Selected topics in Functional Equations
Inserting New Variable

In this lecture we try to establish the way of solving functional equations
with inserting new variable. Indeed this method can be viewed as a
discovering way. Which can reduce complexities of the problem.

Problem-1: lets f:R* > R such that f(x+y) =‘f(%£¥)4—f(xy) prove that for all
positive real number x,y we have f(xy)=f(x)+f(®). Taiwanese Olympiads

Solutions: if we regard the system: %%?zza,xy::b. And solve it we receive

a+ |a2-% a- /az—i
that x = 5 d Y = 3 i
b

thus for all positive real number a,b such that

a’b > 4we have f(ab) = f(x+7y) = f(’:r—yy) + f(xy) = f(a) + f(b). Now we must

generalize it. For this mission we insert new variable z, to count f(xyz)
twice. implies that we must find a variable z, for which: f(xyz) = f(z) +
fay)=fxX)+fyz)=fx)+f(y)+f(z). Or the following equalities holds
simultaneously: f(xyz) =f(2)+ f(xy), f(xyz) =f(x)+f(yz) and f(yz) = f(y) + f(2)
ensure that we need a number z such that x%y?z,x%yz,y?z >4 thus holds for all
sufficiently large z. then we have: f(z) + f(xy) =f(x)+ f(y) + f(z) and we are
done.

Problem-2:Let n be a nonzero integer such that for function f:Z — Z we have:

fx+y+f)=f&) +ny
Find the function f.

Solution: first of all we will prove f must be injective. Assume the contrary
thus there exist distinct integers y,z such that f(y) = f(z) = a.then we can

see that: f(y) =f(—a +y+f(y)) =f(—a)+ny # f(—a) +nz = f(—a+z+f(z)) = f(2).

Contradiction. And then we have:

fr+z+fO)+y+fO)) =fx+z2+f@)+ny=f)+nly+2)=fx+y+z+f+2)

Then we have: x+z+f(y)+y+f(y)=x+y+z+f(y+z).implies that f is
additive. And we are fone.

Second Solution: define the function g as: g(y) =y + f(y) thus we have
flx+9g®) = f(x)+ny set xix+g(y),x —g(y) we can deduce that for all integer
k. we have: f(x+kg(y))=f(x)+nky. Now take two different integers y,,y, and
use the result for k=g(y;),9(y,) and y=y, , y;we have:



flx+901)9(2)) = F(x) + ng(y1)y2
flx+901)9(r2)) = F(x) + ng(y2)ys

Comparing this equalities we must have: g(y,)y, = g(¥,)y; implies that g is
,linear function . and then f is so..

Comment: this problem for the case n=2. Was proposed in Saint-Petersburg
Olympiads-2002. And the problem adding up the case n=0. Proposed in Chinese
selection test 2012. Now try The case n=@.

Problem-3: Find all functions f from positive real numbers to reals such

that: f< /x2+x;+y2> = f(x):f(y) Poolish Olympiads
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Solutions: define the *-operator as: x*y= f% thus we have: f(xxy)=

w. Now we have f((x xy) * (z * t)) = f(x)+f(y):f(z)+f(t)the last equality is also

equal to f((x*t)*(zxy)). Now define g(x) = (x?xx)* (x*1)and h(x) = (x? * 1) = (x *
x).also by the homogeneity of the operator we have tax*tb =t(axb) we have .

thus for all positive reals x,t we have: (tg(x))zf(th(x)). easy calculations

show us:g(1) =h(1) =1and g(2) = % ,h(2) = /11+2‘r1mp11es that g(2) > h(2)and then

‘ZEZ;>1now by the continuity of the function %we deduce that this
function is surjective on the interval (1,A)for all x belong to (1,2).(this
trivially deduced from the intermediate value property) now choose a,b such

that Ze(l,l) thus there exist number z belongs to (1,2).such that §=&? now

take: A=

a
set t—ﬁ,x—z. We have:

_ by 9(2) B
f@%f@;)f(,M) f@ug(ﬁ f@uh&ﬁ—ﬂ@

Thus f 1is constant on the interval (a,Aa) now take T=n\/§Sﬂ then f 1is

constant on these intervals: (a,ta),(ra,t2a), (t%a,73a),..(t" ta,t™a = b) and we are
done...

