On the small-time local attainability^1

Mikhail I. Krastanov

Institute of Mathematics & Informatics Acad. G. Bonchev str., bl. 8, 1113 Sofia, BULGARIA e–mail:krast@math.bas.bg

Abstract. The concept of small-time local attainability (STLA) is discussed. A sufficient geometrical condition for small-time local attainability of a control system with respect to a closed set is proved.

Keywords. nonlinear control system, small-time local attainability

1 Small-time local attainability of a set.

The problem of small-time local attainability of a control system with respect to a closed set has been partially studied using only zero order and one order approach ([2], [19], [23], [24], [7] etc.). We would like to point out that the small-time local attainability of a control system with respect to a given set is not reduced to the problem of small-time local attainability at every point of the set. So, it needs a specific study.

To present a general sufficient STLA condition of zero-order of a control system with respect to a set, we shall follow the notations from [7]: Let S be a compact subset of R^n. We set S_r := {y ∈ R^n| d_S(y, S) ≤ r}, where d_S(y) := inf {‖y − s‖ | s ∈ S}. Let the control system is determined by the following differential inclusion

ẋ(t) ∈ F (x(t)), for a. e. t ∈ [0, T ], x(0) = x_0, (1)

in which F : R^n ⇒ R^n is a multifunction with compact and convex values. It is assumed that F is continuous of modulus ω near S, i.e. Δ(F (x), F (y)) ≤ ω(‖x − y‖), for all x, y near S, 1This work has been partially supported by the Ministry of Science and Higher Education { National Fund for Science Research under contracts MM-807/98 and MM-1104/01.

where Δ denotes the Hausdorff metric and ω : [0, ∞) → [0, ∞) is a nondecreasing continuous function with ω(0) = 0. Let y belongs to the boundary ∂S of the set S. A vector ξ ∈ R^n is called a proximal normal to S at y provided there exists r > 0 so that the point y + rξ has closest point y in S. The set of all proximal normals at a point y is a cone, and is denoted by N^p_S (y) (for a detailed treatment of proximal analysis and its applications, see [8]).

Definition 1.1 It is said that a closed set S ⊂ R^n is small-time locally attainable (STLA) with respect to a control system iff for any T > 0 there exists a neighborhood Ω of S such that for every point x ∈ Ω there exists a solution of the control system starting from the point x and reaching the set S in time not greater than T .

Then the results in [23], [24] and [7] can be formulated as follows:

Theorem 1.1 Suppose that S is nonempty and compact subset of R^n, and F : R^n ⇒ R^n is a continuous multifunction of modulus ω with compact convex values. Suppose that there exists δ > 0 so that, whenever y ∈ S and ξ ∈ N^p_S (y), there exists v ∈ F (y) for which < ξ, v > ≤ −δ‖ξ‖. (2) Then (1) is STLA with respect to S.

Using some of the ideas related to small-time local controllability at a point (cf. [10], [12], [25], a class of high order variations is defined in [18] and a new sufficient STLA condition of a control system with respect to a closed set is proved. In this paper we generalize this result.

Let Q be a subset of R^n × R such that for every point x ∈ R^n there exists a positive number ε_x such that {(x, t) | t ∈ (−ε_x, ε_x)} ⊂ Q. We consider a generalized control system, namely a set valued map R : Q ⇒ R^n with closed nonempty values which is continuous in t and satisfies the following semigroup property: Let x and y be arbitrary points from R^n and R(x, t), respectively, and let R be defined at (y, s). Then the relation z ∈ R(y, s) implies that z ∈ R(x, t + s). A trajectory of the generalized control system R defined on [0, T ], T > 0, and starting from the point x ∈ R^n is called any absolutely continuous function z(·) defined on [0, T ] and such that z(0) = x and z(t) ∈ R(x, t), for all t ∈ [0, T ].

Remark 1.1 We do not need to fix the form of the control system, because we present a general approach for studying the reachable set of control systems. It is based on the notion of local variation which is defined below. The STLA property of some particular cases of the control systems, determined by differential equations, differential inclusions and etc., is studied in [18]. Thus, one can think that R(x, t) is just the reachable set of a control system starting from the point x at the moment of time t.

