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. bouBaJ/JI€eHKOB, UV

CumpoJi Ha JIboxKaH/BD

Heka p > 2 e mpocTo 4mcyio u & e 1710 ducio, karo (a,p) = 1.

Hedununus. Hedunupame cumBos HA JIbOKAHABD HO CAEIHUS HAYUH

p

ay 1, aKoO a e KBaJapaThuieH OCTATHbK IO MOIYJT O
—1, ako a e KBaJpaTuveH HEOCTATbK 110 MOJLYJI 1% .
1
Hanpumep umame ,5 =1 3a Bcako p u

(—_1)_ 1, akop=1 (mod4)
p) |-1, akop=3 (mod4)’



. bouBaJeHKOB, V1MV

CumpoJi Ha JIboxKaH/BD

Enementapau cBoiicTBa Ha CUMBOJIA Ha JIBOXKAHIBHD:

Teopema 1. a) Ako @a= b (mod p), To <g> = (g)

p
o=t a
B)az = l—)) (mod p) (ToBa BCHUIHOCT € APYI 3alUC HA KPUTEPUs
Ha Oiinep).
p p)\p p/)
n) Axo (f) = <9> TO (ﬂ)) =1 (T.e. IPOU3BEIEHUETO HA B,
p p)’ p o

KBa/IPATUIHA OCTATbKA (HEOCTATHKA) BUHATH € KBADATHICH
OCTATBK).



. bouBaJeHKOB, V1MV

Jlema na Aiizeniaiin

Teopema 2. (JIema na Aiizenmaiin) Heka p u g ca pa3znu4nu HedeTHH

npoctu uncaa. Torasa
—1)k = (9) ,
(-1) b

KbJETO K = Z [%’}

j<p—1, j is even



. bouBaJeHKOB, V1MV

Jlema na Aiizeniaiin

Hoxkazarencrso. Heka X m1a 00X0K/1a YETHUTE €CTECTBEHN UMCIIA,
HO-MAJIKH OT P, U ¢ r(X) 3 O3HAYNM OCTaTbKa OT JEJCHHETO Ha X Ha
p (B wacrroct, mumame r(x) = gx (mod p)).

Ia pasriaesame aucrara (—1) X r(x) mo mozyn p. cmo e, ge Tesu
gmena ca 9etH (axko r(X) e 9eTHO, TOBa € OUeBHIHO, & aKko r(X) e
neuerno, To (—1)" ¥ r(x) = p — r(x) (mod p)).

Ocsen T0Ba Te ca pa3nuuHu. JIefiCTBUTEIHO, AKO

(—1)Xr(x) = (=1)"Wr(y) (mod p), To x = +y (mod p) u 3Haun
plx —y umm p|(x + y)/2 < p— 1, nporuBopeune u B ABaTa Cydas
(u3nos3Baxme, ue 2|X u 2|y u X # y).



. bouBaJeHKOB, V1MV

Jlema na Aiizeniaiin

Or ropuoto ciessa, ge uncaara (—1) X r(x) ca ase mo e pazmmuanm
1O MOAYJL P U BCbIMHOCT 00pa3yBar (110 MOYJI P) MHOXKECTBOTO
{2,4,...,p— 1}. ToBa o3HauaBa, 4e e M3IbIHEHO CPABHEHUETO

(—1)@r(2)(=1)@r@) ... (=) P Vr(p—1)=2.4...(p—1) (mod p),

OTKbIETO
(1) @+@++rP=1)(29)(4q) ... (p— 1)q) =2.4...(p— 1) (mod p
= ()@@ PG =1 (mod p)

s (1) @@+ = %2 (mod p).

OcraBa ma BuanM, e qucaara r(X) u [QX/p] ca or eAHAKBa TETHOCT,
Koero, 3aeH0 ¢ Teopema 1B), HU JaBa UCKAHUS PE3YJITAT. O
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KBajgpaTnden 3aKoH 3a peNUIPOTHOCT

Teopema 3. (KBagparuuen 3akon 3a peuunpounocr) Heka p u q ca
PA3IWYHN HEYETHW TPOCTH dncia. Torapa € B CHJIa PABEHCTBOTO

(3) () =0



. bouBaJeHKOB, V1MV

KBajgpaTnden 3aKoH 3a peNUIPOTHOCT

Hokazarencrso. (Aiizenuaiin) Ta pasriename B 0paBobIbIHA
KOOp/MHaTHA cucrema npasobrbanuka ABCD ¢ Bbpxose ¢boTBETHO

(0,0), (0,0), (0.9) n (p, q).
(p—1)(g-1)
KOOpAmHATH BHTPEe B npaBobroiaauka AKLM, kbmero K = (p/2,0),
L=(p/2,9/2) u M =(0,q/2).

Jla oThesie’KuM oIle, 9€ BbB BLIPEIIHOCTTA Ha, orcedkara AC mama
[IE€JIOYUCJIEHA TOYKH.