Problem-4: for functions f:R* - R we have:
fG+Y) =fE+fO) +fG+2)

Prove that: f(xy) =f(x)+ f(y)

Solutions: define F(x,y) = f(x +y) — f(x) — f(y)thus we have



Fix+y,z2)+F(x,y) =F(y+2zx)+F(y,2)

Now by use of the problem assumption we have :

(ERUNIIE RIERUNR

From the problem statement we can easily deduce that f(1)=0,f(x)+f(%)=0

now set y,z such that §+§=1then we have y,z > land z=ﬁ then we have the

following relations:

1 1 24xy—x 1 1 24xy—x
- = i and —_— 3= u
x+y  z y(x+y) y+z  x xy?

2 _ 2 —
Now we have: f(w)+f(%+§)=f(y Xy x). Then regard the system u=%+

y(x+y) xy?
1 V2 +xy—x .
5 V= 56 then f(uv) = f(u) + f(v). Now we must solve the system and finf the
domain of its validity. Lets regard thatv=1- *_ thus we have v € (0,1) and

y(x+y)

1 1 . s
also v = 1—u—yzor' w=u--3 now we can represent x,y explicitly:

1 _ u+/u(1-v)

X

yzw/u(l—v) ’ u(u+v—1)

Sinceu+wv—1 must be positive and 0<v<1 we must have u>1. Thus we
conclude that: Vu>10<v <1 f(uv) =f(w) + f(v).

Now its obvious that for all reals u,v there exist number 2z such that
zu > 1,§< 1(take z sufficiently large). Then we have:

1 1
fa = f(zu) = fw + Q)
fo=f(C.2)=f(5)+f@

Add up the following equations we have f(u)+ f(v) = f(zu) +f(§)and as zu > 1,2 <

1 we have:f(zu) +f(§) = f(zu.Z) = f(uv) and our proof is complete.

Problem-5: . Prove that if the function f is defined on the set of positive
real numbers, its values are real, and f satisfies the equation

(52) + (7)) = 1@ + f0)




for all positive x,y, then

2f(yzy) = flz) + fly)
for every positive number pair x, y. Miklows Shwitzer

Solutions: Let a,b,c,d be positive real numbers. By applying the functional
equation several times, we have

fla)+f(b)+f(c)+f(d)=
I (53) (38 (512 -
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By repeating the above procedure with b and c¢ interchanged, we get

(1) f({a+b}|{c+d}) f(ﬂfx:+ﬂh'f+ﬂmf+hﬂ)=

a+b+e+d (a+b){c+d)

f ({a +c}{b+d}) f (ﬂh’:+ﬂM+ﬂmi+hﬂ)
a+b+e+d {a+e)(b+d)

2
Let a=c¢b =%andt=%+%. It is easy to check that

(a+b)(c+d) _ abe+abd +acd+bed _
atbte+d  (a+be+d

@+e)b+d) 2
a+bt+c+d oy



and finally

tﬂm+tﬂxﬂ+tmﬂ+fnﬂ_u_‘2+ﬁ
(a+e)b+d) 2t

Substitution of the results into (1) gives

(2) 2@=f(a 57) + 1 (- )

t can be any number not smaller than 2, andﬁ% can be any number not smaller

than 1. Thus for every number pairx >y there exist the numbers a and t, such
that 2% = X, aen) _ y,a=.xy.

2+t 2t

Problem-6:Let N,,be set of positive integers greater and equal to m find all
functions f:N,, - N,;, such that: f(xzﬁ—f(y))::y-+f2(x) Mathematics and youth

Solution: its obvious that f is one-to-one. let k€N, thus k>=m and take
f(k) =1.set x=k. then f(k*+f(y))=y+1?(1).then set y=k.to receive f(x?+1)=
k+ f?(x)(2(.and also we havef(k?+1)=k+1?(3) .now set y=k?+1lin (1)recieng
K2+ fR2+D) =f(k2+k+13) =k?>+1+1%. Now we want to prove the following
statement by induction:

vn € N:f(1— 12+ n(k? +12)) = n(k2 + 12) + k — k2

The statement is obvious for n=1, assume it holds true for n, and we must
prove its truth for n+l. For this we may prove the maxim statement such that:

flk+n(k?*+1%) =1+nk?>+1%)