Our main assumption on R is the following:

C. Let {x_k(.)}1_{k=1} be a sequence of trajectories of R defined on [0, T_k], respectively. Let {T_k}1_{k=1} → T . Then there exists a subsequence {x_{kj} (.)}1_{k=1} of the sequence {x_k(.)}1_{k=1} and a trajectory x(.) of R defined on [0, T ] such that x_{kj} (t) → x(t) uniformly over [0, min{T_{kj} , T }].

Remark 1.2 The assumption C means compactness of the set of all trajectories of the considered control system R. The property compactness of the set of all trajectories is typical for a sufficiently general class of control systems. For example, results ensuring compactness of the set of trajectories of differential inclusions are proved in [6], [8], etc.

Throughout the paper, we shall use some notations and definitions we introduce now.

By P we shall denote the set of all function p(t), t ∈ R, of the following type: p(t) = ∑k i=1 p_it^{qi}, where 1 ≤ q_1 < q_2 < ... < q_k, and 0 < p_i, i = 1, ...k. Further we shall also use the notations o(t), o_1(t), ..., to indicate any family of vector functions o(t) = o(t, .), ..., defined on R^n (parameterized on t), continuous in (t, x) and such that for some r > 0 and ω > 1 the ratio o(t, x)/t^ω is bounded uniformly with respect to x ∈ S_r. Let V^0_S be the set of all families of smooth vector functions a(t) = a(t, .) defined on R^n (parameterized on t), continuous in (t, x) and such that for every element a(t) from V^0_S there exist some positive reals r, θ and M such that ‖a(t, x)‖ ≤ M.t^θ.d_S (x) for all x ∈ S_r.

Definition 1.2 Let S be an arbitrary closed subset of R^n and A be a smooth function defined on R^n. It is said that A belongs to the set S^α_S iff there exist positive real numbers r and T , an element p ∈ P, two families of vector functions o(t) and a(t) ∈ V^0_S such that for every point x from S_r \ S and each t ∈ [0, T ] x + t^αA(x) + a(t, x) + o(t^α, x) ∈ R(x, p(t)). (3) Remark 1.3 A natural question is to know how to construct elements of the set S^α_S when a control system is given in the form of differential equation, differential inclusion and etc. A possible answer is given in [18] where different particular cases of control systems are studied. For example, let us consider again the following control system:

ẋ(t) = f_0(x(t)) + u(t)f_1(x(t)), u ∈ [−1, 1], (4)

where the state variable x belongs to R^n and f_0 and f_1 are smooth real vector fields defined on some neighbourhood of the origin, and such that f(0) = 0 and f_1(0) ≠ 0. Assuming that f ∈ V^0_S, it is proved in [18] that there exists α > 0, such that f_1 ∈ S^α_S and ± ( ad^k f_1, f_0 ) ∈ S^α_S , k = 1, 2, ..., n.

Definition 1.3 Let r > 0 and T > 0. It is said that A is a regular subset of the set S^α_S on the set S_r × [0, T ] provided that there exist positive constants ω > α, θ, L, M, N, C and P such that for every A ∈ A with corresponding p(.), a(t, x) and o(t, x) (according to definition 2.1), the following relations hold true: i) ‖A(x) − A(y)‖ ≤ L‖x − y‖ for all x, y from S_r; ii) ‖A(x)‖ ≤ C for all x from S_r;

iii) ‖a(x, t))‖ ≤ M.t^θ.d_S(x) for all x from S_r and all t ∈ [0, T ]; iv) ‖o(x, t^α))‖ ≤ N.t^ω for all x from S_r and all t ∈ [0, T ]; v) |p(t)| ≤ P.t for all t ∈ [0, T ]; vi) x + t^αA(x) + a(t, x) + o(t^α, x) ∈ R(x, p(t)) for all x from S_r and all t ∈ [0, T ].

Now we can formulate the main result

Theorem 1.2 Let S be a closed subset of R^n, r_0 > 0, T_0 > 0, δ > 0 and A be a regular subset of the set S^α_S on S_{r0} × [0, T_0]. Let us assume that whenever y belongs to the boundary ∂S of the set S and ξ ∈ N^p_S (y) there exists A ∈ A for which < ξ, A(y) > ≤ −δ.‖ξ‖. (5) Then the control system R is STLA with respect to S.

