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. bouBaJeHKOB, V1MV

Bagaua 1. (MOM 2010) Ia ce namepar scuuku byuxiuu g : N — N
TaKHBa, €

(g(m) + n)(m+ g(n))

€ TOYeH KBaJapaT 3a Mpou3BojHu M, N € N.



. bouBaJeHKOB, V1MV

Pemenne. [IbpBo me mokaxkem, qe f e naeknus. Jla nonycuem, ge
g(my) = g(ms) 3a Hsikou ecrecTBeHU My U M.

p > g(my) — upocro, n=p — g(m).
= (g(m1) + m(my + g(n)) = p(mi + g(n)),
= (9(mz) + n)(mz + g(n)) = p(m2 + g(n))

ca TOYHU KBAJIPATH.

= m +g(n), mp+g(n) ce nenar na p
= My — My ce Jeu Ha P, IPOTUBOPEYUe Upu My # Mo



. bouBajeHKoOB, UMVI-b/

le mokaxem |g(n+1) —g(n)|=1Vn
Heka |g(n+ 1) — g(n)| > 1 u p e npocr mennren ua |g(n+ 1) — g(n)|

gln+1)=p°A—t u g(n)=p°B-t,
t,a, b, A B — ecrecrsenu uucna, (A,p) = (B,p) =1

p+t akoa>1, b>1
m=4{ p°'+t axo {a b} ={1,c}, ceneverno

Cp+t ako {a b} ={1,c}, ceuerno

C+ Awne ce nenmn va p (mpn @ = 1), C + B He ce genm Ha p (mpn
b=1).

IIpu Ta3u KOHCTPYKIHUS 33 BCAKO OT umcjaara M+ g(n) u m+g(n+1)
MaKCHMaJlHaTa CTEleH Ha P, KOATO IO JeJIH, € HeYeTHa

= g(m)+nug(m)+n+1 ce nenar na p

= pl(g(m)+ n+1) —(g(m) + n) = 1, nporusopeune

= g(n+1)—9g(n) =1 (u3no0a3BaME U UHEKTHBHOCTTA)



. borBaJI€eHKO

g(1)=t = g(n)=n+t—1 no unnykuus
Okonuarenno g(N) = N+ C 3a HAKaKBa KOHCTaHTa C € N

JupekTHO ce mpoBepsBa, d€ Ta3u (PyHKIUS yIOBIETBOPSIBA YCIOBUETO
Ha 3aJa4aTa



. bouBaJeHKOB, V1MV

Bagaua 2. (Mpan 2011) Heka f: N — N e dyukuus, 3a Koaro
af(a) + bf(b) +2ab

e To4eH KBaapar 3a nponssonan & b € N. Jla ce nokaxe, e f(a) = a
3a Bcako & € N,



. bouBaJeHKOB, V1MV

Permrenne. @ = b = p — meuerno mpocto = 2p(f(p) + p) e Touen
KBaJIpaT
Ocsen toBa — p|f(Pp) = p < f(P).

[Te moxaxkewm, ue af(a) e Trouen kBampar 3a Beako @ € N
[Iporussoro = 3P — npocto, 3a koero Pk~ 1| af(a), k € N, re.
af(a) = p?~'s, knaero (s,p) = 1

b= p? = x = p?~1s+ p? (f(b) + 2a) e Touen kBaapar,
nporusopeune, 3amoro pK—1||x.



. bouBajeHKoOB, UMVI-b/

p > f(1) — (rossiMo) HEYETHO MPOCTO YUCIIO

a=p, b=1 nonysasame, 'e = y = pf(p) + f(1) + 2p e Touen
KBaJ[par

y > pf(p) = (/pf(p))? — owesnamo
y < (Vpf(p) +2)2 <= f(1)+2p < 4\/pf(p) + 4

IMocnenuoro cnensa or f(1) < pu p < f(p)

=y =(V/pfp) + 17
= f(1)+2p=2/pf(p) + 1. (1)



. bouBaJeHKOB, V1MV

pf(p) — Touen kvagpar = f(p) = t?p, t € N

Ako t > 2, 0 or p > f(1) mwor (1) cnenpa, 4e

3p>f(1)+2p=2\/pf(p) +1=2ip+1>4p+1,
LIPOTUBOPEYHE.
= t=1u f(p) = p 3a BcsAKO HedeTHO HPOCTO “IHCI0 P > f(1)

