JIudpTunr

Bagaua 1. (nonua 2010, 2) Heka k e ecrecTBeHO YHUCIO U M € IJI0 HeYeTHO ducio. Jla ce mokake,
4e ChINEeCTBYBA €CTECTBEHO YHCJIO N, 3a KoeTo 2F memu n™ — m.

Pewenue. e nokazkem TBbpaeHneTo ¢ nHaykiwms mo k. Ilpu k = 1 moxkem 1a B3emem n HedeTHo. Heka
no € N e takosa, ge ng® =m (mod 2¥). OueBuano ng e HeverHo.

Axo ngo =m (mod 2k+1), HAMAa KaKBO /1 J0Ka3BaMe. B mporusen ciydaii me JoKaxKkeM, 9e n = no+2F
BBbPIH pabOTA.

Nmame ng® —m = d2F, xbaero d e nederno u cienosarenuo ng® —m —28 = (d—1)2% ce nemm na 2841,
k
Ot Teopemata na Ofinep ciensa, we n2 =1 (mod 2**1). Torasa

k k Nno _
n® = phot? =ptop? =pho = (no + 2k)"° =ng® + ( 1 )ng(’ Lok

= m+2F 002" =m + (ng° +1)2%  (mod 28T1).

Caenosarenno n™ —m = (ng® +1)2¥ =0 (mod 28+1).

Bagaua 2. Heka n > 2 e ecrecrBeno uncio. /la ce j0Kaxe, 9e CbIIECTBYBA €CTECTBEHO UHCIIO 1M, 33
koeto 3"||/m? + 17.

Pewenue. Ilpu n = 2 nmame m = 1. Heka TBbpAeHNETO € BAPHO 3a HAKOE n > 2, T.e. uMame m € N,
3a koeto m> + 17 = 3"(3¢ + 1), kpaero g € N, r € {1,2}. la orbenexum, 4e m He ce IeId Ha 3 U 3HAYH
m? =1 (mod 3).

Ille mokazxeM, ue chiecTByBa s € {1,2}, 3a xoero (m + s3""1)3 +17 =0 (mod 3"*!). [eitcTurento,
nMame

(m 453" 13 417 = m® + 17+ 3"m?s + 3" tms? + 337733 = 3" (r + 5) (mod 3"T1)

7 CJIeIOBATEJIHO TpsOBa, 1a m3bepeMm s = 3 — r.

Heka 1 =m + 3" (3 —7) u 29 = 21 + 3" == m + 3" (6 — r). Torasa or roproro cieasa, ge 3"
nemu x3 + 17 u 23 + 17. Ille nokazkem, 4e moHe eaHo OT wucaaTa 5 + 17 u 23 + 17 ne ce gemm na 3"
OTKBJETO Iie cJjeasa uckanoro. Jla gomycuaem 3a MomeHT nporusHOTO. Torasa nmame [OCIIEZ0BATEHO

0=a +17= (v; +3") + 17 =23 + 17+ 3" 127 + 32"y + 33" = 3"+ (mod 3712),

nporusopeune (m3nomssaxme 2 =1 (mod 3)).

Bagaua 3. Heka f(x) e momunoMm ¢ mesu koedunuentn u 6e3 kpaThu Kopenu. [la ce mokaxe, de 3a
BCSIKO €CTECTBEHO 9YHCIIO k ChImecTByBaT Ge30pOiiHO MHOIO HPOCTH <HCIA P, 33 Kouto ord,(f(x)) = k 3a
uskoe 10 . (C ord,(n) o3HataBaMe MakCHMAJIHATA CTEIEH HA P, KOSTO JENH 7.)

