
The mechanicalevaluationof expressions
By P.J.Landin

Thispaper isa contributionto the \"theory\"of the activity ofusing computers.It showshow
someformsofexpressionused in currentprogramminglanguagescan bemodelledin Church's
X-notation,and then describesa way of \"interpreting\"such expressions.This suggestsa
method,of analyzing the things computeruserswrite, that appliesto many differentproblem
orientationsand to differentphasesof the activity of using a computer.Alsoa techniqueis
introducedby which the various compositeinformationstructures involved can be formally
characterizedin their essentials,without commitmenttospecificwritten orotherrepresentations.

Introduction is written explicitlyand prefixedto its operand(s),and
The pointof departureof thispaperis the ideaof a eachoperand(or operand-list)is enclosedin brackets,

machinefor evaluatingschoolroomsums,suchas e.g.
1. (3 + 4)(5q-6)(7q-8) /(a,+ (x(2,b),3)).
2. if 219<(3\1772 then 12\276/2 else53\177V/2

N/(17cosrr/17 X/(1 17stln rr/17)3. Wos + +

Thisnotationis a sort of standardnotationin which
all the expressionsin thispapercould(with someloss
of legibility)berendered.

A.n.y experiencedcompu.te.r user k.nows that .his The followingremarksabout applicativestructurewillbei!lustratedby examplesin whichan exp.ressionis
act\177wty scarcelyresemblesg\177wng a machinea numerical written \177n two ways:ontheleftin somenotationwh.oseexpressionandwaitingfor theanswer.He is involved
w!thflow diagrams,with replacementand sequencing, .applicativestructureisbeingdiscussed,andontheright

\177n a.form that displaysthe applicativestructuremore
w\177th programs,dataandjobs,andwith inputandoutput. exphcitly,e.g.There are good reasonswhy current information-
processingsystemsare ill-adaptedto doing sums. a/(2b+ 3) /(a,+(x(2,b),3))

Nevert.heless,the questionsarise:Is thereany way of (a + 3)(b--4)6\177 q-(xl+(a,3), (b,4)),exten&ngthenotionof \"sums.\"so as to servesom.eof (c-5)(d x +(c,5), (d,6))).theneedsofcomputerusersw\177thout alltheelaboraUons
ofusingcomputers?Are therefeaturesof \"sums\"that
correspondto suchcharacteristicallycomputerishcon-
ceptsas flow .diagrams,jobs,output,etc.?

Thispaper\177s an \177ntroductionto a currentattemptto

In boththeseexamplesthe right-handversionis in the
\"standard\"notation.In mostof the illustrationsthat
follow,theright-handversionwill not adhererigorously
to the standardnotation.The particularpoint illus-
tratedby eachexamplewillbemoreclearlyemphasized
:ifirrelevantfeaturesof theleft-handversionarecarried
over in non-standardform. Thus the applicative
structureof subscriptsis illustratedby

a(j)b(j,k).

provide affirmative answers to these questions. It
leavesmany gaps,getsrathercursorytowardsthe end
and,even so,doesnot takethe developmentvery far.
It ishopedthat furtherpiecemealreports,puttingright
thesedefects,willappearelsewhere.

Expressions
Applicativestructure

Many symbolicexpressionscan be characterizedby
their\"operator/operand\"structure.Forinstance

Somefamiliarexpressionshave featuresthat offer
several alternativeapplicativestructures,with no
obviouscriterionby which to choosebetweenthem.
Forexample

'+(+(+(3,4),5),6)
a/(2bq- 3) 3 q-4+ 5 q-6 , +(3,+(4,+(5,6)))

canbe characterizedas the expression.whoseoperator Z'(3,4,5,6)
is'/'andwhosetwooperandsarerespectively'a,'andthe '
expressionwhose operatoris '+' and whose two where Z' is takento be a functionthat operateson a
operandsarerespectivelytheexpressionwhoseoperator listofnumbersandproducestheirsum. Again
is 'x'andwhosetwo operandsarerespectively'2'and
'b,'and '3.'Operator/operandstructure,or \"applica- a2
tive\"structure,asit willbecalledhere.canbeexhibited,.
moreclearlyby usinga notationinwhicheachoperator where

\177' (a,2)square(a)
\177 is takento beexponentiation,,
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Mechanicalevaluation

Sometimesthe choicemay be morematerialto the for enclosingoperands(and operand-lists).However,
meaning.For instance,withoutbackgroundinforma-
tionit isimpossibleto decidewhetheror not

f(y q- 1)4-n(y 1)

containsa sub-expressionwhose
plication.We are not concerned
specificrules for answeringsuch

operatoris
here with
questions.

multi-
offering

What
interestsus is that in many casessucha rulecan be
consideredas a ruleaboutapplicativestructure.

\337 UsingChurch'sA-notation[!!we cani.mputeapplica-
t\177ve structureto some familiarnotationsthat use
\"private\"(or \"internal,\"or \"local,\"or \"dummy,\"or
'\"bound\")variables,such as the secondand third
occurrenceof 'x' in thefollowing:

exceptthat we observecorrect mating,no formal
significancewill be attachedto differencesof bracket
shape.Thatis to say, the rulesfor makingsenseof a
written expressiondo not rely on them;no information
would be lost by disregardingthe differencesin a
correctlymatedexpression.

Thereis anotherinformaldeviceby which we shall
bringout the internalgroupingof long expressions,
namely indentation. For instance,the connection
betweenthe itemsof an operand-list,or the two corn-
ponents of an ope.rator/op.erand.combination,will
frequentlybeemphasizedby \177ndentlng themequally.

The use of severalauxiliarydefinitions,ratherthan
!ustone,can.be renderedin termsof A. For example,
\177f thedefinitionsaremutuallyindependent.they canbe

f(0,x,2,x.x2). consideredasa \"simultaneous,\"or \"parallel\"definitionofseveralidentifiers,e.g
Similarly u 2p 4-q (u,v) (2p+ q,p .-2q).

'\177O\177<j<n ai.ib;\177: Z\"(O,n,?tj.a(i,j)b(j,k))

where 5;\"isa triadicfunctionthatisanalogousto f.

Auxiliarydefinitions
Theuseofauxiliarydefinitionstoqualifyan expression

canalsoberenderedin termsof 2,. E.g
(u 1)(uq-2) {;\177u.(u 1)(u4-2)}[7 3]
whereu 7 3.

and v p 2q
So if Church'snotationis extendedto permita listof
identifiersbetweenthe ')\177' and the '.',a group of
mutuallyindependentauxiliarydefinitionsraisesno new
issue,e.g.

u(u q- 1)
where u

v(v q- 1)
2p -Fq

v).u(u+ 1)
[2pq-q,p 2q]

v(v q- 1)}

andv p 2q.
If thedefinitionsareinter-dependentthecorrespond-Noticethat ;\177u.(u 1)(u4-2)is a functionandhence enceismoreelaborate.Someexamplesofthissituationit is appropriateto write this expressionin a context

that is morefamiliarlyoccupiedby an identifier,such willbegivenbelow.
as 'sin'or f,' designatinga function.Noticealsothat When we say that the applicativestructureof a
anexpressionthatdenotesa functiondoesnotnecessarily
occurinsucha context;witnesssomepreviousexamples
andalso

specificp.ie.ceof algebraicnotationis .such-an.d-such,we
areprow&nguniqueanswersto certmnquestionsabout
it, such as \"What is its operator?\"\"What are its
operand.s?\" Our discussionof specifi.c alg.ebraicnota-

\177 (0,,r/2,sin). tionswill now be interruptedby a discussionof what
We shallconsistentlydistinguishbetween\"operators\" preciselythesequestionsare. That is to say, the next

