Tema Ha ceamunara (20-26 anpua 2020 r.)
Pemenusa

3agaua 1 B mpusesanux ABC mouxume E u F om cmpanume AB u AC csomsemno ca
pasnoomdaseneny om cpedama wa cmpanama AB. Onucanume oxpsoicnocmu okoao NABC u
ANAEF ce npecuwam 3a emopu nsm 6 moukae P, a K e npeceunama mouka nwa donupamenrume
npes B u F xem onucanama oxono NAEF oxpsocrocm. Ha ce namepu LAPK.

Pemenne: Heka M e cpenara na BC, a M’ e cpegara na EF. Bes orpanudenue Ha 0OIIHOCTTA
—~

veka P € AC — mankara abra ot onmcanara 0kojio AABC okpbxkuocr. Heka /PCA = /PBA =

¢. Ha zabemexum omre, ge onucarara okoo APFEF oKpbKHOCT UMaMme, Je:

ZCFP =180°—- ZPFA=180° - ZPEA = /BEP.

Tosa nokassa, ue ABPE ~ ACPF w /CPF = /BPE. Tosa 1noka3Ba, 4e Npu BbPTAIIA
xoMmorerud ¢ 1eHTbp P, brea LBPFE u koebuiueHT % TpubIbIHEK LT BPC mpevMunaBa B
rpubrbannka EPF. Crenosarenno, Ipu Tasw BLpTAMa xoMmoretus M ce m3obpasasa B M/,
orkbaero AMPM' ~ ABPE. Orryk mnosydasame, de:

/PMM' = /EBP = ¢.

Toit kato EM = FM u KE = KF, to MK e cumerpanara na EF, orkbnero M’ € MK n
ZMM'E = 90°. Cera, 3a rpubrbanuk PEF umame, ye PK e cumennanara KbMm crpanara EF,

OTK'BJIETO:
/KPE = /FPM' = Z/CPM,

K'bJIETO BTOPOTO PABEHCTBO CJIEMBA OT BBLPTAIMIATA XOMOTeTHs. Taka mojydaBame, we:
LKPC=/KPM+ /MPC =/KPM + /KPFE = ZMPE.

Ocrana na zabenexkum, ye B oT Tpubl'baHuk M PFE moxe ga namepum, ye ZMPE = 90° —
ZABC. Tosa moxe ga ce sugu Taka. llvpso, /JPEF = /PBC or BbpTAIIaTa XOMOTETHS.
Bropo, kakTo Buggaxme no-rope, ZPMM' = /PBE. Hakpaa npecMmarame:

/PEM + L/EMP = (LPEF+ ZM'EM)+ (ZEMM' + /M’ MP)
— /PEF +90°+ ZM'MP = 90° + ZEBC,

KbJETO B HPEIIIOCAETHOTO PaBEHCTBO m3mosssaxme, ye ZMM'E = 90°, a B mociegHoro —
/PEF + /M'MP = /PBC + /EBP. Taka noay4auxme, 9e:

/KPC = /MPE =180°— (LPEM + ZEMP)
= 180° — (90° + LEBC) =90° — ZEBC =90° — ZABC.

Twit katro LAPC = 180° — LZABC, 1o ot mocaeguoro nosyuasame, ve LAPK = /ZAPC —
LK PC =90°.

Bagaua 2 Hexa p > 3 e npocmo wucao, a n e ecmecmeeno “wucao. a ce namepu ocmamasKsm
Ha.
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Pewenne: Heka wi, wy,...,w, ca (BCUYKH KOMILJIEKCHI) KOpEHHUTe Ha ypaBHeHuero x¥ = —1.
Torasa 3a BCAKO j, KOETO HE Ce Jle/in HA P € B CUJla, Ye:

P
wa = 0. (zamo?)
i=1

Cera e scHo, Je:
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Taka, 3a Ja HaMepuM ocTarbka Ha Y, (—1)F(} ) S o (—1)F( p) — 1 npm genenme Ha p,
JIOCTATLIHO /1a HAMEPUM ocTaTbka Ha Y b, (w; + 1)™ npu jenenne na pt.
3a nesnra, 1a 3abenexxumM, de:

(wi + 1) = ((wi + 1P)" = (w? + 1 +§:; (j) wl)" = sz (f)w)

Cera Bceku 0T KOeUITHEHTUTE (?) ce geqm wa p wpu 0 < j < p. Tosa, 3aemgHO ¢ paBecHCTBATA!
Zp: 0, ako p fj
P —1)7, axo plj

LIOKa3Ba, 4e:
n
= pp Y (wi+1)"
=1

Orryk, ako n > 3, pﬂpZZ:O(—l)k(zg), TOECT:
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IIpu n = 1 HemocpencTBEeHO ce TMPOBepsBa, te (0) (p) = (0 u ropHaTa IeJUMOCT OCTaBa B

cua. Taka ocraBa caydadar n = 2. 3a Hero, mpobyieM MPenCcTaBITBa €IUHCTBEHO HAMUPAHETO
2
Ha 0CTaTbKa ( ;’) (mod p?), zammoro apyruTte aBa GmHOMHEN KoedUIHeHTa HMaT IpHHOC 1.
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nenn Ha p?, a Ha S — HA p. 3a UBLPBUS U3paA3:
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Ot Teopemara Ha Ymiacha nMame, 9e (p — 1)! = —1 (mod p), moxaro i(p — i) = —i? (mod p).
Orryk, KOoraro i npobsirBa Bcuuku ocrarbiuu ot 1 1o (p—1)/2, i IpoGSIrBa, BCHUKY KBAIPATHIHA

OCTATBIN TI0 MOJIYJI P M CJEJOBATETHO CHINOTO € B CHJIa H 33 5’(’;_12))' Ocrana ma 3abegexuM, Je:
(p—1)/2
R=Y i#= (p—1)/2(p+1)/2p
, 6
=1
u Tbit KaTo p > 3, To ToBa R’ ce mesm wa p u cenoBaresHo P 25:11)/2 %. Tora mokassa, 4de
P*IR.
3a m3pasza S memara ca no-mpoctu. Kakrto m mo-rope (p — 1) = —1 (mod p) u Thit KaTO
P > 2, CHOKOIHO MOXKe j1a pasrieaame:
p—1 p—1
—1)!
28 = Z (pi'): Zij (mod p).
ij=1 J i,j=1
i#£] i#j

Toit kKaTo CymMara HA BCHYKK OCTAT'HIU MO0 MOV P AaBa YUCJ0, KPATHO HA P, TO MOCJETHATA €
CpaBHUMaA C:

p—1 p—1
g N2 (p=Dpp—1)
E ij (mod p) = E i° = 5
3,j=1 =1
i#]

U OTHOBO TIpu p > 3, mosiy4dasame, 4e p|2S5, a ciaenosaresnto u p|S. C Toa nokasaxme, Je:

2 2 3T
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3aII0TO YMCIUTEIAT Ha, Po6Ta Ce e/ Ha Ppo, a 3HAMeHATeIAT e B3anMHonpoct ¢ p. CleoBaTesno
U Ipu N = 2 uMame, Je:

<259) - (215> " @g) =1-2+1 (modp’)=0 (modp’).

Taka, OKOHYATEITHO: Zzzl(—l)k(zz) = —1 (mod p?).

2 (mod p?),

Bamaua 3 I'pad ¢ Popmama na xeadpam n X n e pasdesen om ysuuu wa xeapmants 1 X 1.
Vauuyume 6 mosu 2pad ca deynocounu — om cegep wa 102 u om usmox wa sanad. Yosex ocusee
6 Hafi-10203anadnama mouwka Ha 2pada u Tou Ha Paboma 6 Hali-CEGEPOUMONHAMG MOYKA Ha
epada. Bceawxa cympun moti usbupa maxse nem, KolUmo HUK02a He 3a46U6a Ha 102 UL HA 3ana0 U
MaKa, we 06 MUHE NO BB3MONCHO HAT-MAAKO YAUUU, IO KOUMO Geue e munasas. Bewep, xozamo
ce epswa om paboma, woseKsMm u3bupa Maxse Nem, KoUMo HUK02G He 346UCE HA CEGED UMY Ha
USMOK U OMHOG0 MAKE, YE 00 MUHE NO GBIMONCHO HATI-MAAKO YAUUL, TO KOUMO 6EHE € MUNHACAA.