Let Θ(x) be the minimal time of steering the set S from the point x by means of a trajectory of the general system R, i.e.

Θ(x) := inf{t ≥ 0, such that z(0) = x, z(t) ∈ S for some trajectory z(.) of R}.

The map Θ(.) is called time optimal map of reaching the set S. Theorem 2.1 implies directly the following corollary:

Corollary 1.1 Suppose that the assumptions of theorem 2.1. hold true. Then there exists a constant C > 0 such that

Θ(x) ≤ C.d_S(x)^{1/α} (6)

for every x from some neighborhood U of S.

2 Numerical results.

The idea of the proof of the main result is to move towards the set S using suitable high-order control variations defined on suitable intervals of time. For an illustrative example, we consider the following three-dimensional control system

ẋ_1 = u, x_1(0) = 0, u ∈ [−1, 1], ẋ_2 = v, x_2(0) = 0, v ∈ [−1, 1], ẋ_3 = vx_1 − ux_2, x_3(0) = 0, which is small-time locally controllable at the origin but does not satisfy the Brockett necessary condition (cf. [2]), and hence can not be asymptotic stabilized by means of a continuous feedback law. Let x = (x_1, x_2, x_3)^T , B(x) = (1, 0, −x_2)^T and C(x) = (0, 1, x_1)^T . Then the Lie bracket [B, C](·) of the vector fields B(·) and C(·) is [B, C](x) := ∂C(x)B(x) − ∂B(x)C(x) = (0, 0, 2)^T , where by ∂B(·) and ∂C(·) are denoted the Jacobians of B(·) and C(·), respectively.

The considered control system belongs to the class of the so called “symmetric” control systems (cf. [3]). So, it is natural to assume that all nonvanishing Lie brackets belong to the set of high-order control variations. Indeed, studying the set of admissible trajectories of this control system, one can find the following control variations of second order: Let β = (β_1, β_2, β_3)^T , where β_i ∈ [−1, 1], i = 1, 2, 3. We define the following admissible control:

u_β(τ ) := u = β_3, v = 0, for τ ∈ [0, t); u = 0, v = 1, for τ ∈ [t, 2t) u = −β_3, v = 0, for τ ∈ [2t, 3t); u = 0, v = −1, for τ ∈ [3t, 4t) u = β_1, v = β_2, for τ ∈ [4t, 4t + t^2);

It could be directly verified that the corresponding trajectory z(x, u_β, ·) is defined on [0, 4t + t^2] and

z(x, u_β, 4t + t^2) = x + t^2 (β_1B(x) + β_2C(x) + β_3[B, C](x)) .

Now we define the following stabilizing feedback u_{β(x)} on Ω × [0, 4t_x + t^2_x], where

Ω := { x = (x_1, x_2, x_3)^T : |x_1| ≤ 1, |x_2| ≤ 1, |x_3| ≤ 2 } and t_x := √ ‖x‖. Since B(0), C(0) and [B, C](0) are linearly independent, every point x ∈ Ω can be present as follows

x := α_1(x)B(0) + α_2(x)C(0) + α_3(x)[B, C](0), with |α_i(x)| ≤ 1, i = 1, 2, 3.

We set (similarly to [11])

β_1(x) := − α_1(x) ‖x‖ , β_2(x) := − α_2(x) ‖x‖ , and β_3(x) := − |α_3(x)| ‖x‖ and use the feedback control u_{β(x)} on the interval [0, 4t_x + t^2_x). The condition (5) holds true with μ = −1. According to the main result, this control system is STLAS. Moreover, it could be verified directly that the corresponding trajectory z(x, u_{β(x)}, ·) is defined on [0, 4t_x + t^2_x] and z̄ := z(x, u_{β(x)}, 4t_x + t^2_x) = 0. Choosing different starting points x from Ω, we apply this feedback control. All computer simulations are performed using the computer algebra system Maple V. Some of the corresponding numerical results are presented in the next table:

x_1 x_2 x_3 t_x z̄_1 z̄_2 z̄_3

1/3 −2/3 5/3^4

√_{10}

3 0 0 −6.10�^{10}

1/3 2/3 −5/3^4

√_{10}

3 0 −3.10�^{10} −5.10�^{10}

1 1 −2^4 √ 6 −3.10�^{10} 0 16.10�^{10}

1 −1 2^4 √ 6 0 0 0

References

[1] A. Agrachev and R. Gamkrelidze, Local controllability and semigroups of diffeomorphisms, Acta Applicandae Mathematicae 32 (1993), 1-57.