Ha 3abenexum, qe BCBIMHOCT € OPOSAT TOUKK C TETH



. bouBaJ/JI€eHKOB, UV

KBajgpaTnden 3aKoH 3a peNUIPOTHOCT

Yacrra 3a j < p/2 oT crenenHust nokasaren (cymara) OTJISBO B
JeMara Ha Ali3eHmain 6pon NeJ0YnCcIeHuTe TOUKH ¢ YeTHU abCIucu
BbB BBTPEITHOCTTA Ha TPUbIbiHuKa AKL.

3a j > p/2 cbara cyma bk 6pOU LEJIOYUCIEHUTE TOUYKHU C YeTHU
abcipcn B yernpubrbianuka KBCL.

[Mocnenausar Opoit MMa ChHITATA YETHOCT, KAKBATO UMA OPOSAT HA,
[IEJIOYNCJIEHATE TOYKHU C YETHU AOCIUCHA BbB BHTPEITHOCTTA HA,

rpubrbiaauka CLN, kbrero N = (p/2, q).

ITopamu cumerpusara cupamo L 3akmiogapame, e
3 {fﬂ} =5 (mod 2),
j<p—1, j is even p

KbIETO S e 6podar Ha TodkmTe ¢ nean kKoopmuaaru B AKL.



. bouBaJ/JI€eHKOB, UV

KBajgpaTnden 3aKoH 3a peNUIPOTHOCT

Pasmsinara Ha ponure HA P u q B jJeMara Ha ANBeHnaliH u
AHAJOTUYHO HA TOPHOTO PA3CHXKICHUE HU aBa, 4

Z {jg} =t (mod 2),

j<g—1, j is even

KbJero I e 6podT Ha IEJOYNCIEHN TOYKU BbhB BbTpernHocTTa Ha ALM.

(p—1)(g—1)
4

[Tonyuenure aBe cpaBHEHUS, PABEHCTBOTO S + [ =

Jemara Ha AfBeHIIAlH HU I1aBaT UCKAHOTO

(3)(2) -

C KOETO JOKa3aTeJICTBOTO € 3aBBHPIIEHO. O



Bagaua 1. 3a majeHu ecTeCTBEHO YHUCJI0 N | IPOCTO YUCJI0 P > N
osmavasame ¢ f(n) 6post Ha umcaara or MuOKectBoTO {1,2,..., N},
KOWTO Ca KBAaJPATUIHU OCTATHIN MO MOy P. EcrecrBenoro wucmao n
ce Hapu4a CIIOKONHO 1O OTHOINEHNWE Ha KBAJPATHYHUTE OCTATHITU
(CIIOKO), ako 3a BCSKO MPOCTO HUHCIO P > N umame fr(n) > g

Ha ce onpenenn gaam 100 e CTIOKO.



. bOUBAJICHKO

Pemenue. Ille gokaxkem, ge 100 He e CIOKOHHO 110 OTHOIIEHUE HA,
KBaJIPATHIHUTE OCTATHIIN. 34 IeJITa € TOCTAThUYHO /A JOKAXKeM, Ue
,(100) < 49 3a nsaxoe mpocto p > 100.

Nnesta e ga m3bepem mpoCTO YUCTO P, KOETO € MAJIKO MO-TOJISIMO OT
100 m ma ycraHOBHM, Ye KBaJIPATUYHUTE OCTATHIN B MHTEPBAJIA

[101, p — 1] ca noseue or nosmosunara. Tbit KaTo KBaspaTUIHUTE
ocrarbi B [1,p — 1] ca TouHO MOJIOBMHATA, TOBA IIle O3HAYABA, T€
te3u B [1,100] ca mo-manko or mososunara, T.e. f,(100) < 49 u 3Haun
100 ue e CITIOKO.

Yucaoro p = 109 uma uckanure cBoiicrBa. JIupekTHO ce mMpoBepsBa,
4qe yuciara 102, 104, 105, 106 u 108 ca KBaApaTudHU OCTATBIH 110
mozya 109.



. borBaJI€eHKO

n
Bagaua 1. Heka k = 22" 4+ 1. JTa ce gokaze, 4e K e IpOCTO TOraBsa, i
k—1
camo Torasa, koraro K|37z + 1.
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Hexka k|3% + 1. Torasa nokasaremnst na 3 o moayn k e k —1 = 22",
r.e. K — 1|p(K) u cnepoarenno p(k) = k — 1, koero o3nagasa, ye K e
LPOCTO YUCIIO.

O6parHo, HeKa K e mpocTo uncao. OT KBIpaTUIHAA 3aKOH 34
PEIHUIPOTHOCT CJIEBA, e

(§)-B)re -(@)--

it kKaro K = 2 (mod 3). Cera TBBbPIEHWETO CJIEBA OT KPUTEPHS HA
Oiiep.



. bouBaJ/JI€eHKOB, UV




. bouBaJ/JI€eHKOB, UV




