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УПРАВЛЕНИЕ НА КОЛЕСЕН МОБИЛЕН РОБОТ ПРИ 

СЛЕДЕНЕ НА ЗАДАДЕНА ТРАЕКТОРИЯ 

Abstract: In the article, the problems of stability during movement of a 

four-wheeled mobile robot along a set trajectory are investigated. The object of 

the study is a wheeled mobile robot with front turning and rear driving wheels 

according to the Ackerman scheme. A simulation was made based on a bicycle 

mathematical model, in which the longitudinal and transverse stability are 

calculated. The simulation shows that the accelerations do not exceed the limit 

values guaranteeing the stability of the robot during the movement along the set 

trajectory. 
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Introduction 

Today, the design of mobile wheeled robots is becoming an increasingly detailed 

process, due to the experience gained over the years and the increased use of this type of 

technique. These robots are used both in indoor work [4], [6] and as autonomous vehicles. 

Autonomous mobile wheeled mechanisms are of particular interest. They solve 

various scientific tasks and problems such as: determining the trajectory of movement  [1], 

[3], [7], following such a trajectory [2], [4]. As well as questions regarding the 

sustainability and stability of such robots. 

According to D'alembert's principle [5] – the principle of kinetostatics – 

considering an inertial force allows us to consider the robot as a body on which a balanced 

system of forces acts. Thus, for a given motion law, we can determine the support 

reactions and thus obtain values for the model parameters at which the robot will remain 

stable – there will be no overturning relative to the motion surface.  
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In the present paper, we extend the well-known [2], [3] models, with calculation of 

longitudinal and transverse stability of wheeled mobile robots, containing geometric and 

mass design parameters. Driving, resistance, inertial forces and support reactions are 

included in the model, i.e. active forces, support reactions and inertial forces are included.  

The article is organized as follows: in the second part, we have placed an 

implementation and description of the mathematical model of the robot, and its position in 

the lateral direction, including relative to a set trajectory, is determined by three 

coordinate systems. We propose a way in which the smoothness of trajectory following 

can be controlled. In the third part through numerical experiments we investigate the 

accelerations to which the robot is subjected and the smoothness of the trajectory 

described by it, while it is in the mode of following a set trajectory. In the last part, we 

draw conclusions about the performance of the model.  

Methods and Materials 

It is necessary to select one or more points of the robot structure, for which we will 

aim to follow the robot's motion trajectory S, as close as possible (Figure 1 and 2). 

Let point A be the support of a front wheel (we assume that the contact of the 

wheels with the road is a point, not a spot), point B be the support of a rear wheel. Let the 

steering wheel be one - the front one. Let the turning angle of the front wheel be 𝜃𝐴 and let 

there be a restriction on the angle by construction etc. considerations  −𝜃𝐴𝑚𝑎𝑥. 

 

Figure 1. Random position of the robot (bicycle mode) and the set trajectory in the horizontal plane of 

movement 

Using a circle with radius 𝑟𝐴 and center point A, we find the closest distance from 

point A to the trajectory S. We denote the common point by 𝐴𝑝𝑠. We introduce the angles: 

 𝜃𝐴1, which is closed between the steering wheel direction and 𝐴𝐴𝑝𝑠; 

 𝜃𝐴2, which is closed between the x-axis of the robot body-related coordinate 

system and 𝐴𝐴𝑝𝑠. 
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Figure 2. The robot, the set trajectory and the three coordinate systems  

 

Angle 𝜃𝐴1 gives the orientation of the steering wheel relative to the tangent at the 

closest point of the trajectory S (closest to point A, i.e. 𝐴𝐴𝑝𝑠). 

Angle 𝜃𝐴2 gives the orientation of the x-axis of the associated coordinate system 

(the x-axis is contained in the longitudinal plane of symmetry of the robot, coinciding with 

the plane 𝑚𝑐𝑥𝑧 of the robot-associated coordinate system 𝑚𝑐𝑥𝑦𝑧, where in this case the 

center of mass of the robot is chosen as the center of the coordinate system) relative to the 

same tangent. 