[2] A. Bacciotti and G. Stefani, Self-accessibility of a set with respect to a multivalued field, Journal of Optimization Theory and Applications 31 (1980), 535-552.

[3] R. Bianchini and G. Stefani, Time optimal problem and time optimal map, Rend.

Sem. Mat. Univers. Politecn. Torino 48 (1990), 401-429.

[4] R. Bianchini and G. Stefani, Graded approximation and controllability along a trajectory, SIAM Journal on Control and Optimization 28 (1990), 903-924.

[5] P. Brunovsky, Local controllability of odd systems, Banach Center Publications 1 (1974), Warsaw, 39-45.

[6] F. Clarke, Optimization and nonsmooth analysis. John Willey & Sons, New York, Chichester, Brisbane, Toronto, Singapore, 1983.

[7] F. Clarke and P. Wolenski, Control of systems to sets and their interiors, Journal of Optimization Theory and Applications 88 (1996), 3-23.

[8] F. Clarke, YU. Ledyaev, R. Stern and P. Wolenski, Nonsmooth analysis and control theory, Graduate Text in Mathematics 178 Springer-Verlag, New York, 1998.

[9] H. Frankowska, Local controllability of control systems with feedback 60 (1989), J. Opt. Theory Appl., 277-296.

[10] H. Hermes, Lie algebras of vector fields and local approximation of attainable sets, SIAM Journal on Control and Optimization 16 (1978), 715-727.

[11] H. Hermes, On the synthesis of a stabilizing feedback control via Lie algebraic methods, SIAM Journal on Control and Optimization 16 (1978), 715-727.

[12] V. Jurdjevic, I. Kupka, Polynomial Control Systems, Mathematische Annalen 272 (1985), 361-368.

[13] R. E. Kalman, Pl. L. Falb, M. A. Arbib, Topics in mathematical system theory.

(Ocherki po matematicheskoj teorii sistem), Moscow, “Mir”, 1971 (in Russian).

[14] M. Kawski, A Necessary Condition for Local Controllability, Contemporary Mathematics 68 (1987), 143-155.

[15] M. Kawski, Control variations with an increasing number of switchings, Bulletin of the American Mathematical Society 18 (1988), 149-152.

[16] Krastanov, M.I. A necessary condition for small time local controllability. (English) [J] C. R. Acad. Bulg. Sci. 44 (1991), 9-12.

[17] M. Krastanov, A necessary condition for small-time local controllability, Journal of Dynamical and Control Systems 4 (1998), 425-456.

[18] M. Krastanov and M. Quincampoix, Local small-time controllability and attainability of a set for nonlinear control system, ESAIM: Control Optim. Calc. Var. 6 (2001), 499-516

[19] P. Soravia, Hölder continuity of the minimal-time function for C^1-manifold targets, Journal of Optimization Theory and Applications 75 (1978), 790-802.

[20] G. Stefani, On the local controllability of a scalar input control system, in: Theory and Applications of Nonlinear Control Systems, C. Birnes, A. Lindquist (eds.), North-Holland, Amsterdam, 167-179, 1986.

[21] H. Sussmann, A general theorem on local controllability, SIAM Journal on Control and Optimization 25 (1987), 158-194.

[22] V. Veliov, On the controllability of control constrained linear systems, Mathematica Balkanica, New Series 2 (1988), 147-155.

[23] V. Veliov, Attractiveness and invariance in the case of uncertain measurement, In Kurzhanski, Veliov Eds., Modeling Techniques for uncertain systems, PSCT 18 (1994).

[24] V. Veliov, On the Lipschitz continuity of the value function in optimal control, Journal of Optimization Theory and Applications 94 (1997), 335-361.

[25] V. Veliov, M. Krastanov, Controllability of piecewise linear systems, Systems & Control Letters 7 (1986), 335-341.