo j € Z. Jna kaxnaoro y € G, y = g*(z)

%) dakTudeckn 910 3a/1aua pEllleHns] yPaBHEHHs] T2 = ¢ B I'PyIIe Seo GHEKIHMIl CYETHOro
MHOKECTBA.



mveem f(y) = f(g*(2)) = ¢*(f(2)) = ¢*(¢’(2)) = ¢/(¢"(2)) = ¢’ (y). Unteen
g(z) = f(f(2)) = ¢ (¢’ (x)) = ¢%(x) wm g¥~!(z) = z. 1o ozmauaer, uTo |
koneuHo u 25 — 1 genmres wa . Orciona | veverno: | = 2k — 1. Tlosromy j = k
(mod 1), n 3HaunT cyxenue f Ha G OJHOZHAYHO OMPEIEISETCS PABEHCTBOM

f(a) = g"(x). (3)

6) Paccmorpun Bropoit cayuait: f(G) = Gu f(G) =G, G #G. B
ciydae cyxenne f wa G — sro 6ueknusa mexay G u G (f(G) = G u f nnb-
extusHa). 3uaunTt, |G| = |G| = [. Baduxcupyem x € G. Ilycrs T

Torna ogHO3HAYHO
fy) = ¢"@), ecmy=g"@)eq,
fly) =g (@), eccmy=g"@) eq.

Hao6opot, mis npoussosbaoro T € G cyskenne na G'U G Taxoit bynknun f,
aro f(x) =T, oqHO3HAUHO ompejessercst popmynamu (4).

Urak, ecin | 6GECKOHEYHO MJIM YETHO, CJIydail a) HEBO3MOXKEH, TI09TOMY KO-
JIMIECTBO MHUKJIOB AIUHBI [ b0 6eckoHeuHO, b0 yeTHO. IIpm sToMm Karkmoe
pazbuenue MUKJIOB JIMHBI | Ha mapel jaeT | crocobos onpeemuts f na GG
!l

C
—_— = CHOCO6OB B TOM cCJIv4dae, KoI'Zla l n C
(cr/2)! - 2972 yHae, For :

no dopmysnam (4) (uroro

KOHEYHBI ).

Ecan | HeweTHO, MHOXKECTBO IIMKJIOB JJIMHBI | pa3dbMBafOTCS HA MHOXKECTBA
SuT, (|T| uerno nim 6eckoneuno). Torma f onpesessiercs Ha KaXK[OM IUKJIe
u3 S eJUMHCTBEHHBIM CIIOCOOOM Kak mokazaHo B (3). Lluxisr muoxecrsa T npo-
M3BOJILHO Pa30MBAIOTCs Ha IIapbl, U JJIs KayKJ0il napel f olpejiesiseTcs OJHIM
u3 | crocoboB Kak MOKas3aHo B (4).

OObeuHsist MOJIyIeHHBIE PE3YJIBTATHI, HOJIYIUM YTBEDPKICHUE TEOPEMBI.

Aproper 6maromapst I1. KoxkeBHMKOBa 3a IOMOIINB B IOJATNOTOBKE TEKCTA
9TOI 3aMETKM Ha PYCCKOM SI3BIKE.
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