Ja ce dokasice, we 3a n OHu, HE3ABUCUMO O KORKDEMHUIME NBMUUE, KOUMO U3OUPA 406EKEM,
motl e € U3EBPEAN GCAKG OM YAUYUME, TMOCCT UE € MUNHAA TOHE GEOHBIIC MO GCAKA O
MOYKUME HA ME3U YAUUL.

Permtenne: Pasriexganve rpajia kKaTo Mpexka oT kBagpardera 1 X 1 u crpanaTa BCAKO KBaJpaTIe
e Hapugame pebpo. Ha Besiko pebpo mocTaBsiMe TOCOKa Ha ceBep (rope) Wil Ha U3TOK (JISICHO).
Hexka rpagbr npexncrasiasa keaupara ABCD — karo A e Todkara, B KOSTO >KUBEE YOBEK'BT, a
B — naii-oromsrounara To4ka, ( ¢cborBetHO C' — HEroBoTO paboTHO MscTo). Jla o3HaumM ore
pbpxosere 110 orceukure AB, BC,CD, DA ¢boTBeTHO:

A=Ay, Ay,....,An=DB, B=DBy,Byi,...,B1,By=C
C=0CyC,....Ch,=D, D=Dy,Di...,Dp_1,Dy=A.



Teeno w(v) HA BPBX v OT MpezKaTa Ie HapuIaMe MO-MAJKaTa Tb/KAHA OT Ta3HW HA HA-KbC BT
or v 10 A wian or v po C.

flcHo e, ye 3a BCUYKU BBTPEIIHM BBHPXOBE, & CHINO 33 BbpxoBere B u D e u3IbjHEHO, Ye
OpoSIT Ha BAM3AIIUTE B TAX pebpa e paBeH Ha Opost Ha namuzamnmTe ot Tsx pebpa. Tesuw BbpxoBe
e Hapuuame pasnosectu. Cbino Taka 3a sbpxosere, B;,C; 3a 1 <17 < n — 1 e usnbaHeHo, e
B TAX BIAW3AT JBE pebpa W M3IM3a eIHO. Te3W BLPXOBE Ie HapedeM (unaahi. AHATOTHIHO 33
pbpxosere A;, D; 381 < i <n—1e B cuna, ye B TSX BJIM30 €1HO U usjm3ar Ase pebpa. Tesu
BBDXOBE IIle HapudaMme Hauaanu. Jla 3abemexum omre, e w(4;) = w(B;) = w(C;) = w(D;) =i
3a Bcako 0 < ¢ < n.

Ouesnano, worumaTa 0T A 1o C' MUHABAT mpe3 TOIHO 2n pebpa u 2n+ 1 Bbpxa, YUUTO Teria
obpBo pacrar oT 0 10 n, a caex ToBa HamassiBaT oT 1 g0 0. Hakpas, me Homepupame mHuTE,
zarouBaiiku or 0 u mbpBOHAYAJHO pebpara Ie ca YepHU, a BCAKO pPebpo, M0 KOETO YOBEK'bT €
MUHAJ IIe onBersiame B cunbo. llesra e ga nokaxkem, ue cien (n — 1)-us nen Bcuuku pebpa
e ca cuHu. 3a Ja [MOCTUIHEM Ta3H IeJi, e MOKaXKeM 10 MHJyKIms, de 3a Bcako 0 < k < n ca
UBIIbJIHEHY CJIEJIHUTE CBOMCTBA:

1. mpe3 men HoMep k ca orperenu ToIHO 4(n — k) pebpa.
2. cnen meH k BCMUKM pebpa, MHIIMAEHTHNA C BPbBX C Terao k ca CHHM.

3. 1o BCSIKO CMHBO pebpo, KOETO € WHIUJAEHTHO C BPBX C TEIJIO MO-TOJSIMO OT kK JUOBEK'BT €
MWHAJ TOYHO BETHBK.