,, \337 ,, \337 . Sectionis devotedto explainingwhat is me.ant byand functions as follows. An operator\177s a sub
expressionof a (larger)expressionappearingin a \"applicativestructure\"rather than.to exhibitingthe
contextthat, when written in standard.form,.would applicativestructureof specificnotanons.
have an operand(oroperand-.list)to therightof \177t. A Thisattem.pt to charact.erizeapplicativestructurewill
.functionbearsthe samerelation.to .an operatoras a use a. particular techniquecalledhere \"structure
number,e.g.thefourthnon-negativeinteger,doesto a definitions,\"andusedlaterin thepaperto.characterize
numericalexpression,e.g.(16 7)/(5 2). The\"value\" other sorts of structure. The next Sectionbut one
of thisexpressionisa number;similarlywe shallspeak explainsthis technique.After thesetwo Sections,the
of the \"value\"of an expressionthat can occuras an discussionof the applicativestructure of specificnotationswillberesumed.operator.Justasthevalueofanexpressionthatoccurs
asan operandcombinedwith 'x/'must,to makesense,

Applicativeexpressions
Theexpressionsin thispaperare constructedout of

certain.bas!ccom.po\177entswhich are, for our purposes,
\"atomic\";\177.e. their\177nternal structure(if any) doesnot

bea number,so thevalueof an expressionthatoccurs
as an .operatormust be a function. However,any
expressionthat can occursensiblyas an operatorcan
alsooccursensiblyas an operand.

Applicativestructurecanbeindicatedunambiguously concernus. They comprisesingle-andmulti-character
by brackets.Legibilityis improvedby usinga variety
of bracketshapes. In particularwe shalltendto use
bracesforenclosing(long)operatorsandsquarebrackets

constantsand variables,includingdecimalnumbers.
Allthesewillbecalledidentifiers.Therewillbenoneed
for a moreprecisecharacterizationofidentifiers.
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Mechanicalevaluation

By a ?t-expressionwemean,provisionally,anexpression
characterizedby two parts: its boundvariablepart,

of a segmentof a vectorby

v(S)
written betweenthe 'A' and the '.\"and its A-body,
written after the . . (A moreprecisecharacterization ThemostdirectrenderingofthisasanAEissomethinglike
appearsbelow.)

Someof the right-handversionsappearingabove
containa A-expression.Someof thosebelowcontain
severalA-expressions,sometimesone insideanother.
Thispapershowsthat many expressionscan be con-
sideredas constructedout of identifiersin threeways:
by formingA-expressions,by formingoperator/operand
combinations,andby forminglistsof expressions.Of
thesethreeways of constructingcompositeexpressions, incorrectly
the first two are called\"functionalabstraction\"and '2,x.x2+ 1.'
\"functionalapplication,\"respectively.We shallshow
belowthatthethirdway canbeconsideredasa special
caseof functionalapplicationand so,in so far as our
discussionrefersto functionalapplication,it implicitly
refersalsoto thisspecialcase.

We are,therefore,interestedin a clas.sof expressions
about any one of which it is appropriateto ask the

If so,what \177dent\177tier.

followingquestions:
Q1.Is it anidentifier?

sum (v(r), s).
However,this is not a semanticallyacceptablecor-
respondencesinceit wrongly impliesdependenceon
onlyoneelementof v, namelyv,.. Thesamecriterion
prevents2, from beingconsideredas an operator,in
oursenseof thatword;morepreciselyit rulesthat

\177(X, X2 + 1)
exhibits the applicative structure of

We are interestedin findingsemanticallyacceptable
correspondencesthat enablea largepieceof mathe-
maticalsymbolism(with supportingnarrative)to be
renderedby a singleAE.

Structuredefinitions
AEs are a particularsort of compositeinformation

structure.Listsareanothersortofcompositeinforma-
tionstructure. Severalotherswill be usedbelow,and
they willbeexplainedin a fairly uniformway, eachsort
beingcharacterizedby a \"structuredefinition.\"A
structuredefinitionspecifiesa classofcompositeinforma-
tionstruc.tures,or constructed.objects(COs)as they will
becalled\177n future. It doesth\177s by indicatinghowmany
componentseachmemberoftheclasshasandwhat sort
of objectis appropriatein eachposition;or, if there
.areseveralalternativeformats,it givesthisinformation
\177n the caseof eachalternative.A structuredefinition

Q2.Is it a A-expression?If so, what identifieror
identifiersconstituteits boundvariablepart and
inwhat arrangement?Alsowhat istheexpression
constitutingits ,Vbody?

Q3.Is it an operator/operandcombination?If so,
what is theexpressionconstitutingits operator?
Also what is the expressionconstitutingits
operand?

We calltheseexpressionsapplicativeexpressions(AEs). alsospecifiestheidentifiersthatwillbeusedto designate
Laterthenotionof the \"valueof\"(or \"meaningof,\" variousoperationson membersof the class,namely

or \"uniquethingdenotedby\") an AE will be givena someor allof thefollowing:
formaldefinitionthatisconsistentwith o.ur correspond- \337 \337

encebetweenAEsandle.ssformalnotations.We sh.all (a)predicates for test.ing which of the variousalternat\177.ve formats (if there are
find that, roughlyspeaking,an AE deno.tess.ometh\177ng alternatives)is possessedby a given
as longas we.know the .value of each \177dent\177fier t.hat CO;
occursfreein \177t, andprowdedalso.thattheexpression (b) selectors for sele.ctingthevariouscomponent.s
doesnot associateany argumentw\177th a functionthat of a g\177ven CO onceits format \177s

isnotapplicableto it. In particular,for a combination known'
to denotesomething,itsoperatormustdenotea function (c) constructorsfor constructinga CO of giventhat is applicableto the valueof its operand. On the
other hand, any A-express.ion denotes.a function;
roughlyspeaking,its domran(which m\177ght have few
members,or even none)containsanythingthat makes
sensewhen substitutedfor occurrencesof its bound
variablethroughoutitsbody.

Givena mathematicalnotationit is a trivialmatter
to.fi. nd a correspondencebetweenit andAEs. It isless
tnwal to discoverone in which the intuitivemeamng
of thenotationcorrespondsto thevalueof AEs in the
sense.justg!ven. A correspondence.that meetsthis
conditionnughtbe calleda \"semanticallyacceptable\"

formatfromgivencomponents.
ThequestionsQ1to Q3 abovecomprisethemainpart
of the structuredefinitionfor AEs. What they do not
conveyistheparticularidentifierstobeusedtodesignate
the predicates,selectorsand constructors. Future
structuredefinitionsin this paperwill be laidout in
roughlythefollowingway:

An AE iseither
an identifier,

or a ?\177-ex\234ression (;\177ex\234) andhasa boundvariable(by)
which isan identifieror
\177dent\177fier-list,

anda ?t-body (body)
whichisanAE,

correspondence.For instance,someonemightcon-
ceivablydenotethesum

Vr 'q-Vr-t- I '3[-''''q-Vrq-s--1
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Mechanicalevaluation

or a combinationandhasanoperator(rator)
whichisanAE,

andanoperand(rand)
which isanAE.

asanexplicitdefinitionwith a A-expressionfor itsright-
handside,e.g.

f(y) . y(y q- 1) f .. )\177y.y(y q- 1).