Let us denote the tangent by T. We aim at 𝐴𝐴𝑝𝑠 → 0, i.e. we choose point A to 

follow trajectory S as close as possible. It is possible to select another point of the robot to 

follow the trajectory, for example 𝑚𝑐 or B. 

One clarification: in Bicycle mode, point A and point B are the contacts of the front 

and rear wheels with the road; in the case of a four-wheel scheme, these points are the 

geometric center of the front and rear axles.  

The trajectory S is defined in the global coordinate system 𝑂𝑔𝑥𝑔𝑦𝑔𝑧𝑔; the tangent T - 

too. We assume that the trajectory S is located in the plane 𝑂𝑔𝑥𝑔𝑦𝑔 and the set of points on 

the planes 𝑂𝑔𝑥𝑔𝑦𝑔 and 𝑚𝑐𝑥𝑦 is the same (in case of uneven terrain, the search for the 

closest distance between point A and the trajectory will be instead of a circle – with a 

sphere, with center point A). 

Thus: 

(1) 

𝐴𝐴𝑝𝑠 = 𝑓(𝑉; 𝜃𝐴1; 𝜃𝐴2; 𝑆; 𝑥𝑔𝐴; 𝑦𝑔𝐴)  

We introduce a degree of closeness of the robot to the trajectory S by the following 

inequality: 
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(2) 

𝐴𝐴𝑝𝑠 ≥ 𝑘𝐿𝑅  

Where k is a coefficient taking into account the nature of the terrain, 

maneuverability of the structure, etc. If the inequality is satisfied, the robot is assumed to 

be far enough to advance to the trajectory by the shortest path, i.e. 𝐴𝐴𝑝𝑠 ∈ 𝑚𝑐𝑥. 

If: 

(3) 

𝐴𝐴𝑝𝑠 < 𝑘𝐿𝑅  

as the trajectory approaches, angle α, the angle between the 𝑚𝑐𝑥 axis and the 

tangent T should become more and more oblique, and when 𝐴 ≡ 𝐴𝑝𝑠, α will assume a value 

of 0. 

We will introduce a floating coordinate system 𝐴𝑝𝑠𝑥𝑓𝑦𝑓, where the center is the 

floating point 𝐴𝑝𝑠; 𝑥𝑓 ≡ 𝑇; 𝐴𝐴𝑝𝑠 ∈ 𝑦𝑓. 

We introduce a coefficient q of attraction to the trajectory:  

(4) 

𝑞 = 𝑓(𝑉𝐴; 𝜃𝐴1; 𝐴𝑦𝑓); 𝑞 > 1  

We define a dependency between some angles: 

(5) 

For 𝛼 ∈ [0; 𝜋), 𝜃𝐴 = −𝛼. 𝑞; 

if |−𝛼|. 𝑞 > 𝜃𝐴𝑚𝑎𝑥 , 𝜃𝐴  ∶=  −𝜃𝐴𝑚𝑎𝑥.  

For 𝛼 ∈ [−𝜋; 0), 𝜃𝐴 = −𝛼. 𝑞; 

if |−𝛼|. 𝑞 > 𝜃𝐴𝑚𝑎𝑥 , 𝜃𝐴  ∶=  +𝜃𝐴𝑚𝑎𝑥   

We determine the direction of movement and the speed of point 𝑚𝑐 when turning. 

We consider the case in which the travel speed of the leading wheel is constant, i.e. 

𝑉𝐵 = 𝑐𝑜𝑛𝑠𝑡.  

Then: 

(6) 

𝑉𝐴 =
𝑉𝐵

𝑐𝑜𝑠𝑐𝑜𝑠 𝜃𝐴 
,𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃𝐴  ∈ (−

𝜋

2
;
𝜋

2
)  

if there are no other restrictions. 

