IToaroroska 3a MOM 2019

Bagadga 1. (Kurait 2008) [Ja ce namepst Bcuuku Tpoiiku (p, ¢, n), 38 KOUTO
¢""? =3""2 (mod p"), p"2=3""2 (mod ¢"),
KbJETO P U ¢ Ca HEYCTHH IIPOCTH YUCJIA, a 1 > 1 € eCTECTBEHO YUCIIO.

Pewenue. OueBuuno rpoiikara (3,3,n) e pewenue 3a Bcako ecrecrseno n > 1. Jda gouycuem, de
(p,q,m) e mpyro pemenne. Torasa p # 3, p # 3, ¢ # 3 u MoxkeM (€3 OrpaHWYEHHEe Ha OBIIHOCTTA /1A
cauTaMme, 9e q > p > 5.

Axo n = 2, to ¢%|(p* —3* = (p? — ¢*)(p? +32). JlecHo ce B A, Ue ¢ HE MOXKE Ja JIeJTH € THOBPEeMEHHO

2432
2 ;DQ <p2<q2’

p? — ¢% u p? + 32 u cneposarenno ¢ nenu Touno eano or tax. Ho p? —32 < p? < ¢®u
nporusopeune. CienoBaTesno n = 2 He JaBa HOBU PeIICHN.

a monycuem, 4e n > 4. Ot ycmosusra p"|¢"t? — 372 u ¢"|pnt? — 32 chempa choTBETHO, Ue
ptptE 4 g2 — 372 g ¢ pn T2 + ¢" T2 — 37 F2, Torasa mopa;m p # ¢ 3akmodasamve, de pq”|p" T2 +
q" T2 — 3712 < 2¢"+2, orkbaero p" < 2¢2. Ot apyra crpama, ot ¢ [p"t? — 3712 < p"*t2 chenpa onenkara
q < p*t. Cera umame \

4
pn < 2q2 < 2p2+R < p3+;’
Te. n <3+ %, KOeTo nporuBopeun Ha n > 4. CremoBaTenHo u n > 4 He JaBa HOBU PEIeHHs.

OcraBa na pasriegave ciydas n = 3. Umame p3|q® — 3% u ¢3|p° — 35. Twit xaro p = 5 He 1asa
pemienue (nposepere!), MOxkeM J1a caurame, e g > p > 5.

Ot p|g® — 3° u p|gP~! — 3P~ (mocmeamoro mopaam MankaTa Teopema na @epma) cresa, we plgd — 39,
kbjaero d = (5,p — 1). Imame 1Be Bb3MOXKHOCTH.

-

Cayuaii 1. d = 1. Torasa plg — 3, T.e. ¢ = 3 (mod p). Axo p3 He nemu ¢ — 3, To p genm q::go, T.€.
q5 _ 35
0="—p= q* +3¢° +9¢* +27¢ +81 =53 (mod p),
q—

npotuBopeune. AKo bk p® gemm g — 3, TO

-3 2 2
q3<p5735<p6<(q ) <‘L,
4 4
KOETO € HEBB3MOXKHO.

Cayuat 2. d = 5. Ananoruuno nonydasave u (5,q — 1) =5, re. p=¢ =1 (mod 5). Torasa p > 11
uq > 31

P
p

, B 3p°—3° 3 _ 4123 0.2 p* 11p*
Tbit KaTo g He mesn p— 3, UMame ¢° | —- CnenoBarenno q° < p*+3p°+9p°+27p+81 < Tz < %
p

5, 5 a5
Torasa 1 < %

2 2
p q 1 a/ 113
<EB+L < + Ve < 1, mporusopeune.

OxkoHUATETHO, DENIeHnATA HA 33a9aTa ca caMo Tpoiikute (3,3, 1), Kbaero n > 1 e ecTecTBeHO 9ucio.

Bamaua 2. (Kwraii 2010) Ja ce HaMepsiT BCHYKH JBOWKM TPOCTH uucia (p,q), 3a KOWUTO pq JeNu
5P 4 59.

Pewenue. AKo HAKOe OT 4mciaTa p M ¢ € paBHO Ha 2, HampuMmep p = 2, To q|57 + 52 u |57 — 5,
oTkbaeTo |52 + 5 = 30, Te. ¢ = 2,3 wim 5. C HemocpecTBeHA TPOBEPKaA Ce BIKIA, 9€ CaMO ¢ = 3 H
¢ = 5 JaBar pelleHye Ha 3aJa4dara. AHAJOIMYHO, aKO HAKOE OT YMCJaTa p U ¢ € PABHO HA D, HALPUMEP
p=>5, 10 q|5° +5 = 3130, T.e. ¢ = 2,5 uam 313, KaTO HOBM perieHns WABAT OT ¢ = 5 U ¢ = 313.