ITpu k = 0 memara ca acau. Nva noue nsa wesapucuvu nbrsa ot A 10 C' (u cworserno or C' 10
A), npu Koero B eamHud momaaa pebporo AAj, a B apyrus AD; u mo CbInus HAYWH B €/IHHUSI
obT nonaga pebporo C'Cy, a B npyrust CBy. Taxa de, nanctuna: (i) ce onpersisar 2.(2n) = 4n
pebpa; (ii) pedbpara manmaentan ¢ A u C — eguncrsenute ¢ terno 0 — ca cunm; (iii) mo BeAxo
CUHBO PeOPO JOBEKHT € MUHA BeTHBK.

Cera ma paryiemame nHIyKIMOHHEATA CThIKA 0T kK — 1 ¥bM 1 < k < n. Twit kato wbpeuTe k u
mocaeauTe k Bbpxa oT Beeku mbT oT A 1o C' ca mHNUIeHTHN Ha BHpxoBe ¢ Teryia oT 0 g0 k — 1,

TO OT MHAYKIVUOHHOTO MPEAITOJIOKEeHNE T€ Ca CUHH. r]?&KEL7 BCCKHM OT IBaTa II'bTA OT A a0 C " oT
C no A, wamunary Ha k-Wsi Je€H CbIbPXKAT 10 HE moBede oT 2n — 2k = 2(n — k) depuu pebpa.
ITle mokaxkem, de BCEKH OT TAX ChIbPKA TOUHO IO TOJKOBA YepHU pebpa, KOUTO ChOTBETHO I
6baar ornBereHn B cuHBO. ToBa 1me mokaxke, 1de (i) u (iil) ca u3mbanenu cier aeH Homep k.

Bwpxosere A;, B;, C;, D; 321 > k ca MHIIUAEHTHU C 110 3 OCBEH OT WHIYKIIMOHHOTO TIPEIOIOKEHIE

) 9 Y
[0 BCAKO OT CHHUTE pebpa, KOUTO Ca WHITUACHTHE C TIX € MUHAJ Hali-MH0r0 ennd mbT. CiegoBaTeTHo
3a BCEKH TAaK'bB BPbBX, Te Ca C TerIo i > k, nma (IOHe eJIHO) WHIUIECHTHO PeOpOo, KOETO € YepHO.
IIpm Toma, 3a ¢ = k, mMa TOUYHO €IHO TaKOBa PedPO, 3aIIOTO PedPOTO, KOETO € MHIIMAESHTHO C
Bbpxa ¢ Teryio k — 1 Bede e CHHBO OT WHIAKYIMOHHOTO MPEJIOI0KEHNTE.

Cera 1ie mocTpouM IbTHUINA OT YepHu pebpa ot A; go B; 3a 1 > k. 3anousame or A,_1, upu
i =n— 1. Cregsame depuu pebpa 0 CTPESKATE, OT BBLPXOBETE, KOUTO MOCEIABaMe, JTOKATO
ue cruraem a0 dunanen Bpbx F, or kofito e Moxe na uznesem. Heka tosu mbr e 7). Ako

— - /

F = B,,_1 nojarame m,_1 = m,,_; U CMe TOTOBHU. AKO JIil He, T, _; PaJiesisd MpeXKara Ha JBe 9acTH,
KaTO B 4acTTa, B KOATO ce Hamupa B, 1 eauHcrBenudr Havajied BpbX e A,_1. Ilopaau ToBa, ako
cera 3amo9HeM oT Bj,_1 U ciie/iBaMe depHuTe pebpa 00paTHO Ha CTPEJIKUTE, IIe OLMUIIeM I'bT )1,
KoiiTo e crurae g0 m,_;. Cera nosydaBame 4e€pHUS I'bT Tp_, KATO IbPBO C/JIEABAME BT OT
!4 0T Ap_q 210 IpecevHaTa My TOYKA C T, _ U CJI€J TOBA T, _; 110 CTPEJIKUTE JJOKATO CTUIHEM
B B,_1. Cera mpemaxBame mbTs 7,1, TPU KOETO BLpXoBeTe A, 1 M B, 1 CTaBAT WHIIMICHTHN
Ha deTeH Opoii depHM pebpa U MOXKe Ja NPUJIOKWUM CbIAaTa KOHCTPYKIIA 33 § = N — 2 U T.H. 34
i=k.