This is intendedto indicatethat 'identifier,''A- Soan expressionusingan auxiliaryfunctiondefinition
expression'and'combination'(andalsotheabbreviations canberenderedby usingtwo ?\177-expressions,onefor its
written after themif any) designatethepredicates,and operatorandonefor itsoperand,e.g.
'by,' 'body,' 'rator,' 'rand' (mentioninghere the f(3)+f(4) {2\177f.f(3)+f(4)}[)ty.y(yq- 1)].
abbreviatedforms)designatetheselectors.We consider whereJ'(y) ..y(y q- 1)
a predicatetobea functionwhoseresultforany suitable
argumentis a \"truth-value,\"i.e.eithertrue or false.
For instance,if X is a ,\177-expression,thenthe predicate
)\177exp appliedto X yieldstrue,whereasidentifieryields

A group of auxiliarydefinitionsmay
numericalandfunctionaldefinitions,e.g.

includeboth

false;i.e.thefollowingequationshold: f(a + b,a b) + {2\177(a, b,f)..f(a+ b,a b) q-f(a b,a + b) f(a b,a + b)}
)texpX true wherea 33 [33,44 h(u,v).uv(u q-v)].identifierX false. 'andb 44

(Itwillbeobservedthat,by consideringpredicatesas andf(u,v) uv(u -1--v)functions,we are led into a slightconflictwith the
normaluse of the word \"apply.\"For instance,in
normaluse it mightbe saidthat the predicateeven
\"appliesto\"the numbersix,and \"doesnot applyto\"
the numberseven. We musthereavoid this turn of
phraseandsay insteadthateven \"holdsfor,\"or \"yields
truewhen appliedto,\"six;and\"doesnotholdfor,\"or
\"yieldsfalsewhen appliedto,\"seven.)

The constructorswillnotusuallybenamedexplicitly.

When a )\177-expressioniswritten as a sub-expressionof
a larg.er expression,thequestionmay arise:how far to
the right does its body extend? This questioncan
always beevadedby usingenoughbrackets,e.g.

v).(uv(u + v))).

However,to economizein brackets,we adopt the
conventionthat it extendsas far as is compatiblewith

Insteadwe shalluse obviouslysuggestiveidentifiers the brackets,exceptthat it. is stoppedby.a comma.
suchas 'construct)texp.'E.g.the followingequations Anotherway of sayingthis \177s that the \"bin&ngpower\"
hold: of the '.'is less than that of functionalapplication,

false
...: true...j

identifier(construct)texp(J,X))
)texp(construct2texp(J,X))
by (constructhexp(J,X))

multiplicationand all the written operatorssuch as' ''/,'etc.,but exceedsthat of the comma. For+,
example:

construct)texp(bv X, bodyX) X f(g(a))q-g(f(b)) {?\177(f, g).J(g(a))q-g(f(b))}
and
equationsholdsprovidedJ andX aresuchas to make
both sides meaningful.Thus the first three hold
providedJ isan identifieror listof identifiersandX is
an AE. Again, the last holds providedX is a
A-expression.)

A structuredefinitioncan also be written more
formally,as a definitionwith a left-handsideand a
right-handside. Theleft-handsideconsistsof all the
identifiersto which thestructuredefinitiongivesmean-
ing. The right-handsideisanAE containingreferences
to the component-classesinvolved(e.g.someclassof
character-strings,in thecaseofAEsthatareidentifiers)
andalsoto oneormoreofa smallnumberoffunctions
concernedwith classesof COs. However,in this

many others. (More precisely,each of these wheref(z) z2 + 1 [?tz.z2 + 1,)tz.z2--1].
andg(z) z2 1

An identifiermay occurin theboundvariablepartof
a 2,-expression(eitherconstitutingthe entire bound
variable,or as oneitemof it). Apartfrom this,every
writtenoccurrenceofAE isin oneof thefollowingfour
sortsofcontext:

(a) It istheA-body ofsome?\177-expression.
(b) It istheoperatorofsomecombination.
(c) It istheoperandofsomecombination.
(d) It is a \"complete\"AE occurringin a contextof

Englishnarrative,or othernon-AE.
Eachof the threeformatsof AE can appropriately

paperwe shallnot formalizethe notionof structure appearin any of the four sortsof contexts.We have
definitions,and shallwrite any we needin the style already.seen that 2\177-expressions,like identifiers,can
illustratedabove. appropriatelyoccurbothas operatorsandas operands.

Belowwe shallfindcombinationsappearingasoperators,
Functiondefinitions

Inordinaryuse,definitionsfrequentlygivea functional,
ratherthannumerical,meaningto the definiendumby
usinga dummy argumentvariable.Thiscanberendered

and h-expressionsappearingas h-bodies.Theselast
two possibilitiesarebothassociatedwith thepossibility
that a functionmightproducea functionas its result.
Togetherwith moreobviouslyacceptablepossibilities,
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they almostcompletethefullrangeof ways in which a
particularsortof AE canappearin a particularsortof
context.(Theoneremainingcaseisthatofanidentifier
occurringasa )t-body,whichoccursin a laterexample.)

Lists
In anearlierSectionwe gave a structuredefinitionfor

AEsthatmadenoexplicitprovisionfor listsofoperands.
Our illustrationshave beggedthisissueby usingdyadic

Theright-handsideof an auxiliarydefinitionmight and triadicfunctions. It will turn out below that
itselfbequalifiedby an auxiliarydefinition,e.g. discussionof theevaluationof AEscanbesimplifiedif
u/(u + 5)
where u - a(a4- 1)

where a 7 3

+ 5)}
[{?ta.a(a-t-1)}[7 3]].

In particularthis mighthappenwith an auxiliary
definitionofa function,e.g.

we canavoidclassifyingoperandsinto\"singleoperands\"
and \"operand-lists,\"and avoid classifyingfunctions
intothosethat takeoneargumentand thosethat take
several.We now showhow thisisdone.

Listscanbecharacterizedby a structuredefinitionas
follows:

f(3)+f(4)
wheref(x)

{Af.f(3)+J'(4)}
ax(a-t-x) [{?ta.?tx.ax(ad-x)}

where a.\177 . 7 3 [7..3]].
Thislastexamplecontainsa ;\177-expressionwhosebody

A listiseithernull
or elsehasa head(h)

anda tail(t) whichisa list.
A null-listhaslengthzero. A non-null-listhaslength

oneor more;if its itemsare a\177, a2,...,ae, (k/> 1),
isanother)\177-expression.Noticethatsucha ;\177-expression

describes.a \"functio.n-producing\"functionand hence list whose k 1 items are a2,...,a\177_\177

can meamngfully g\177ve rise to a combinationwhose Sowe let

thenits headis al and its tailis the (nullor non-null)

operatorisa combination,e.g. 1st
({Aa.Ax.ax(aq-x))[7 3])[3]. 2ndL

3rdL

h
h(tL)
h(t(tL)),etc.We shallslightlyabbreviatesuch expressionsby

and a\177.

o.mitt!ng.bracketsround an operatorthat is acom- definingthe functions1st,2nd,etc.,!n termsof.the
b\177nat\177on, 1.e. selectorsh andt. Sothe\"items\"ofa hstarethe th\177ngs

{?ta.?tx.ax(a+ x)}[7 3][3]. thatresultfromapplying1st,2nd,etc.,to it.
On the linesmentionedearlier,the two identifiers

lhisamountsto an \"associationto the left\"rule. We constructnullistand constructlistdesignateconstructors
also abbreviateby omittingbracketsround a single for lists,takingrespectivelyzeroand two arguments.
identifier, Sothefollowingequationshold:

{?ta.\177x.ax(a+ x)}[7\177 \177 3]3. null(constructnullist())true
Similarly we may write 'fa+f3 + Dfb' for null(constructlist(x,L))--false

'f(a)+.f(3)+{D(f)}[b],'and rely on context to h(constructlist(x,L))--x
distinguishbetween'f appliedto a' and 'f timesa' constructlist(hL,tL) L
(asindeedwe alsodowhen writing 'f(a+ 1)'). andseveralmore.