Hermo nmoseue, cera ot (1) Bmxmame, ge f(1) =1 u 3naun f(p) = p 3a
BCSKO HEYETHO IIPOCTO YHUCTIO P



. bouBaJ/JI€eHKOB, UV

Ha momnycHewm cera, ve 3a uskoe @ € N umawme f(a) # a
b = p — meuerno npocto = z = af(a) + p? + 2ap e Touen Kpapart,
pazsmden or (& + P)? nopajm JOMyCKaHEeTo

= |z—(a+p)?| >2(a+p) -1 (1T0Ba € MEHEMAIHATA PA3IHKA
MeYKTy TOYHWS KBajaparT (& -+ P)? u Hail-61m3Kus 10 Hero JApyT TOTeH
KBaJIpar)

Ho z— (a+p)® = af(a) — &
— l|af(a)— & >2(a+p)—1,

HE MOXKe J1a Ob/ie BAPHO 32 (puKCHMpPaHo 4 u 3a BCAKO IIPOCTO UHUCJIO P

Oxonuarenno f(a) = a 3a Besko a € N.



. bouBaJeHKOB, V1MV

Bagaua 3. (BOM 2017) Hda ce namepsir Becuuku dyuxuuuu f: N — N
38, KOUTO
n+ f(m)|f(n) + nf(m)

3a BCEKU [IBE€ €eCTeCTBEHHU Yucjga m u n.



. bouBaJeHKOB, V1MV

Peutenne. n + f(m)|f(n) + nf(m), n+ f(m)|n? + nf(m)

= n+ f(m)|f(n) — n?
3a Besiko M == f(n) = n? e pemenmue

a jiomycHeM, 4e 31 = Ny, 3a xoero f(MNy n?
y 9 9 1

— 1< f(m) < [f(m) — ] —

— f e orpanmuena

¢ € N - takosa, ue |f(n) — f(m)?| < ¢ 3a Beuuxu ecrecrsenu M u N



. bouBaJeHKOB, V1MV

n+ f(m)|n? — f(m)? + f(n) — n? = f(n) — f(m)2.

n > ¢ (oT mOCJIEAHOTO U OT YCJAOBUETO 33 OrPAHUYEHOCT )

— n+ f(m)||f(n) — f(m)?| < ¢ < n+ f(m)

= f(n) — f(m)? = 0 3a Beako M € N 1 BesAKO ecTecTBEHO N > C
—> f =1, KoeTo HAMCTHHA € PelIeHne

Oxomnuaresino, pemenusra ca f(n) = u f =1



. bouBaJ/JI€eHKOB, UV

Bagaua 4. (Ilopraucr MOM 2007) Jda ce namepsT BCUYKH
ciopektuan Gyaxuun f : N — N ¢be cieqaoro ¢BoicTBo:

3a Bemaku M, N € N 1 3a BCAKO TPOCTO YuCiIo P uncaoro f(m+ n) ce
Jle/IM Ha [0 TOTaBa U CaMo TOraBa, Koraro uuciaoro f(m) + f(n) ce menu
Ha P.



. bouBaJeHKOB, V1MV

Pemenne. Axo f(1) mma npoct nemmren p, to f(1) 4+ f(1) ce nemm ma
p, orkbaero f(1 4+ 1) = f(2) ce neam Ha P ¥ T.H., 10 3aKIHOYEHUETO, Ue
p enn BCHYKH croitHOCTH Ha f(N), KOETO MPOTHBOPEYH Ha
ciopekTuBHOCTTa. Cremosarenno f(1) =1.

3a durcupano npocTo P ma o3HauuM ¢ a(P) HAH-MAIKOTO €CTECTBEHO
qmucso M, 3a koero f(M) ce mesmm Ha P (OT CIOPEKTUBHOCTTA CJIE/IBA, e
rasn nedunnnmus e kopekrna). Ouesnano a(p) > 1 u or p|f(a(p)) n
ycnosuero ciena, de p|f(n), koraro a(p)|n. BspHo e u o6paTHOTO,
T.e. ako p|f(n), To a(p)|n. detictBurenso, ako N = a(p)q+r u

0 < r < a(p), ro f(a(p)q) + f(r) ce nemn na p, orxwbaero p|f(r), a
TOBa MpoTHBOpedn Ha nedunaunuaTa vHa a(p).