Hexka (pq, 10) = 1. Jla osmaanmm p—1 = 28(2r —1) m ¢—1 = 2¢(25—1), kbaero k, 7, u s ca ecTecTBeHN
qncia. be3 orpanmdenne Ha OOITHOCTTA MOXKEM 1 cauTame, qe k < £,



Ot ycroBuero cresa, ge p|5P~t +5971 OrTyk n or MmasikaTta Teopema Ha ®epma nomyuasame 591 =
—1 (mod p), orkbaero 54~ V2=1) = _1 (mod p). Or apyra crpana, or cpasuermero 51 = 1 (mod p),
LOBJAUIHATO Ha KBajpar £ — k bTu ¥ Cjies TOBA IOABUIHATO Ha cremeH 2s — 1, gaBa 5la=1)(2r=1) = 1
(mod p), mpoTuBOpeUme.

OxoHuarTeIHO, BCUUKY DEIleHus Ha 3aja4ara ca asoiikure (2,3), (3,2), (2,5), (5,2), (5,5), (5,313) u
(313, 5).

Bagaua 3. (Kurait 2011) [Ja ce mokaxke, de 3a BCEKU JBE €CTECTBEHU YUCJIA 11 U 7. CHIIECTBYBAT
6e36pOIHO MHOTO B3aMMHO IIPOCTH €CTECTBEHH UHCIA ¢ U b, 33 KOuTo a + b gemau am® + bnl.

Pewenue. Ako m = n = 1 ycjoBHETO € U3II'bJIHEHO 33 BCEKHU JIBE B3aMMHO [IPOCTH €CTECTBEHU YHCJIA
a n b. llpm mn > 2 THit KaTo

n®(am® 4 bn®) = (a + b)n® + a((mn)® — n**°),

€ JOCTATBYHO 13 JTOKAXKEM, Y€ CbIECTBYBAT 0e30pPOMHO MHOIO JBOMKH B3aMMHO IIPOCTH ¢ U b, 3a KOUTO
a+ b gemn (mn)® —n**t u (a +b,n) = 1.

Jla npuemem, ge p = a + b e npocto uucsao. TpsOBa 1a T0KaXKeM, Ue ChINeCTByBaT 0€30pOitHO MHOTO
nBoiiku (p,a), Kbaero p e npocro yuciao u 1 < a < p — 1, 3a kouro p genu (mn)®* — nP.

Or Teopemara ma ®epma umame, 1e ako a1 = ay (mod p— 1), a; > 1, az > 1, o (MN)* = (mn)?2
(mod p).

CrnenoBaTelHO € JOCTATBHIHO Ja JOKAXKEM, 9€ ChIIECTBYBAT 6e36POMHO MHOrO IIPOCTH YHUCIA D H
€CTeCTBEHH YUCJIA @, 33 KOUTO p Jeiau (mn)® — n.

Jla momycHeM, We ChIOIECTBYBAT CaMO KpaeH Opoil MpOCTH YUCIa pi, P2, . . . , Pr, KOUTO OEIAT GUCIATA
or suga (mn)®* — n. Torasa
2 .
(mn)* —n =p{"ps?...po7, (1)
KbJIETO (v; Ca HeOTpUIATEesHN 1esn grcia. CbIino Taka, 3a a = pyips? ... pir(p1—1)(p2—1) ... (pr—1)+2
uMaMe
_ B, B -
(mn)“—nfpllpf...pf , (2)
KbJeTO (3; Ca HeOTPUIATENHHU Leu ducia. Ako p; menu n, To ot (2) u a > 2 ciaensa, de pf i memm nom
2 —n. Cera or (1) cremsa, e (3; < ay.
Axo p; He memm n, TO p; He Henm u m. Torasa (p?”‘l, mn) = 1 u nonexe go(pio"i"'l) € JeuTeN Ha a — 2,
or Teopemara Ha Oiiep cnensa, e

cresosarenno pl nemn (mn)

(mn)* —n = (mn)> —n  (mod p&*t).