Sincewe shallusemulticharacteridentifiers(excluding We shallnot distinguishbetweenlistsin this sense
spaces),this abbreviationmeansthat the readerwill andthe argumentlistsof dyadicand triadicfunctions.sometimesbe obligedto use his intelligence,together

Thatis to say, we considera triadicfunc.tion to be a
with thecontext,to decidewhether,e.g functionwhoseargumentsare limitedto hstsof length

isto bereadas

or

prefixx nullist three. Soan operatordenotinga triadicfunctionisnot
necessarilyprefixedto an operand-listof threeitems;
e.g.ifL isalistoftwo numbers,thefollowingexpression

{prefix[x]}[nullist] isacceptable:

{prefi[x][x]}[nul[list]] {\177(x, y,z).x+ y d-z}[constructlist(3,L)].
or many otherconceivablealternatives.Generallywe
shallusespaceswherever they arehelpfulwithoutbeing
ungainlyin appearance.

We now turn to threeformsof expressionthat play
an importantrolein programminglanguages,namely
lists(inparticularargument-lists),conditionalexpressions
and recursivedefinitions.ThenextthreeSectionsare
devotedto showinghow these can be renderedas
operator/operandcombinationsusing certain basic
functions.

We usenullistto designatea listof lengthzero,and
consideran emptybracketpairasmerelyan alternative
way of writing nullist. Alsowe considercommasas
merelyan alternativeway of writinga particularsort
ofcombination,whichwe now explain.

Associatedwith any objectx thereis a functionthat
transformsany givenlistintoa listof lengthonemore,
by addingx at the beginningof it. We denotethis
functionby

prefix(x).
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So if L is a listwhosek itemsare a\177, a2,...,a\177, then itemfrom a listwhich is not referredto elsewhere.So,
prefix(x)L weconsider'/f' tobeanidentifierdesignatinga function-producingfunctionsuchthat

denotesa listwhosek q- 1itemsarex,a\177,...,a\177. The
functionprefixis function-producingand so givesrise /.f(true) - 1st
to combinationswhoseoperatorsarecombinations.It /f(false) 2nd.
canbedefinedin termsofconstructlistasfollows:

prefix(x) constructlist(x,L).
Then(A) isequivalentto thefollowingAE:

/f(a <:b)(a7, b7).
By a naturalextensionof the notationfor function
definitionsthiscanalsobewritten This renderingis not, however,

wouldmatch
constructlist(x,L).

The
structure

examplesillustratethe

adequate.

applicative
prefix(x)(L)

following
operand-lists

(A1)
For it

if a 0 then1else1/a (B)

we are now \177mpos\177ng on of by
lengthtwo or more,andoflengthzero: /f (a \"' 0)(1,I/a). (B1)

f(a,b,c)
a+b
constructnullistO

f(prefixa(prefixb(prefixcnullist))) Butthevalueof thisexpression,i.e.to bemoreexplicit,
+(prefixa(prefixb(nullist)))
constructnullist(nullist).

of
if(a--O)(prefix1(prefix(1/a)())) (B1\177)

Noticethat while it is meaningfulto askwhether a dependson the valueof the sub-expression'l/a,'and
functionisdyadic(i.e.hasargumentsrestrictedto lists henceonly existsif 1/a exists. So (B1)is not an
oflengthtwo),thereisnosignificanceto askingwhether acceptablerenderingof (B)if a iszeroanddivisionbya functionismonadicsinceany functionmay bedenoted
in combinationwith a singleoperandratherthana list
ofoperandexpressions.

For therarecasesin whichwe wish to referto a list
with just one item, we use the functiondefinedas
follows:

unitlist(x) prefixx nullist.
We shallusethefollowingabbreviationfor 'prefixx

Z\177 \337

x:L.

zero is undefined.More generally,this methodof
renderingconditionalexpressionsasAEsdoesnotmeet
ourcriterionofsemanticacceptabilityunlessthedomain
of every functionis artificiallyextendedto containany
argumentthat might conceivablyarise on either
\"branch\"ofa conditionalexpression.We now present
anothermethodthatavoidsany suchcommitment.

Considerinsteadthe followingalternative

/f (a O)(,\177x.1,,Xx.1/a)(3) (B2)

x,y,z x :(y, z) x :(y :unitlistz) x :(y :(z:())).
We shalltreat':'asmore\"binding\"than\",,e.g.

2nd(2nd(L,x:M,N)) 1stM.
The lastexamplerefersto a listwhoseitemsinclude

a list. We admitthispossibilityandwrite,e.g.

So.e.g. where 'x' is an arbitrarilychosenvariableand '3'is' an arbitrarilychosenoperand. Unlike(B1),(B2)has
a valueeven if a 0; for, \177x. 1/adenotesa function
even if a 0 (albeitwith null domainsthisis in
accordancewith ourviewofthe\"value\"ofanexpression,
as introducedinformallyin a previousSectionand
formalizedin a subsequentone). So (B2)is precisely
equivalentto (B) in the sensethat either they are
equivalentor they arebothwithoutvalue.

(a,b),(c,(),e),unitlistf. The arbitrary 'x' and '3'in (B2)can be obviated.*
For thebv of a 2,-exp.ressioncanbe a listof identifiers,

In what follows,a listwhoseitemsincludelists(i.e.a and in particulara hst whoselengthis zero. Sucha
listwhich hasitemsthatareamenableto null,1st,2nd, 2,-expressionis applicableto an argumentlist of the

6& \370 99 o o

etc.)will.becalleda hst-structure. samelength, Thissuggeststhat allconditionalexpres-
sionscanberenderedin a uniformway asfollows:

Conditionalexpressions
We now showhow AEs providea matchfor con-

ditionalexpressions,e.g.for

if a <Z b thena7 elseb7

if a\"'0 then1else1/a
/f (a b)(3,().a7, b7)(')
/f (a --O)(h().1,h().I/a)().

ifa -<b thena7 elseb7. (A) Recursivedefinitions

Thisexpressionsomewhatresembles The use of self-referential,or \"circular,\"or what
have come to .b.ecalledin the computerworld,

ith(a7, b7) \"recursive\"defimuonscanalsoberenderedin operator/
where i is a computedindexnumber,usedto selectan * Thedevicegivenherewas suggestedby W. H.Burge.
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operandterms. By a circulardefinitionwe meanan
implicitdefinitionhaving theform

X ...X...X...X...
ditionalexpressions,the existenceof f(0) does not
involvethe existenceof f( 1). Noticealso that Y
may producea function,and hencegivesriseto com-
binationswhoseoperatorsarecombinations,e.g.

i.e.a definitionof x in which x is referredto oneor {Y,Xf.,\177n if n-. 0 then1elsenf(n 1)}6moretimesin thedefiniens.Forexample,suppose'M' '
designatesa list-structure,then isa meaningfulcombination.In fact itsvalueis720.

(a,m,(0,c))
Thisdevicecanalsobe usedfor a groupof \"jointly

circular\"or \"simultaneouslyrecursive\"definitions,e.g.
denotesa list-structurewhoseseconditemis the list-
structureM. Theequation and gx Xx\177 .( ,\177 x.F[f,g,x],F[f,g, (f' g) Y'\177(f' g) Ax.G[f,g,x]).a[f,g,

L (a,L,(b,c))

is satisfiedby the \"infinite\"list-structurecontaining
threeitems,ofwhichthefirstisa, thethirdis(b,c)and
the secondis the infinitelist-structurewhosefirst item
is a, andwhosethirditemis (b,c) andwhosesecond,

So the fixed-pointof a functionmightbe a listof
functions. This gives rise to the possibilitythat a
dyadicfunctionmightappearwith what lookslikeone,
rather than two, arguments,e.g.
jointly circular functionsappear
definition:

when the above
in an auxiliary

\337 andsoon.