We determine the center of rotation in a turn at a given 𝜃𝐴. This is the intersection 

of the front and rear wheel axes: 𝑂𝑡𝑢𝑟𝑛. 

We pass axis 𝑣𝑚𝑐 through point 𝑚𝑐, which is perpendicular to 𝑚𝑐𝑂𝑡𝑢𝑟𝑛 and it gives 

us the direction of velocity 𝑉𝑚𝑐
 of 𝑚𝑐. 
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We define an angle 𝜃𝑉𝑚𝑐
. Then: 

(7) 

𝑉𝑚𝑐
=

𝑉𝐵

𝑐𝑜𝑠𝑐𝑜𝑠 𝜃𝑉𝑚𝑐
 
  

We determine the projections of 𝑉𝑚𝑐
 on the axes of the connected coordinate system 

𝑚𝑐𝑥𝑦: 

(8) 

𝑉𝑚𝑐
𝑥 = 𝑉𝑚𝑐

𝑐𝑜𝑠 𝑐𝑜𝑠 𝜃𝑣𝑚𝑐
 ;  𝑉𝑚𝑐

𝑦 = 𝑉𝑚𝑐
𝑠𝑖𝑛 𝑠𝑖𝑛 𝜃𝑣𝑚𝑐

   

At 𝜃𝐴 = 𝑐𝑜𝑛𝑠𝑡, i.e. the robot moves in a circle with center 𝑂𝑡𝑦𝑟𝑛, only centrifugal 

acceleration and centrifugal force are present. For the center of mass, at a given peripheral 

velocity, we have a centrifugal force which is: 

(9) 

𝑃𝑐 = 𝑚𝑟(𝜔𝑂𝑡𝑢𝑟𝑛
)2,  

where m is the mass of the robot centered at 𝑚𝑐, 𝑟 = 𝑚𝑐𝑂𝑡𝑢𝑟𝑛 and 

(10) 

𝜔𝑂𝑡𝑢𝑟𝑛
=

𝑉𝑚𝑐

𝑚𝑐𝑂𝑡𝑢𝑟𝑛
  

If 𝑉𝐵 ≠ 𝑐𝑜𝑛𝑠𝑡 and/or 𝜃А ≠ 𝑐𝑜𝑛𝑠𝑡, then 𝑉𝑚𝑐
𝑥 ≠ 𝑐𝑜𝑛𝑠𝑡, 𝑉𝑚𝑐

𝑦 ≠ 𝑐𝑜𝑛𝑠𝑡, respectively 

�̇�𝑚𝑐
𝑥 ≠ 0; �̇�𝑚𝑐

𝑦 ≠ 0. Then for the tangential and transverse acceleration we have:  

(11) 

𝑎𝑡𝑎𝑛 = �̇�𝑚𝑐
𝑥; 𝑎𝑙𝑎𝑡 = 𝑟(𝜔𝑂𝑡𝑢𝑟𝑛

)
2
+ �̇�𝑚𝑐

𝑦  

The maximum values for longitudinal and transverse acceleration are determined by 

the methods described in [5], which guarantee the stability of the robot in roll and pitch.  

Experiments and Results 

We calculate the necessary torques so that the mobile robot moves along the 

reference trajectory: 

𝑥𝑟 = 1.1 + 0.7 sin(2𝜋/30); 

𝑦𝑟 = 0.9 + 0.7 sin(4𝜋/30). 

In the simulation, the torques of the robot are calculated using the inverse dynamic 

model, and the motion trajectory is plotted in Figure 3. 

The parameters of the robot are mass m=0.25 kg, J=0.01 kgm
2
, length L=0.10 m, 

wheel radius r=0.015 m, and wheel spacing L=0.04 m. 
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Figure 3. Траектория на движение на робота  

Figure 4 and Figure 5 show the transverse and longitudinal acceleration of three 

robots with different wheel lengths and radii using the inverse dynamic model, and 

plotting the motion trajectory in Figure 3. With the parameters of the robot selected in this 

way [5], the transverse and longitudinal stability of the robot are guaranteed.  