Pewenue. Heka f(z) = bra®+by_12" 1+ - - 4bix+by. IIbpBO IIe JOKAZKEM, Ue CHIIECTBYBAT 6e36POHHO
MHOI'O POCTH 4ucia, kouro jgeasdr f(x), x € Z. Jla gonycHem IPOTUBHOTO U HEKA D1, P2, . . . , Ps €& BCUYKU
npocTH uncia, kouro nensr f(xz), x € Z. ToraBa unciaoro

f(botpipa - .. ps) = bo(brtbE ™ (p1pa ... ps)¥ + -+ bitpipa. .. ps +1) = A{t)pipa .. .ps + 1,

Kbaero A(t) e usuio uucno, A(t) # 0 3a Hakoe usiio ¢, ce e Ha IPOCTO YUCJIO0, PA3JIUIHO OT P1, P2, - - - , Ps,
nporuBopeune. Jla o3naunM mosytuenoro Ge3kpaitno muokecTBo ¢ P(f).

Ot ycnosuero cinexasa, 4e (f, f') =const# 0 (ryx f’ e npoussomnara ma f). ToraBa cbluecrByBar
HOJIMHOMH ¢ 1esn Koebunuentn g u h, takusa, de f(z)g(x) + f'(z)h(z) = a, a # 0 e ugmo guco.



Hocrarbuno e Ja gokaxem, 4e 3a Beako p € P(f) ¢ p > |a| chiuecrByBa 11510 4ucyio xg, TakoBa, e
ordy(f (o)) = k. Or p > |a| u p|f(zo) cnenpa, e (p, f'(z0)) = 1.
Axo p%|f(wg), me JT0KaxeM, ge ChIIeCTBYBa IAI0 1, 3a Koeto p*H1|f(z1). Ba x1 = tp* + 2o s > 1

nmMaMe
o, ,s—1

@§ = (tp” + o) = stp®ay ' + g (mod p™T).
Ot resu cpasuenus ciensa, ue f(z1) = f(tp® + xo) = tp® f'(z0) + f(x0) (mod p**'). Ot (p, f'(x0)) = 1

CJIeTBA, [e CHINECTBYBA A0 ¢, 3a Koeto tf’ (xg) + % =0 (mod p). 3a Takosa t umame p® 1| f(x1).

Beue moxem ma canrtame, ge p*| f(zo). Axo nmame u p* 1| f(xg), 3a 2 = ¢ + p* KaxTO MO-TOPE TMaMe

fwa) = flao +p*) = p*f'(w0) + f(z0) (mod p**Y)

u oueBuzno ord,(f(z2)) = k.

m+41
3anaua 4. Jlanenu ca ecrecTBeHU 4ucyia m > 3 U S > 2, KATO S HE Ce JIeJU HA ol Ha ce mokaxe,
4Ye 3a BCIKO €CTECTBEHO YHUCJO Kk CHIIECTBYBA €CTECTBEHO HUHCIO 7, TAKOBA, Y€ UHUCIOTO n2k —2m 41 e
TOYHA S-Ta CTENEH HA €CTECTBEHO UHUCJIO.

Pewenue. JTocTaTh9HO € Ja MOKaXKeM, 9e 3a BCAKO ecTecTBeHo k cpapHennero z° = 1 — 2™ (mod 2F)
nma perenne . lIpu k < m TOBa € 09€BUIHO — MOXKEM 13 B3EMEM L1 = Ty = -+ = Ty = L.

Ako 1z, e pemtenne mpu HaAKoe kK > m, 1le KOHCTPYHpPaMe pellenue Tp4+q 32 k + 1. Axo zj = 1 — 2™
(mod 2*+1), nonarame wy1 = x5 Axo x5 £ 1 — 2™ (mod 251, 10 5 =1 — 2™ + 2% (mod 2F+1).

Hexka s = 2%, Kb/1eTO b € HEYIETHO IUCTO, a a < ["‘T'H] —1,re.a+1< mT'H <= 2a+1 < m. Torasa
nojlarame Ti41 = Tk + 2k=a Jmame nocaenosarenno

zi = (vp+289)° =) 4 sz) T2k

= 1-2" 4281 +baj ) =1-2™ (mod 2"M1)

(uznossBaxme, ue 2(k —a) > k+ 1 <= k > 2a + 1, xoero ciensa or k > m > 2a + 1 u 4e uucaara b u
Zf Ca HEYETHH).