''Sot.heaboveequationmay beconsidereda.s_a circular f(ga)5-g(fb) lA(f, g).f(ga)q-g(fb)}definitionthat associatesthis \"infinite\"hststructure where fx \177 F(f,g,x) YA(f, g).(Ax.F(f,g,x),
with theidentifier'L.' and gx . G(f,g,x) ,\177x. G(f,g,x))].

Again

ioeo
f(n) if n

f-- An. if n

0 then1elsenf(n-- 1)

then1elsenf(n 1)
may beconsideredasacirculardefinitionofthefactorial
function. (In this brief discussionthe important
questionofwhethereachcirculardefinitioncharacterizes
a uniqueobjectwillbeskipped.)

Making use of A, any circular
rearrangedso that there is just
occurrence,andmoreoverso that thesingleoccurrence
constitutestheoperandofthedefiniens,e.g.

definitioncan be
one self-referential

Noticethat the circularityis explicitlyindicatedin
theright-handversion,whereasthe left-handversionis
onlyrecognizableascircularby virtueof ourcomments
aboutit or by commonsense. In the nextSectionwe
shallextendourhithertoinformaluseofwhere soas to
providea matchfor any useof 2,.

Thedifferencebetweenstructureandwritten representation
Our notationfor AEs is deliberatelyloose. There

are many ways in which we can write the sam.e AE,
differingin layout useof bracketsand useof \177nfixed

as opposedto prefixedoperators. However,they are

L (a,L,(b,c)) L (,\177L'i(\177L',(b,c))}L allwritten representationsof thesameAE,.in thesensethat the informationelicitedby the questionsQ1,Q2
f(n) ifn 0 then 1 f {,\177f' .ifn 0 then 1 and Q3 aboveare the samein eachcase. Thisis the

elsenf(n- 1) elsenf'(n-1)}f. essentialinformationthat characterizesthe AE. We

Noticethat, hadwe used'L' and 'f' insteadof 'L\" cal!this informationthe \"struct.ure\" .ofthe AE. Our
and 'f\"they wouldstillhave beenboundandsowould laxity with written representations\177s based on the

knowledge.tha.t any expressionwe w.rite could,at the
nothave constitutedself-referentialoccurrences. costof leg\177bihty, have beenwritten \177n standardform,A circulardefinitionof theform

x \177 \177Fx

(suchas the lasttwo above)characterizesan objectas
beinginvariantwhen transformedby the functionF
i.e.asthe\"fixed-point\"ofF. If we use'Y' todesignate expressionof theform
thefunctionoffindingthefixed-pointofagivenfunction,
sucha circulardefinitioncanbe rearrangedsothatit is
formallyno longercircular:

x \177 YF.

with exclusivelyprefixedoperatorsandevery bracketin
place.

Oneof thesyntacticlibertiesthat we shalltakeis to
usewhere insteadof A. Moreprecisely,we shallusean

L where X M

asa syntact\177c variant\"of

even in casesthat go ratherfurther than the familiar
Thustheaboveexamplesbecome useofwhere, e.g.

1).

n2 q- 3nq-2
where n n q- 1

L
.f(n)

. (a,L,(b,c)) L. Y,\177L. (a,L,(b,c))

if n - 0 then1 f- Y,\177f. hn.ifn 0 then1
elsenf(n 1) elsenf(n --

Noticethat,accordingto the abovetreatmentof con-

{,\177n.n 2 q- 3nq-2}[nq- 1]

xy(x q-y) {,\177y. {,\177x.xy(x q-y)}
where x - a2 q-ax/'y [a2 q-ax/y])
where y ' a2 -{--b2 [a2 -{--b2].
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We useindentationto indicatethat thewhere qualifies
a sub-expression,e.g.in eachof thefollowingexamples
'y' occursbothboundandfree:

Theformalizationof theserules,andin particulartheir
formalizationas AEs,is avothertopicthat is outside
thescopeofthispaper.

xy(x + y)
wherex

andy
a2 +ax/y
a2 q-b2

{ y) .xy(x + y))
[a2 --1--ax/y,a2 q-b2]

xy(x q-y) {)\177x. xy(x q-y))
wherex - a2 q-ax/y [{)\177y. a2q-ax/y}[a2q-b2]].

wherey-a2 q--b2

The where notationcan be extendedto allow for
circulardefinitionsandjointlycirculardefinitions,thus
formalizinga featureof auxiliarydefinitionsthat has
previouslyrequiredverbalcomment.An occurrenceof
'Y'is indicatedby thewordrecursireor,moreshortly,
rec.

Thepowerofapplicativeexpressions
We have describedhow certainexpressionscan be

consideredas beingconstructedfrom i'known\"!denti-
tiers,or \"constants,\"by meansoffunctionalapphcation
and .functionalabstraction.We might look at the
s\177tuat\177on anotherway roundand considerhow many
expressionscan be constructed,startingwith a given
selectionof constants,using these same means of
construction. More precisely,we might compare
workingwithinsuchconstraintsto workingwithinsome
otherset of constraints,e.g.somealgebraicprogram-
minglanguageor machinecode,or systemof formal
logic. It transpiresthat the sevenobjects,null,h, t,

f(7 3) {2,f.f(7.3)} nu.llist,prefix,t.'\234 and Y providea basisfor describinga
whererecf(n) \177 [Y)\177f. )\177n. ff n 0 then 1 w\177de rangeof things.

ifn 0 then 1 elsenf(n 1)]. Roughlyspeaking,when taken togetherwith func-
elsen.f(n\177-1) tionalapplicationandfunctionalabstraction,they per-

f(ga)q-g(fb) {)\177(f, g).f(ga)q-g(Jb)} form the \"house-keeping\"or \"red-tape\"rolesthat are
whererecfx- F(f,g,x) [Y;\177(f,g).(;\177x.F(f,g,x), performedby sequencing,indicesand copyingin a

andgx G(f,g,x) )\177x. G(f,g,x))]. conventionalprogramminglanguage,and by narrative
in informalmathematics.For example:

It will be observedthat ourdiscussionof applicative
structurehas doubledbackon itself. We startedby
remarkingthe possibilityof analyzingcertainmoreor
lessfamiliarnotationsin termsoffunctionalapplication

(1)With a few basicnumbersandnumericalfunctions
they are sufficientto describethe numbersand
functionsof recursivenumbertheory. So they

and functionalabstraction.We arenow remarkingthe arein somesense\"aspowerfulas\"othercurrent
possibilityof lookinguponthesenotationsas \"really\"
AEs,written with syntacticvariationsthat make them
morepalatable.Clearly,oncea semanticallyacceptable
correspondencebetweenAEs and someothernotation
hasbeenestablished,it canbe lookedat in eitherway.

Theaboveexplanationofwhere andAEsleavessome
detailsunsettled.butshouldbeenoughto maketheuse
of where in what follows(a) comprehensibleand (b)
plausiblya mere\"syntacticsugaring\"ofAEs. Further
discussionofwhere, or ofothersortsof syntacticsugar,
isoutsidethescopeof thispaper.

Anotherexampleof alternativenotationsconcerns
conditionalexpressions. Interchangeablywith the

symbolismsof mathematica!logicand computer
programming.The questionwhetherthis sense
has muchpracticalsignificanceis one that will
not be discussedhere.

(2)With a few basicsymbols,andfunctionsassociated
with classesof symbol-strings,they are sufficient
to describesyntax (of, say, ALGOL 60. or for
AEs themselves),from the pointof view bothof
synthesizingandof analyzing.

(3)With a few basicclasses,andfunctionsassociated
with classesof compositeinformationstructures,
they are sufficientto formalize\"structuredefini-
tions,\"as introducedabove (for exampletheif...then...notationwe use the --> notationas structuredefinitionof AEsthemselves).

illustratedby thefollowingtwo examples:
p ->a ifp thena
else-->b elseb.
p->a p > a
q --->b else\177 (q--->b
else->c else-->c).

