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1 Introduction

The following result is a standard application of the residue theorem and can be found in
essentially every book on Complex Analysis:

Theorem 1.1. If P(X) = a, X" + a, 1 X" ' + -+ + ag is a polynomial with complex
coefficients, then
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o [P = Jaft + a4+

The usual proof of this result goes as follows:
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where P(X) = @, X" + --- + @ (note that P(z) = P(z) for all z € C, and z = z~*
when |z| = 1). The last equality in the above chain (the only non tautological one) is a
consequence of the residue theorem.

Even though this proof is straightforward (with the right tools in our hands!), the
use of rather serious theorems of Complex Analysis makes it hard to digest for a high-
school student. The purpose of this article is to present a discrete version of the previous
argument, which gives a completely elementary proof of the result, and to discuss a
few applications of the theorem to some fairly challenging problems from mathematical
competitions.

2 Preliminaries

The goal of this small paragraph is to recall and prove the following very useful:

Proposition 2.1. Let 2z, 29, ..., 2, be the roots of the polynomial X™ — 1, i.e. the nth
roots of unity. If k is an integer, then 2¥ + 25 + -+ + 2¥ is equal to 0 when n does not
divide k, and equal to n otherwise.

Proof. By permuting zy, 29, ..., z,, we may assume that z; = e’ and Z = 28 for 1 <
k <n. Then for all integers k£ we have
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We recognize a geometric progression. If n divides k, then 2% = 1 and the sum is obviously
equal to n. If not, then 2§ # 1 and the formula for the sum of a geometric progression
yields

k k2 S S
z+ ()" 4 (2) T Ak 0,
since 27 = (27)¥ = 1. An alternative argument goes as follows: letting S = 2§ + 2§ +

coo 4 2F we have

the second equality being a consequence of the fact that the z; z;’s are simply a permutation
of the z;’s (since they are clearly n pairwise different roots of the polynomial X" — 1).
Thus S(z2f — 1) = 0 and S = 0 when n does not divide k (as then z¥ # 1). The result
follows. [

3 The main result

In this paragraph we prove the two key technical results, proposition 3.1 and corollary
3.1 below.

Proposition 3.1. Let P(X) = a, X" + -+ + a1 X + ag be a polynomial with complex
coefficients. Let N > n be an integer and let z1,...,zy be the roots of the polynomial
XN —1. Then

1 N
~ 2 PE) = laol* +lar[* + - + Jan”
i=1
Proof. For all z € C with |z| = 1 we have (using that z = 271)

|P(2)]” = P(2)P(z) = |ao|* + |a1|* + - + |an)* + D Apz™" + " By2*
k=1

k=1
for some numbers Ay, ..., A,, By,...,B, € C depending on the coefficients aq, ..., a, but
not on z. Plugging in z = 2y, ..., 2y and adding the resulting relations yields
N N n N n
DIPE)P = N(laof* + -+ anl*) + DD Apzy " + 373" Bizl
i=1 i=1 k=1 i=1 k=1
On the other hand, we have
N n n N
SN Az =340 ) =0,
i=1 k=1 k=1 i=1

the last equality being a consequence of the more precise Zf\il 2P =0for 1 <k < n, itself
a consequence of proposition 2.1. A similar argument shows that SN 3% | B2k = 0,
which combined with the previous discussion yields the desired result. O]

Note that theorem 1.1 follows immediately from the previous proposition, by taking
N — oo, since with the (somewhat abusive, since z; depend on N) notations of the

proposition
al 1

. 1 2 ;
lim — 3" |P()f = %/0 |P(e)[2d6.

We end this section with a second key result, which is somewhat exotic but very
useful, as we will see in the next section. It is a simple consequence of proposition 3.1.
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If P is a polynomial with complex coefficients, we denote as in the introduction P the
polynomial whose coefficients are the complex conjugates of the coefficients of P. In other
words, if P(X) = a, X"+ -+ + ag, then P(X) =@, X" + -+ a. Also, for a polynomial
P(X) = a, X"+ - + ap we write

S(P(X)) = lan|* + -+ + |as|* + |aol*.

We can then rewrite the proposition as the identity

S(PUX)) = 7 2 1P

where z; are the roots of the polynomial X~ — 1, where N > n is any integer. We are
now ready to state:

Corollary 3.1. Let P,Q be polynomials with complez coefficients and let m > deg(Q).
Then
S(P(X) - QX)) = S(X"Q(1/X) - P(X)).

Proof. The hypothesis m > deg @ ensures that R(X) = X™Q(1/X) is a polynomial with
complex coefficients. Note that |R(z)| = |Q(z)| for all z such that |z| = 1. In particular

N N
Z |R(Zz)P(Zz)|2 = Z |P(Zz)Q(Zz)|2
i=1 i=1
when 2z, ..., zy are the roots of X~ — 1. The discussion preceding the corollary immedi-
ately yields S(P(X) - R(X)) = S(P(X) - Q(X)) (by taking N large enough). O

4 Applications

The goal of this paragraph is to explain how the two previous theoretical results yield
unified and rather simple solutions to some fairly difficult problems about complex poly-
nomials. Recall that

S(P(X)) = lao)* + -+ |an*E if P(X)=a,X"+---+ay € C[X].