Twit kaTo p;.”‘H e nemm (mn)? — n, TOPHOTO CpaBHEHHE O3HAYABA, Y€ p?“'l ue genu (mn)® —n. Cueno-

BaresiHO 3; < yj, OTK'bJIETO HaMUPaMe

(mn)2 —n :p?lp? .. .pfr

o 2

(o5 e’)
<pitpy?...pr = (mn)* —n.
ToprOTO HEepaBeHCTBO € mpoTuBopedne ¢ a > 2. CremoBaTeIHO CHINECTBYBAT 0€30POITHO MHOIO MPOCTHU

YHCJIa P U €CTECTBEHU YHUCJIA G, 33 KOUTO p aeiu (mn)® — n.

Bamaua 4. (EMT2007) Heka p u ¢ ca npoctn uncia u {a,}>2 e pexunara or Hein ducia, gedu-
HUpaHa C PABEHCTBATA:
ap=0,a1 =14 apyo = pant1 — qan

npu n > 0. [a ce HamepsaT p u ¢, aKO CHIIECTBYBA k TaKOBa, 9e agx = —3.

Pewenue. Heka p n ¢ ca nevernn npoctn uucyaa. OT peKypeHTHATA 3aBUCUMOCT CJIEBA, Y€ G = P U

as = p? — q. CienoBaTesHo ap 1 as ca UeTHH 4ncia. Tbit KaTo

a3k+3 = PA3k4+2 — qA3k+1 = P(Pa3k+1 - ank) — qasg+1 = (p2 - Q)a3k+1 — pqasg



I p? — ¢ e 9eTHO 9HC0, IO HHAYKIHUS CIeIBa, Ue a3y € UeTHO YHCAO 3a BCAKo k > 0, IpoTHBOpedne ¢
ycaosrero. Jla npeamonokum cera, ge ¢ = 2. ToraBa p # 2, 3a10To B IPOTUBEH CJIyYail BCHUKHA YUCTIA
Gn, N > 2 ca vernu. Heka p > 3. llle nokaxkem, 1e B T03m ciy4ait a, > 0 upu n > 1, KOeTo OTHOBO €
TIPOTHBOPEYHE.

ITo mHAyKIMS 1€ JTOKaXKeM, e dpi1 > an > 03an > 0. 3a n = 0 tBbpAeHneTo e oueBuaHO. [la
JIOILyCHEM, Ye TBbPJIEHUETO € BsAPHO 3a n = k, T.e. ax4+1 > ap > 0. Torasa

Atz = Pag1 — g = (p — 2)ak1 + 2(ap41 — ax) > agy1 >0

U 3HAYHU Af42 > k41 > 0.

OcraBa 1a paszriaemgame ciaydas p = 2, ¢ > 2. Ot pekypeHTHaTa Bpb3Ka ciejBa, de upu n > 0 uMame
apto = 2ap4+1 (mod ¢) ¥ 110 MHAYKUMS 3aKJIOYaBaMe, 4e a,41 = 2" (mod ¢). Jda upennonoxum, ue
asi = —3 3a Haxoe k > 1. Torapa —3 = agj, = 23%1 (mod ¢). Ot apyra crpaHa mak OT peKypeHTHAaTa
BP'b3Ka CIEIBA, 9€ Upta = 20p4+1 — an, (mod ¢ — 1). CremoBarenHo

Unt42 = OGpil =App1 —Gp =---=a3 —ap =1 (mod g—1)

U 3Ha49U Gptq =N+ 1 (mod ¢ —1) 3an > 0. ToraBa —3 = agr, = 3k (mod ¢ — 1) u or ManKara Teopema
na @epma ciaempa, ge 273 = 1 (mod ¢). Torasa 1 = 23%+3 = 16.23%~!1 = —48 (mod ¢), Te. ¢ = 7. B
TO3M caydail az = 22 — 7 = —3 U CJIe0BATEIHO THPCEHATE IPOCTH HMHCIa ca p =2 U ¢ = 7.

Bagaua 5. (Kurait 2010) dazenu ca jaBe 10 B Pa3/IUYHU €CTECTBEHU YUCTIA A1, G2, 43, b1, by 1 bs,
38 KOHTO
(n+1)at +nay + (n — 1)aj gemn (n+ 1)bY + nby + (n — 1)b%

3a BCSAKO €CTECTBEHO 9ucyio n. Jla ce mokarke, de ChINECTBYBa €CTECTBEHO 4Uuciio k, 3a Koero b; = ka; 3a
BCAKO ¢ = 1,2, 3.