 

Figure 4. Transverse acceleration of three robots with different wheel lengths and radii  
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Fig. 5 Longitudinal acceleration of three robots with different wheel lengths and radii  

Conclusion 

The problems of stable control of a four-wheeled robot with front turning wheels 

according to the Ackerman scheme are investigated. A model of this type of robot was 

built based on the two-wheeled model based on the principles of kinetostatics. The 

longitudinal and transverse stability of wheeled mobile robots, depending on their 

geometric proportions, as well as the forces acting on them, have been added to the model. 

The influence of the length of the robot and the size of its wheels on its longitudinal and 

transverse stability was studied. Numerical simulation shows that the modeled robots have 

parameters where the longitudinal and transverse stability is guaranteed.  

References 

[1] Gu, T.; Dolan, J.M.; Lee, J.-W. (2016). “On-Road Trajectory Planning for General 

Autonomous Driving with Enhanced Tunability”. Intelligent Autonomous Systems 13. 

Advances in Intelligent Systems and Computing, vol 302. Springer, Cham. pp. 247 -

261, 2016. DOI: https://doi.org/10.1007/978-3-319-08338-4_19  

[2] Klančar, G.; Blažič, S. (2019). “Optimal constant acceleration motion primitives”. 

IEEE Transactions on Vehicular Technology, 68(9), pp. 8502-8511, 2019. DOI: 

https://doi.org/10.1109/TVT.2019.2927124  

[3] Klančar, G.; Zdešar, A.; Blažič, S.; Škrjanc, I. (2017). “Wheeled mobile robotics: 

from fundamentals towards autonomous systems”, Butterworth-Heinemann, 2017, 

ISBN: 978-0-12-804204-5, 2017.  

[4] Lang, X. (2013). “A Trajectory Tracking Controller Design for a Nonholonomic 

Mobile Robot”, pp. 1-10, 2013.  

https://doi.org/10.1007/978-3-319-08338-4_19
https://doi.org/10.1109/TVT.2019.2927124


Научна поредица „Иновативно STEM образование“, Том 5, 2023, Велико Търново, България 

 

 

128 

[5] Lilov, S.; Markova, V.; Shopov, V.; Popov, N. (2022). “Modelling of the stability of 

wheeled mobile robots by roll and pitch”, Science Series “Innovative STEM 

Education”, volume 04, ISSN: 2683-1333, Institute of Mathematics and Informatics – 

Bulgarian Academy of Sciences, pp. 121-129, 2022. DOI: 

https://doi.org/10.55630/STEM.2022.0415  

[6] Siciliano, B.; Khatib, O. (ed.). (2016). “Springer handbook of robotics”, Springer 

Cham, 2016. DOI: https://doi.org/10.1007/978-3-319-32552-1  

[7] Zhang, Y.; Chen, H.; Waslander, S.L.; Gong, J.; Xiong, G.; Yang, T.; Liu, K. (2018). 

“Hybrid trajectory planning for autonomous driving in highly constrained 

environments”. IEEE Access, 6, 2018, 32800-32819, 2018. DOI: 

https://doi.org/10.1109/ACCESS.2018.2845448  

 

 

Резюме: В статията са изследвани проблемите на устойчивост при 

движение на четири-колесен мобилен робот по зададена траектория. 

Обект на изследването е колесен мобилен робот с предни завиващи и 

задни задвижващи колела по схема Акерман. Направена е симулация, 

базирана на bicycle математичен модел, в която се изчисляват 

надлъжната и напречната устойчивост. От симулацията се вижда че 

ускоренията не надвишават пределните стойности гарантиращи 

устойчивостта на робота по време на движението по зададената 

траектория. 
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