Which may be proven by induction assume it holds for n. then Set y=k+
n(k? +1?)in(1) to see that:

f (k2 + £k +n(k? + 12))) =k +n(k? +12) + 12

Thus f(k2+1+nk?2+12))=f(1-C+nm+DE*+1®))=mn+1Dk*+1*)+k—k? now we

must prove the truth of the maxim statement for n+l. Indeed if we set

y=1—1?+ (n+1)(k?+1?)in(1) we have

f(R2+F(= 2+ 4+ D2+ 1)) = flk+ (n+ DE?+12) = 1= 2+ (n+ D)2 + 2) + 2
=1+ m+1DE?>+1?)

And it proved.



Now if we set x =k?+k+[%and y=k. we can see that:

FUA+ K2 +k+12)2) =k — k2 + (k2 + %) (k% + (L + 1)?)

We can see that: f(l—I12+ (k24 1+ 1)) (k2 +12) = k—k2+ (k2 + (I + 1)?) (k? + I2)

n n

Now by the injectivity of f we must have:
L+ (k2 +k+12)?2=1-1+ K>+ 12)K*+ (1 + 1P
Which implies that k=1. thus f(x) =x is the only solution.

Comment: in the inductive step first we prove that if the maxim statement
holds true for n, then the original statement will be true for n+l. And then
prove that if the original statement holds true for n+l then the maxim
statement holds true for n+l.and this procedure will works inductively.

Problem-7: find all functions f:R — R which is positive for all positive real
numbers and satisfy the following equation:

fx+y+xy)=fly)+fx)+ Q)

Solution: its obvious that f(0) =0and f(—x) = —f(x),now by putting
(—x,—y)instead of (x,y)we have f(xy—x—y) = f(xy) — f(x) — f(y)add up to the
problem statement we have f(xy+x+y)+ f(xy—x—y)=2f(xy). Then set xy=a
if a <0 then x+y covers R(since the inequality (x +7y)? > 4xy) now if we set
xy =u,x+y=vthwn for all u<0,v€R we have f(u+v)+ f(u—v)=2f(u). Now by
the oddness of the function it holds true for all reals u,v. now set u=v
then f(2u) = 2f(u).and then take u+v=au—v=>b then we have f(a)+ f(b) =
f(a+b).and f is additive. By the positivity of f on the right side of real
line we can conclude that f is linear function passing through origin.

Problem-8: find all functions f:R - R which is positive for all positive real
numbers and satisfy the following equation:

fix+y+2xy) + f(=2xy) = f(x) + f(¥)

Solution: Define a function G:R? - R such that G(x,y) = f(x) + f(¥) — f(—2xy)
thus we can see that G(Zu,%v)+6(2uv,w) = G(Zu,vw)+G(_7V,w) which leads to the

equation:

f(Zu—;—Zuv)+f(2uv+w+4uvw) =f(2u+uw+4uvw)+f(_7v+w—uw)



Set 2vw = —1then we must have
v 1 -1 -V 1 1
f(Zu—E—Zuv)+f(2uv—2—v—2u) —f(7)+f(7+5—2—v)
Now choose arbitrary reals x,y such that

v +1
2u — 2 —2up ==
2 2

1 x+1
2uv — ——2u=—
2v 2

Adding up the equations we can see that —(v+1+2) =x +y thus for negative
x+1

values of x+y we have f(yTH)-l'f(T) f( )+f(x+y Ydefine g(x) = f(xT-l-l)_
f(_?l).r‘eceive that g(x+y+2) =g() +g(y) set y=0we see that g(x+2) = g(x) +

g(0)thus gx+y+2)=gx+y)+g(0) =gkx)+g(y)then set the function h(x) =
g(x) — g(0)we have h(x +y) = h(x) + h(y)its obvious that if x+y <0 the equality
holds now we must prove it for positive values of x+y. For positive value of
x +vy there exist real number z such that z+4+x+yandz+ x be negative. Thus we
have: h(z) +h(x+y)=h(z+x+y) =h(z+x)+ h(y) = h(z) + h(x) + h(y)implies that h
is additive. And as h is bounded from below(by the positivity of f in the
right side of real line) we must have h(x) = cxfor some real c.