Pewenue. Heka r e IpOH3BOIHO €CTECTBEHO YHCIO U P € MPOCTO THCIIO0, 38 KOETO
p > (af + a5+ ajy)(b] + b5 + b5).

Tvit kKaro p e mpocro, To (p,al + a4+ a}) = 1. Ocsen ToBa p e B3aumHonpocro ¢ p — 1. O1 Kuraiickara
TeopeMa 3a OCTATHIUTE CJIEJ[BA, Y€ CHIIECTBYBA €CTECTBEHO UUCIIO 7, 338 KOETO

n=r (modp—1), n(a] +aj+a})+a] —a; =0 (mod p).
Ot Te3u cpaBHeHMs U MaJKaTa Teopema Ha Pepma HamMupame
(n+1)al + nay + (n — 1)ay =n(af + a5 +al)+af —a3 =0 (mod p).
OT ycioBreTo Ha 3aJauara cera HaMUPaMe
(n+1)b7 +nby + (n—1)by =0 (mod p)
U KAKTO MO-TOPE IOJLY 1aBAME
n(b] + b5 +b5) + b7 —b5 =0 (mod p).
Cren eTMMUHMpAHE HA 1 OT MOJIYIEHUTE CPABHEHUs, HAMADAME
(a} + a5+ af) (B — ) = (B + b5 + B5)(af —a}) (mod p).
Orryk n or m360pa Ha p CIENBA, 9€ CPABHEHWETO BCHITHOCT € PABEHCTRO, T.€.

(ay + a5 + az) (b — b3) = (by + by + b3)(ay — a3)
< (agbl)r + 2(a3b1)T + (agbg)r = (albg)r + 2(a1b3)r + (ang)T,

w



KaTO IMOCIeJHOTO PAaBEHCTBO € M3II'bJIHEHO 3a BCAKO €CTEeCTBEHO YHCJIO 7.

Jlema. lanern ca takuBa peaqan dnciaa 0 < 1 <z < -+ <2, 0 <yp <yo <+ < s, U 32 BCAKO
€eCTeCTBEHO YUCJIO 7 € U3II'bJIHEHO

I R e I . R

ToraBa x; =y; 3ai=1,2,...,s.

Zoxasameacmeo. llle noxaxem TBBHPAEHWETO C WMHAYKIWA 1O s. [lpm s = 1 uzbupame r = 1 u
moixydaBame r1 = yi1. Ja momycHem, de TBbpAeHUETO € BIpHO 3a § = t. Ilpu s = ¢ + 1 6e3 orpanndienne
npueMame, 9e Ty < Yp41. lorasa

T T T T T T
( 1>+_“+<t+1>:<y1>+(yt>+1>l'
Yt+1 Yt+1 Yt+1 Yt+1
Twoit karo 0 < i <13a1<4<¢t+1upur — oo ropHoTO paBeHCTBO JaBa 0 > 1, mporuBopeune.

Yt+1
Ciie1oBaTEIHO T441 = Y41, C KOETO JIOKA3ATEICTBOTO HA JIEMaTa € 3aBbPIIEHO.

Ot ymemara cienBa (3a s = 4), 4e unucnara asby, aghy u asby ca paBHU B HAKAKBB pes HA aibs, aibs
u agbs. Twit KaTO mMIeCTTE YHCIA Ca JBE MO JBE PA3JINYHH, HE € TPYIHO 1A CEe YCTAHOBH, Y€ CA HAJIUIE
TOYHO JBE BB3MOXKHOCTHU: asby = agzby = ai1bs m aszby = ai1by = agbs wmm asby = aibs, azby = ai1bs n
(Zgbg = agbg.

Cuayuaii 1. Axo asby = agbs = a1bs m azby = a1by = asbs, TO

azby  asby  aibs

asby  aiby  ashs’

az as a1 2
OTKBJIeTO — = — = — =1¢. ToraBa t* =t, Te. t = 1, u a1 = ag, TPOTUBOPEUIHE.
as ai az

b b b b k
Cuyuaii 2. Ako asby = a1bs, azby = a1bz u agby = asbs, TO 22 3y heka - = —, (k1) =1.
aq a9 as aq l
k k
Tlonyuasame b; = Iai’ 3a i =1,2,3. Ot 2by + by = 7(2(11 + ag) u ycaoBuero Ha 3ajadara (3a n = 1)

k
nMmame 2a; + as genau 2by + bo, T. €. 7 e 1smo uncyao. Ciaemosarenno | =1 n b; = ka;, 3a i = 1,2, 3.