Tosa moka3Ba, 4e 4oBeKbT MOXKe a3 usbepe nbr or A g0 A, cinen rosa no B u go C,
mo KO#HTo yuacTbKkbT 0T Ap 1m0 By e cberaBeH or depHm pebpa — obmo 2n — 2k. Ot ropuuTe
PA3CHKIEHUS CAeIBA, Y€ MAKCUMATHUAT Opoii Yepuu pebpa, Mo KOUTO MOXKE J[a MUHE TOBEK'HT €
2(n—k) u roii TpsibBa na m3bepe MeHHO TakbB bT. Jla kpberum To3u bt 11, la 3aberexnm, qe

T,



IT rpabBa 1a cBbpKe ¢ YepHU pebpa UMEHHO eJTUH OT BbpxoBeTe Ay win Dy ¢ enH 0T BLPXOBETe
By wiin Cy. Haucrrna, BCeKu eJiuH 0T OCTAHAJNTE BbPXOBE C TENI0 k MMa 110 JIBe ChCeiHrl pedpa
¢ BbpxoBe ¢ Terio k — 1. OT MHAYKITMOHHOTO TPEAIoJoKeHrne Te ca cuuau. Torasa, OTHOBO OT
HHIYKIIMOHHOTO MPENOJOKEHNE, Thil KATO 0 BCSIKO CHHBO pebpo, UHITMAEHTHO ¢ BPbX € TETJIO
k YOBEKHT € MUHAJ TOYIHO BEIHDBIK, TO U APYTUTE JIBEC MHUIUICHTHN pe6pa C TO31W BPbX Ca CUHU.
ToBa mokasBa, e eTUHCTBEHUTE BHLPXOBE C TETJIO k, KOUTO UMAT WHITUIEHTHO YepHO pebpo ca:
Ak, Bk, Ck, Dy,.

Heka A" u B’ ca asara or Bbpxosere {Ag, By, Ck, Dy}, kouro ue ca wacr or II. Cera
omBeraBame Il B cHBO M KAKTO ¥ TO-TOPE, MOXKE 71 TIOKAKEM, € MMa Y€PEH II'bT, KOWTO CBHP3Ba
A’ m B'. Tosa nokaspa, 4e 90BeKbT MOKe Ja ce sbpHe or C' 10 A 1o nwr I KoiiTo MunaBa 10
Touno 2(n — k) wepau pedbpa. C ToBa wbpBaTa M TpETaTAa YACT OT TBHPJAEHHETO Ca JoKasanu. OT
TOBa, 4e 110 BCAKO CHHBO PeBPO, KOETo CBBbP3Ba BPbX € Terio k ¢ BpbX ¢ Teryio k + 1 He mopeye
OT BEJHBIK, CJAEBa, 1€ OPosT Ha cuHUTE pebpa, KOUTO CBLP3BAT BPbX C TENIO K ¢ BPBX € TENIO
k+1e: 2(k+1) —3a gaure or 0 g0 k BRIAOYATETHO 110 ABe pebpa. Ho ToBa e 6podaT Ha BCHYKH
pebpa, KOUTO CBBP3BAT BPbX ¢ Teryio k ¢ Bpbx ¢ Teryio k+ 1. Twit kaTo pebpara, KOUTO CBbpP3BAT
BBpxOBE ¢ Teryio k m k — 1 ca CWHN OT WHAYKITMOHHOTO MPEIIOJI0XKEHNEe, TO U BTOPATA IaCT OT
TBBLPJAEHUETO € JI0Ka3aHa. ToBa 3aBbpINBa JTOKA3ATEICTBOTO HAa TBLPACHUETO.

Cregoparenso cien gen k = n — 1 Gposr ma cuanre pebpa e 45" (n —i) = 2n(n + 1)
— KoeTo e Opoar He pebpara B Mpexkara. loecT Bcmuky pebpa Ie ca CHHH, KOETO IIOKa3Ba, de
YOBEK'BT 1€ € U3BAPBAJI BCAKa OT YJIUITUTE.