Problem 1 (Russian Olympiad 1995) Let P, @ be two monic polynomials with com-
plex coefficients. Prove that

S(P(X)-Q(X)) > [P(0)]* +[Q(0)[*.

Solution Write P(X) = 4, X" + -+ + ap and Q(X) = b, X™ + -+ - + by, with a, =
by, = 1. Then, since P, () are monic

PX)X™Q(1/X) = (an X" + -+ +ag)(boX™ + -+ + by) = b X" + -+ + q.
Using corollary 3.1, we deduce that
S(P(X)Q(X)) = S(P(X)X™Q(1/X)) = |aol* + [bo|* = [P(0)]* + |Q(0) %,

as desired.

MATHEMATICAL REFLECTIONS 2 (2019) 3



Problem 2 (Taiwanese Olympiad) Let P(X) = a,X™ +---+ag be a polynomial with
complex coefficients and roots 21, 2, ..., z,. Let j € {1,...,n} be such that |z],...,|z] >
1 and |2j41], ..., |2n| < 1. Prove that:

2122 2] < V9ol + ar[* + -+ fau .
Solution This is a special case of the previous problem. Indeed, define
QX)) =X —21)... (X —z), RX)=X—2z4)...(X—2z)
so that P(X) = Q(X)R(X) and @, R are monic. Problem 1 yields
laol* + -+ + lan|* = S(P(X)) = S(Q(X)R(X))

> Q) + [R(O)]* = [QO)]* = [z1... /"

We conclude that
|Zl .. .Zj|2 < |an|2 + -+ ’CL0|2,

finishing the proof.

Problem 3 (Chinese TST) Let z1,. .., 2, be the roots of a polynomial P(X) = X" +
a1 X"t + ...+ a, with complex coefficients. If 37, |a;|? < 1, prove that 7, |2]? < n.

Solution As we will see, this is a subtle variation and improvement of problem 2.
Enumerate the roots of P such that |z1],...,]|zx] < 1 and |zk41],...,|2.] > 1. The
solution of problem 2 shows that

L+ ar > 4+ 4 |an® > 2641 - - - zn\2 + |21 zk|2.
To conclude, we use the following:
Lemma 4.1. If xq,..., 2, are real numbers, either all in [0,1] or all in [1,00), then
T+t <m—14+2x1...2,.
Proof. The result follows immediately from the identity
m—14+z;...&pm—(r1+ -+ xn) =1 —21)(1 —29) + (1 — 2122) (1 — 23)+
(1 —zzozs)(l—azy)+ -+ (L —21. .2 1) (1 — ).
Of course, a more direct proof by induction on m is also possible. n
The previous lemma yields
Zopr -zl ozl > a4 )+ 2 -0
Using also the hypothesis, we finally obtain
22143 |l 2[4+t s+ 2n
i=1
hence |2, + -+ -+ |2,° < n.

Note that the previous solution shows that for any complex monic polynomial P(X) =
X" +a, X" '+ ...+ a, with roots 2, ..., 2, we have

n

SNlalP<n—1+ |a]*.

=1 =1
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This will be useful in the next:

Problem 4 (American Mathematical Monthly) Let P(X) = ¥7_,ax X" be a monic
polynomial with complex coefficients and roots z1, ..., z,. Prove that

1 = 2 2
sz:;\zﬂ <1—|—1r£1]?§>(n|an,k] .

Solution We have already remarked that

n—1
2 2 2
a4l <n =14 3l <n— 14 nmax fans]

It follows that

1 & 2 1 ) ,
fk; lzk]” < 1-— —+ max lan_i]* <1+ max ]

and this finishes the proof.
We end this article with a rather challenging problem.

Problem 5 (American Mathematical Monthly) Let P(X) = a, X" +a, (X" 14+
ag be a polynomial with complex coefficients. Prove that

max |P(z)| > JQ\aoan\ + Z |a;|?.

|2=1 i=0

Solution If ay = 0, the result follows directly from proposition 3.1, since with the
notations of that proposition we clearly have

1

N i |[P(2)]” < max|P(z)|*

i=1 l2=1
and the left-hand side is precisely 37 |a;|*.

Suppose that ay # 0 from now on. Write Z—Z = re with » > 0 and € R and set
29 = e~/ 50 that % =17 >0 and |2| = 1. Defining

Q(X) = P(Xz) = an b X",

we observe that |by| = |ap2f| = |ax| for all k. Moreover, we have b, = a,z} = rag = 7by.
It suffices therefore to prove that

|2=1 i=0

max |Q(z)] = JM%P +>_ [bif>.

Let z1,..., 2z, be the roots of the polynomial X™ — 1. Then clearly

nmax BlQ()* > Yo1Q() = (3 beeh) (X bus)
- =1 i=1 k=0 =0
=203 bbizT = 3 by
i=1k,[=0 k,1=0 i=1
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Note that for 0 < k,I < n the number k£ — [ is a multiple of n precisely when k& = [ or
(k,1) € {(n,0),(0,n)}. Therefore proposition 2.1 shows that

ST beb > 2= 0D |bel® 4 bubo + bobn) = n(d_ [bi]? + 2r|bo[?).
k,l=0 i=1 k=0 k=0

The result follows.
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