Any particularsetofrulesaboutrepresentingAEsby
written text(thecorrespondencewith where isonesuch
setofrules)hastwo aspects:

(4) With a few structuredefinitionsthey aresufficient
to characterizeformallythe \"value\"of an AE,
and to describea mechanicalprocessfor \"pro-
ducing\"it. Thisis theuseto which AEswill be
putin therestof thispaper.

A discussionof the relativeconvenienceof various
notationsin the fieldsmentionedhereis outsidethe
scopeofthispaper.

Evaluation

(a) a rulefor derivingthe structureof an AE, given The value of an applicativeexpression
a textthatrepresentsit, Every AE in theaboveexamples,includingevery sub-

(b) a rulefor derivinga textthat representsan AE, expressionof every AE, has a \"value,\"which is either
given itsstructure. a number,or a function,or a listof numbers,or a list
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offunctions,etc. Moreprecisely,an.AE X hasa value_(or rathermight have a value)relativeto someback
groundinformationthat providesa value for each
identifierthatisfreeinX. Thisbackgroundinformation
willbecalledtheenvironmentrelativetowhichevaluation
is conducted.It will be consideredas a functionthat

in bvX coincideswith a constantofE).
derivedenvironmentby

We denotethis

derive(assoc(bvX,x))E.
We shalldescribebelow a mechanicalprocessfor

obtainingthevalue,if it exists,of any given AE relative
associateswith each of certain identifier.s,eit.hera to any givenenvironment.Thisprocesscanbe imple-
number,or a list,or a function,etc. Each\177dentlfier to mentedwith penciland paper,or (as we shallbriefly
which anenvironmentE givesavalueisca.lieda constant sketc.h) with a. d!gitalcompute.r.TherulesR1 and R3
of E, andeachobject\"named.\"or \"designated,\"by a providea criterionfor decidingwhether or not the
constantof E (possiblyby several)iscalle.d a primitive outcomeofthisprocessisin fact thevalueaswe under-
of E. So E is a functionwhosedomranand range standit.
compriserespectivelyitsconstantsanditsprimitives.

If we let
val(E)(X)

denotethevalueof X r.elativeto E (or in E for short),
thefunctionthatval designatescanbespecifiedby means

Thethreerulescan be formalizedas a definitionof
val, thus:
recursivevalEX--identifierX--\177 EX

hexpX\177 f
whereJ3c--val(derive(assoc(bvX,x))E)

ofthreerules,R1,R2andR3. Thesecorrespondto the (bodyX)
threequestions,Q1,Q2 and Q3 that were introduced else-+{valE(ratorX)}[valE(randX)].
earlierto elucidatethestructureofAEs.

For e.xample,supposethriceis the function-producing
R1.If X isanidentifier,valEX isEX; funcuondefinedby

(R2.appearsbelow);. .
R3.If X is a combination,valEX can be found by

firstsubjectingbothits operatorandoperandto
valE,andthenapplyingtheresultof the former
to theresultofthelatter.

The rulesR1 and R3 are enoughto specifyvalEX
providedthatXcontainsnoh-expressions.Forexample,
consideran environmentin which the identifierk is
associatedwith the number7 and the identifierp with

thrice(f)(x) ,,f(f(f(x))).
Thenit followsfromtheabovedefinitionof val thatthe
valuesof thefollowingfive AEs,

square5
thricesquare5
thricesquare(thricesquare5)
thrice(thricesquare)5
thricethricesquare5

the truthvalue.false,and other identifiershave their \337 2 23 26 29 227
expectedmeamngs.ThenR1 and R3 suffice to fix the are respectively5.,5 , 5 , 5 and 5 . .Thereader
valueof,say, may bebettereqmppedto checkthisasseruonwhen he

has readthe nextSection.which describesan orderly
t.'f((219<5 3\1772) \276 p)(sin,cos)(,r/k). way ofevaluatingAEs.

This exampleillustratesthe need for evaluatingthe
operatorofa combinationaswellasitsoperand.

R2. If X isa h.-exp.ression,valEX isa function.Like
any function\177t can be specifiedby specifying
what resultit producesforanarbitraryargument,
and we now do this as follows:valEX is that
functionwhose resultfor any given argument
can be found by evaluatingbodyXin a new
environmentderivedfrom E in a way we shall
presentlydescribe.For example,supposeE is
the environmentpostulat,edabove,and X is theh-expression'\177r.k2\177 r2. Thenits value in E
is that functionwhoseresultfor any givenargu-
ment, say 13, can be found by evaluating
'k2 q- r2'in a new environmentE',derivedfrom
E. To be precise,E' agreeswith E exceptthat
it givesthevalue13to theidentifierr.

The set of objectsthat can be denotedby an AE
relativeto anenvironmentE,istherangeofthefunction
valE. It containsalltheprimitivesofE,andeverything
producedby suchan object,andevery functionthatcan
bedenotedby a h-expression.

Mechanicalevaluation
In orderto mechanizethe above rule,we represent

an environmentby a list-structuremadeup of name-
valuepairs. Thereis a functiondesignatedby location
suchthatifE* isthisstructureandX isanidentifierthen

locationE*X
denotestheselectorthatselectsthevalueofX fromE*.
SoifE* representstheenvironmentE thenthefollowing
equationholds:

valEX locationE*XE*.

More.generally,th!sderived.env!ronmen.t consistsof
E, modifiedby pairingthe \177dent\177fier(s) \177n bwY with
correspondingcomponentsof the given argumentx
(andusingthenew valuefor preferenceif any variable

We shallnot botherbelow to distinguishbetweenE
andE*.

Alsowe representthe value of a 2,-expressionby a
bundleof informationcalleda \"closure,\"comprising
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the \177-expressionandtheenvironmentrelativeto which 2. If C isnotnull,thenhCisinspected,and:
it was evaluated.We mustthereforearrangethat such (2a)If he is an identifier.X.(whosevalue relative
a bu.ndleis correctlyinterpretedwhene.ver it has to be to E occupiesthe position1ocationEXin E),
appliedto someargument.Moreprecisely: thenSisreplacedbya closurehas

anenvironmentpartwhichisalistwhosetwoitems
are:

1ocationEXE:S
andC isreplacedby tC. We describethisstep

(1)anenvironment asfollows:\"ScanningX causeslocationEXEtobeloaded.\"(2)an identifieror listofidentifiers,
anda controlpart whichconsistsof a listwhose

soleitemisanAE.

ThevaluerelativetoE ofa \177-expressionX isrepresented

(2b)If hCisa A-expressionX, scanningit causesthe
closurederivedfrom E and X (as indicated
above)to be loadedon to thestack.