Problem-9:find all functions f:R* — R*such that:

fey) +fx+y)=flx+xy) + )

Solution: first of all set y+ linstead ofy. To see that:

fy+x)+fx+y+D=flxy+20)+f(y+1)

Thus we have f(xy)+f(x+y)+fx+y+ D =f)+ fxy+2x)+ f(y+1) now put
(%,Zy)instead of (x,y) in the above relation we have:

Fy) +f (G+29) +F(G+2y+1) = F@) + Gy +0 + f@y + 1)
Now putting f(x+y)— f(y)instead of f(xy+x)— f(xy) we receive the equation:
FGH2y)+f(GHay+1)-fa+y =f@)+fCy+ 1D - fO)

Put x —yinstead of xwe receive that:

3 3
FG+3)+F (545 +1) = F@n) +F@y+ D = fO) + £G)



Now set %instead of ywe receive the following equation:
(G2 o= () B Qoo
Then define f;(x) = f(Z)+/(5+1)=f(3), o) = f@and f5(x) = f (2) + £ (5 +1)

Then we have fi(y) + fo(x) = fz3(x +y). Then we need the following lemma:

Lemma: the functions f,g,h satisfying the equation f(x+y)=g(x)+h(y) is
shift of additive function.

Proof: set y =0and h(0) = athen f(x) = g(x) + athen set x =0and g(0) = and
then h(y) = f(y) —B. Thus we have f(x+y)=f(x)+f(y)—a—-p

Problem-10: let abe positive real number find all functions f:N — R such that
for all positive integers k,m such that am <k < (a+ 1)m we have

f(k+m)=f(k)+ f(m) Chinese TST
Solution: first of all we prove the following lemma:
Lemma: for sufficiently large enough n there exist real number u such that
am+)<u<(@+1Dn+1Dandan<u+1<(a+1n
Proof : it suffices to prove that :
an<anm+D<u<ut+l<(a+n<(a+1)n+1

This is obvious for large enough n an<u<u+1<(a+1)(n—1) indeed for this
u. we have :

m—Da<aen+)<u<u+l<(a+1n-1)

Now for the existence of such u, we must have: (a+1)(n—1)—a(n+1)=2 or
n > 2a + 3. Take n larger than this quantity we are done.

Now we have the following equations which leads to solving the problem:
fo-D+flu+)=fn+uw)=fn)+f(w
thusf(n) — f(n—1) = f(u+1) — f(u). We also have:
fr+D+fw=fn+u+1)=fu+1)+f®n)

Thus f(n+1)—f(n)=f(u+1)—f(u). Indeed foe all n > 2a+ 3 the quantity
f(n+1)—f(n) remains constant(i.e. f(n+1)—f(n)=fn)—f(n—-1))



Now set ny =1+ |2a+3](its obvious that ny >3) thus for all n>n,—1 we have

fm+1)—f(m) =f(ng) — f(no — 1)

Then we can easily find that:

f(n):(n_n0+1)(f(n0)_f(no_l))+f(n0_1)

Then set k,m such that m >ny,,am >ny and am <k < (a + 1)m which leads to
tk = ny then:

flk+m) = f(k) + f(m) = (k + m —ny + D(f(ng) — f(ng — 1) + f(ng — 1)
:(k_no+1)(f(n0)_f(no_l))+f(n0_1)
+(m—ng+1)(f(ng) — f(ng — 1)) + f(ng — 1)

Comparing the equalities we receive that: (ng—1)f(ng) =ngf(ng—1). Thus we
can see that f(ny,) = an, for some real number a. then for all n>ny,— 1we have
f(n) = an. now assume there exist positive integer n; such that f(n;) # an;. Now
assume a > 1 then there exist positive integer k such that an; <k <(a+1)ny
then we have k >n;,k+n; >n,. This implies that: f(k+n,) = f(k)+ f(n,) or
f(ny) =fk+ny)—f(k) now if we setn; minimal number which the inequality
holds the problem was killed.

Now if a <1 then an; <n; <ny(a+1) then f(2ny) = f(n) + f(ny) now if we set n,
be the maximal value which the inequality holds then f(2n,) =2an,; and we are
done.