. bouBaJeHKOB, V1MV

Ha nomycuem, e 3a usaxoe N € N uucioro f(n+ 1) — f(n) uma opoct
npemures p. OT CIOPEKTUBHOCTTA CJIeJBa, Ye chbinectByBa K € N, 3a
koero f(n) + f(k) ce nesu na p. Torasa or

plf(n+ 1)+ f(k) + f(n) — f(n+ 1) cnensa, e p|f(n+ 1) + f(k). Cera
OT yCJIOBHETO CJIeJBa, Ue P aenn eanospemenno f(n+ K)

f(n+1+ k). Ho Torasa a(p)|(n+ 1+ k) — (n+ k) = 1, nporusopeune.
Caepnosarenno |f(n+ 1) — f(n)] = 1 3a BcsAko ecrecrBeno N.



. bouBaJ/JI€eHKOB, UV

Or roproro ciesBa, ve f(2) = 2 u ocraBa Ja JT0KayKeM ¢ WHIYKIUS 1O
n, 1e f(n) = n. Heka f(k) = K 3a Bcako k < N u ga gomycHeM, e
f(n+1) = n—1. Or ycaosuero ciensa, de aucaara f(n)+f(1) = n+1
u f(n+1) = n—1 umar egau U CHIM TPOCTH JETUTETH, KOETO
BeJHArA JaBa, e Te ca crenenu Ha 2, orram N =3 u f(4) = 2. Ho
rorasa |f(5) — 2| =1 or exgna crpana u, ot apyra, f(5) ce menn Ha 5,
zamoro f(2) + f(3) = 2 + 3 = 5. Tloay4eHoro mpoTHBOpeYre MOKA3BA,
e f(n+ 1) = n+ 1 u uHAYKIEATA € 3aBbPIIEHA.



. bouBaJ/JI€eHKOB, UV

Bagaua 5. (BOM 2012) Ta ce namepar scuuku dbyukmuu f: N — N,
3a KOUTO Ca B CHJI& [IBETE YCJOBHUS:
(i) f(n') = f(n)! 3a BCcako ecTecTBEHO YUCIIO N,

(ii) m — n memm f(m) — f(N) 3a TPOU3BOHM PA3TMIHA €CTECTBEHH
qucjaa mua n.



. bouBaJeHKOB, V1MV

Pemmenne. [a orGenexxkum, de ot f(Ng) = Ny 3a HeAKoe Mg > 3 cienpa
f(nk) = nk 3a Beako ngno k > 0, kbmero Nk = Nk_1!. Ot apyra
crpaHa,

m — ng|f(m) — f(ng) = f(m) — ng = f(m) — m+ m — n,

orkbaeTo M — nk|f(m) — m. Caenosarenno f(m) — m uma 6e36poiiHo
MHOTrO fesutend, T.e. f(mM) = m 3a Bcaxo M.



. bouBajeHKoOB, UMVI-b/

Or f(1) = f(11) = f(1)! u £(2) = f(2!) = f(2)! crenpa, ue
f(1),f(2) € {1,2}. Orryk n or 4 = 3! — 2|f(3!) — f(2) = f(3)! — f(2)
crensa, ge f(3) < 3.

Axko f(3) = 3, o f(m) = m 3a Bcaxko m.

Heka f(3) € {1,2} u n > 3 e mpouseoano. Torasa or
n! = 3|f(n!) — f(3) = f(n)! — f(3) cnexnpa, ge f(n)! ve ce menn Ha 3, T.e.
f(n) e {1,2}.



. bouBaJ/JI€eHKOB, UV

Axo fre e KOHCTAHTa, CbIIECTBYBAT €CTECTBEHU YHUCJIA /M U N, 33
kouto f(n) =1 u f(m) = 2. Torasa 3a kK = 2 + max{m, n} or
k — m|f(k) — f(m) € {—1,0,1} crensa, ue f(k) =f(m)=2u

anasorngno f(k) = 1, nporusopeune.

OkoH9aTeIHO, BCHYKHI PEIIeHnd Ha 331a4dara ca f =1, f=2n
f = idy.