(2c)If hCis ap,scanningit changesS as follows:
by theclosuredenotedby hSisinspectedand:

constructclosure((E,bvX), unitlist(bodyX)). (2cl)If hSis a closure,derivedfromE' andX',
Thisparticulararrangementof the informationin a then: $ isreplacedby thenullist,

E isreplacedbyclosurehasbeenchosenfor ourlaterconvenience.
We now describea \"mechanization\"of evaluationin

the followingsense. We definea classof COs,called
derive(assoc(bvX',2ndS))E',

C isreplacedby unitlist(bodyX'),
\"states,\"constructedout of AEsandtheirvalues;and D isreplacedby (t(tS),E, tC,D).
we definea \"transition\"rulewhosesuccessiveapplication (2c2)If hS is not a closure,then scanningapstartingat a \"state\"that containsan environmentE causesS to bereplacedby
andanAE X (inacertainarrangement.),leadsevent.ually ((lstS)(2ndS):t(tS)).to a \"state\"that contains(in a certmnposition)e\177ther

valEX or a closurerepresentingvalE(. (We use the
phrase\"resultof evaluation\"to coverbothobjectsand
closures. We supposethat the identifierclosure
designatesa predicatethat detectswhether or not a

(2d)If hC is a combinationX, C is replacedby
randX'(ratorX'(ap' t C))

Formallythistransformationofonestateintoanotheris

given resultofevaluationisa closure.) Transform(S,E,C;D),
A stateconsistsof a stack,which is a list,eachof nullC-\177[hS:S,E,C'D']

whose items is an intermediateresult of whereS',E',C',D'
evaluation,awaitingsubsequentuse; else\177

--D

andanenvironment,whichisa list-structuremade identifierX-+[locationEXE:S,E, tC,D]
up ofname/valuepairs; ;\177expX--\177

[constructclosure((E,bv X) ,unitlist(bodyX)) :S,
and.acontrol,which isa list,eachofwhoseitems E, tC,D]

\177s eitheran AE awaitingevaluation,or a X ap--\177closure(hS)--\177
specialobjectdesignatedby 'ap,' distinct [(),derive(assoc(J,2ndS)E'),
fromallAEs; C,

anda dump,which is a completestate,i.e.tom- (t(tS),E, tC,D)]
prisingfourcomponentsaslistedhere. whereE',J environmentpart(hS)

We denotea statethus: andC' controlpart(hS)
else-\177[(lstS)(2nd):t(tS),E, tC,D]

(S,E,C,D). else--\177[S,E,randX:(ratorX:(ap:tC)),D]
Theenvironment-part(bothof statesand of closures)
wouldbe unnecessaryif ,\177-expressionscontainingfree
variableswere prohibited.Alsothe dump wouldbe

where X hC

We assumeherethat an AE composedof a single
identifieris thesameobjectastheidentifieritself. Thisunnecessaryif all;\177-expressionswere prohibited.

Eachstepof evaluationis.completelydeterminedby suggestsa moregeneralassumptionthat wheneveroneof the alternativeformatsof a structuredefinitionhas
thecurrentstate(S,E,C,D) \177n thefollowingway: just one component,the correspondingselectorand

1.If C isnull,supposethecurrentdumpD is constructorarebothmerelythe identityfunction. We

(S',E',C',D'). alsoassumethat a stateis identicalto a listof its four
components.Thissuggestsa moregeneralassumption

Thenthe currentstate is replacedby the state thatwheneverastructuredefinitionallowsjustoneformat,
denotedby theconstructoris the identityfunction.Withoutthese

(hS:S,E,C,D'). assumptionsthe abovedefinitionwouldbe a bit more
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elaborate. A formalaccountof structuredefinitions evaluatedaftertheoperator;it mighteven beevaluated
wouldleadto a morecarefuldiscussionof thesepoints. piecemealwhen andifitisrequiredduringtheapplication

Noticethat,whereasa previousformuladescribeda of thevalue of the operator. Again,the evaluationof
rulefor derivingfroman AE.itsvalue,t.his.newform.ula
describesa rule for advancinga certainlnformauon-
structurethroughonestep. If X isan AE,andE isan

a h-expressionmightbeaccompaniedby partialevalua-
tion of its body. TheAE mightbe subjectedto pre-
processingof various kinds, e.g. to disentangle

environmentsuchthat valEX isdefined,thenstartingat combinationsoncefor allor to removeits dependence
any stateoftheform on an arbitrarychoiceof identifiersoccurringboundin

S,E,X:C,D it. The pre-processingmightbe moreelaborateand
and repeatedlyapplyingthis transformation,we shall performsymbolicreduction.The particularevaluationprocessdescribedabove
eventually reachthestatedenotedby will be ca!lednormalevaluation,an.d its significance

valEX:S,E,C,D. partlylies\177n that many otherevaluationprocessescan
bedescribedin termsof it;i.e.they canbe specifiedas
a transformationoftheAE intosomeotherAE,followed
by normalevaluationof the derived AE. Further

That is to say, at somelater timeX will have been
scannedanditsvaluerelativeto thecurrentenvironment
will have beenloaded(onto thestack). In particular,if
SandC arebothnull,i.e.if theinitialstateis discussionof evaluationprocessesand of theirmutual

(),E,unitlistX,(S',E',C',D') relationshipsis outsidethescopeof the presentpaper.
therewillbea subsequentstate

unitlist(valEX),E,(),(S',E',C',D') Evaluatingwith a digitalcomputer
which willbeimmediatelysucceededby thestatedenoted ThisSectiondescribesh.ow a \"state,\"in the above
by sense,can be represented\177n the instantaneousstateof

valEX:S',E',C',D'. a digitalcomputer,andhow the transformationforma-
lizedabovecan be representedby a storedprogram.

Theseassertionscan be verifiedby performingthe Themethodchosenhereis oneof many andisdisting-
appropriatesubstitutionsin thedefinitionof Transform. .uishedby its simplicityin description,ratherthan by

\177ts cheapness.It will hold no surprisesfor anyoneBasicfunctions familiarwith the \"chaining\"techniquesof storageand
By a \"basic\"functionofE we meana functionother locationpioneeredin list-processingsystems.

thana closure,thatcanariseas a resultof evaluation. givenhere as a demonstrationof possibility,
At themostthebasicfunctionscomprise practicability.

(1)primitivefunctions;
(2)any functionsproducedby basicfunctions.

For,any resultof a closuremustalsobe a resultof a
primitive(orbearesultofa resultofa primitive,or,etc.).

It is
not of

Representingeachcompositeobjectby an address
Eachcomponentof a state, from the entirestate

downwards,and includingsuchCOsas are definable
objects,canberepresentedina computerby anaddress.
Theway of doingthisiscloselyrelatedto thestructure
definitionsusedto introducethevariousCOsconcerned.

However,thismay bea.nover-estimateofthenumber
of basicfunctions,for \177t is clearlypossiblethat a
primitivemightbea closure.Forinstancetheevaluation
of For, giventhat the componentscan be representedby

\337 ()tf.f3+f4)[.hx.x2q- 1] addresses,the completeCOcan be represente.d by a
relativeto E involvesevaluating shortsegmentof store,largeenoughto contmnthese

addresses(a.nd.,if .the.CO is one admittingalternative
formats,a d\177st\177ngmsh\177ng tag). SothecompleteCOcanf3 +f4

relativetoanenvironmentinwhich 'f' namestheclosure
thatwe may roughlydenoteby

constructclosure((E,'x'),unitlist('x2 + 1')).
Of thesixsortsof stepdescribedabove,namely (1),

(2a),(2b),(2cl),(2c2)and(2d),allexcept(2c2)aremere
rearrangements.(2c2)ariseswhenever ap findsthatthe
headof thestackisa basicfunction.

Otherways ofmechanizingevaluation
It shouldbe observedthat thisis onlyoneof many

ways of mechanizingthe evaluationof AEs,all pro-
ducingthevalue,as specifiedabove. Forinstance,it is
not essentialthat the operandof a combinationbe
evaluatedbeforeits operator. Theoperandmightbe

alsoberepresentedby theaddressofthisshortsegment.
Thereis need for one fixed area in the store,large
enoughto holdan addressandrepresentingthe current
state. Themeritof thismethodis that thepredicates,
selectors,andconstructorscanberepresentedby stored
programswhosesizeand speedis independentof the
sizeof the COsoperatedon. Hencethis is alsotrue
of the information-rearrangingstepsthat occurduring
evaluation,namely(1),(2a),(2b),(2cl)and (2d);for
eachof theseis a compositionof predicates,selectors
andconstructors.

Eachof thesestepscan be representedby a stored
programof ten or twenty orders in most current
machine-codes.Obviously,the possibilityarises of
designinga machine-codethat favours these steps.
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However,the implementationsketchedhere has less
claimto suchembodimentthan someotherswhose
propertiesarebriefly referredto below.

the machineis to be congestedrapidly)mustin turn
beableto retrievefor re-useusedcellsthat have become
irrelevant.

Sharedcomponents
One consequenceof this methodis the presenceof

\"shared\"components. For instance,supposethe
environmentdenotedby

Other ways of representingour
digitalcomputer

It was earlierobserved
termsof SECD-statesis
mechanizingevaluation.

mechanizationwith a

derive(assoc(bvJ(,x))E mechanization,theremay bemany ways ofrepresenting
isbeingformedin step(2cl). It ispossiblethata copy it with a digitalcomputer. In particular,the method
of theaddressrepresentingE is \"incorporated\"intothe justsketchedisnottheonlyway ofmechanizingSECD-
new environment.As longasenvironmentcomponents
are not updated,the extentof sharingis immaterial.
However.therearetwo possibledevelopmentsin which
it wouldbecomeimportantto considerpreciselywhat
componentsareshared. .

(a) We mightvary the evaluationprocessby intro-
ducinga preparatoryinvestigationofeachAE.,to
determinewhether any of the transformations

can
by

of COs that
be performed
reconstructing.

occur duringits
by overwriting

that the mechanizationin
only one of many ways of
Likewise,given a particular

states.
For example,of all the occasionson which a fresh

are certainsub-setsthat can
and disposedof in a \"last

Henceby distributing

cell is required,there
reasonablybe acquired
in/firstout\"(LIFO)pattern.
theserequirementsamongmore than one sourceof
freshcellsit ispossibletoexploitconsecutiveaddressing.
In particularby restrictingthe structureof AEs it is
possibleto rely exclusivelyon the LIFOpattern. Such
restrictionssuggesta pre-evaluationaltransformation
for eliminatingexpensivestructuresin favour of
equivalentcheaperones. Suchvariationsare outside
thescopeofthispaper.

Conclusion

evaluation
rather than

(b) We mightgeneralizeAEsby introducinga fourth
formatplayingtheroleof anassignment.

Representingeachnon-compositeobjectby an address
The possibilityof usingthe abovestoragetechnique

dependson
Severallinesofdevelopmentoutsidethescopeof this

paperhave beenindicatedabove. Someoftheseconsist
inpartofa \"sidewaysadvance,\"a rephrasingofprevious

(1)being able to representeach non-composite work in a new jargon. However,a new jargonmight
definableobjectby anaddress:namely,identifiers,
primitivesandallresultsofevaluationotherthan
closuresandcompositedefinableobjects;

(2)beingableto representeachbasicfunction.f by

a storedprogramsuchthat, if the head.of the
stackrepresentsx, theprogramreplaces\177t by an
addressrepresentingfx.

RepresentingY tinguishedfrom their written representation.Again,
If we considera specific(powerful)setof primitives, thestructureof theinformationthat is recordedduring

comprisingsome basic numbers,some numerical evaluationwas distinguishedhomits representationin
functions,the basiclist-processingprimitives,and Y, a computer.
only the latterinvolvesany unfamiliartechnique. Y Anotherseparationachievedaboveis that between
canbe representedby a storedprogramthat,given an considerationsspecialto a particularsubj.ect-matter,and
argumentF at the head of the stack,performsthe considerationsrelevantto every subJect-matter(or
followingsteps: \"universeof discourse,\"or \"fieldof application,\"or

\"problemorientation\.")The subject-matteris deter-
1.Takea freshcellz, whoseaddressisZ. minedpreciselyby the choiceof primitivesand is not
2. UseZ as a spuriousargumentfor F, producinga affectedby the.choiceofnamesfor them,or.ofrulesfor

result-addressZ\177. writingexpressions(exceptthattheserulesm\177ght narrow3. Copythewordaddressedby Z' to thecellz. Then
Z is therequiredresultof Y. thesubject-matterby makingsomeAEsunwritable).

have featuresthat justify this procedure. The best
claimin the presentcaseseemsto be basedon the
extentto which it isolatesseveralaspectsof theuseof
computersthat frequentlyappear inextricablyinter-
woven.

Onesuchfeatureis the distinctionbetweenstructure
and representationeffectedby \"structuredefinitions.\"
For instance,the structureof expressionswas dis-

Thisrepresentationof Y is adequatefor the usesof it
Therelationshipbetweenexpressionsandtheirwritten

representationencompassesallthatiscustomarilycalled
mentionedin the Sectionon \"Circulardefinitions.\" the \"syntax\"of a languageandpart of what is custo-
Sourceofstorage

Thestoredprogramsfor constructingCOsmusthave
accessto a sourceof freshstoragecells,which (unless

marily calledits \"semantics.\"Thechosenname/value
relation,togetherwith theprimitivesthemselves(thatis
to say, the applicativerelationshipsbetween them)
constitutethe rest of what is customarilycalledthe
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\"semantics\"of a languageinsofaras it isdistinctfrom etc. [6]. However,they have anothermerit,that of
thesemanticsofotherlanguages. beinglessassociatedwith a particularinternalrepre-

Theseremarksabout\"languages\"are subjectto an sentation,and,in particular,with a particularordering
importantqualification.They applyonlyto languages of the components. (Gilmore[5] effectively uses
that can be consideredas AEs plus syntacticsugar. \"selectors\"to avoid entanglementwith a specific
While most lan.guagesin currentuse can partly.be written representationof expressions.)
accountedfor \177n these terms,entirely\"applicat\177.ve\" .Church[1],Curry [2]a.nd.Rosenb!oom[9]allinclude
languageshave yet to be provedadequatefor practical &scussionsof how to ehmanate varioususesof bound
purposes.Whether or not they will be, and whether
theirinterestingpropertiescanbe extendedto holdfor
currentlyusefullanguagesare questionsoutsidethe
scopeofthispaper.

Relationtootherwork
Most of the above ideasare to be found in the

literature. In particularChurch and Curry, and
McCarthyandtheALGOL60authors,are so largea
part of the historyof theirrespectivedisciplinesas to
make detailedattributionsinevitablyincompleteand

variablesin termsof just one use, namelyfunctional
abstraction;alsoofhow to eliminatelists,andfunctions
that selectitems from lists,in terms of functional
application.ThefunctionY iscalled6) in Rosenbloom
[9],and Y in Curry
McCarthy'slabel[6].

[2]' roughly speakingYA is

Formalizinga systemin its own terms is now a
familiaroccupation.The relativesimplicityof the
f\177anction val, compared,say, with LISP'seval,apply,
etc. [6,7], is due partly to the .fact.that it trea.tsthe
operatorandoperandof a combinationsymmetrically.

The formalizationof a machinefor evaluating
probablyimpertinent. expressionsseemsto have no precedent. Gilmore's

Thecriterionof \"semanticacceptability,\"whereby a machine[5]isspecifiedby a flowdiagram.Therelative
proposedrenderingin termsof AEs can be judged
corrector incorrect,is closelyrelatedto what some
logicians(e.g.Quine[8])call\"referentialtransparency,\"
and to what Curry
equivalence.

Structuredefinitions

[2] calls the \"monotony\"of

are in some sensemerely a

simplicityof thefunctionTransform,comparedwith his
specification,isalsoduein partto theabovementioned
symmetry.ClosuresareroughlythesameasMcCarthy's
\"FUNARG\"lists [7] and Dijkstra'sPARD's [3].
(Thismethodof \"evaluating\"a ,\177-expressionis to be
contrastedwith \"literalsubstitution\"suchas isusedin

convenientway ofavoidin.g theuninformativestringsof Church's.nor.malizationprocess,in Gilmore'smachine
a's and d's that occur \177n LISP's 'cadar,''cadaddr,' [5],and \177n D\177jkstra'smechanism[4]).
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