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— 1 d" -
The operator My(z) = E E%y(ﬂ)bkzk 1, g € N, with by being arbitrary complex
k=g

numbers, is considered in the space S of the polynomials. It generalizes many well-known
operators of differentiation type. The commutant of M is described and then the cases when
the operator M is minimally commutative are found.
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1. Introduction

Let S be the space of the polynomials of the complex variable z € C
and ¢ > 0 be an arbitrarily fixed integer. We want to consider a generalization
q

of the differentiation operator T allowing arbitrary coefficient of the different
z

powers of z as follows:
Ifbr, #0, bp € C, k=¢q,q+1,q+2,..., are arbitrary complex numbers,
then the operator
1 d* k
(1) My(z) =) Hﬁy(O)bkz 1 yes,
k=q

is a linear operator in S.
© k
In fact, if y(z) = Za 2k ap = N (0), with finite number of a
) Yy k<~ 5 Uk A dzky ) k
k=0 ~
different from zero, then My(z) = Z arbrz"79. A simple description of M can

k=q
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be given if only the action of M on the arbitrary powers z¥, k =0,1,2,..., of 2
is considered: i
—q
0, 0<k<qg-1.
da

In the particular case of the differentiation operator ek the numbers by,
are &
3) Pop_ [oE b= k(1) (k=g +1) £0, k=g,

dz1 0, 0<k<qg-—1.

Another particular case are the Dunkl operators D,, with parameters
m > 0, defined in [4] and considered in many papers, in particular by the
authors in [9] and [10]:

_dy(x) | y(z) —y(=2)

@) Duy(z) = 4 -

Here ¢ = 1 and the action on the powers is

(5) D, 2" = bzt by =k +m[l = (=1)"], k>1,
" 0, k=0.

Definition 1. It is said that a continuous linear operator L commutes
with a fixed operator M, if LM = ML. The set of all such operators is called
the commutant of M and will be denoted by Cjy.

Definition 2. It is said that a continuous linear operator 1" is generated
o0
by an operator M, if T is a polynomial of M, i.e. T = Z d,M", d, € C.. The

set of all operators generated by M will be denoted bynG?\/[.

It is clear that every operator T', which is generated by M, i.e. T € Gy,
also commutes with M, i.e. T € Cy, and hence Gp; C Cps. The opposite
inclusion Gpy D C)y is, in general, not true. Therefore the following definition
is natural:

Definition 3. (Raichinov [1]) An operator M is called minimally com-
mutative if Gpy D Cjy, i.e. if the commutant C; consists only of operators T’
generated by M and hence if Cyy = G-

In this paper only the case when the general operator M decreases the
powers is considered. First a description of the commutant C; of the operator
(1) in the space S of the polynomials is given. Next the question about the
minimal commutativity of M in the sense of Rajchinov [1] is considered.
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In fact, the commutant of the operator M is considered in [7], but in
suitable subspaces of the space S of the polynomials. Here we make a modifica-
tion considering the whole S with initial zero values of the arbitrary constants
br. The description of the commutant Cj; is given in this paper for sake of
convenience.

Similar operators, but in the case when they increase or preserve the
powers, are considered in many papers (see e.g. [1], [2], [3], [5], [8], etc.). The
most general variant with arbitrary coefficients in this case, i.e. for integration
type operators, appears in M. Hristova [6].

2. Representation of the commutant

Here we describe the commutant Cj; of the general operator M, defined
by (1), in the case ¢ > 0, i.e. when the powers are decreased:

Theorem 1. A continuous linear operator L : S — S commutes with
the operator M defined by (1) with parameter ¢ > 0

o0
1 bp2k—1, k>
Mk: k: ) —q
kzk‘dk'y bkz 1 yeS, orMz {0’ 0<k<qg-1,

if and only if it has the form

-1

(7) Ly(z) = E apClm?"
0k
bkbqu c. bk*([%]*l)(]

s}

3
I

+
WE
M8°

ag c . 2™,
bnbm—g - (Im k=[2]am—[=2]q
N O
1 d"
where ap, = ky((]) and ¢ are arbitrary complex numbers with indices

k=0,1,2,.. .and0<m<q—1

Proof. Let the action of an arbitrary operator L of the commutant Cjy
on an arbitrarily fixed power z¥ be

(o]
(8) LzF = Z Chm2
m=0

with unknown complex coefficients c ,,, such that only finite number of them
are different from zero.
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Now let us express LM z* and M Lz*:

[o.¢] [o¢]
©) LMok = DTS ) cegm™ = Y brekqm=™ k24
m=0 m=0
0, 0<k<qg-1.
(0.] [o.¢] o
(10) MLzF =M Z Chm? " = Z Clmbm 2™ 1 = Z Clymt-qPm+q2-
m=0 m=q m=0

First, equating the coefficients of the powers 2" in the case 0 < m < ¢ — 1, one
has ¢k m+qbm+q = 0. Since by,4q # 0, if m + ¢ is replaced by m, it follows that

(11) Chym =0 for0<k<qg—1, m>gq.

Next, in the other case m > ¢ it follows that bycr—gm = Ck m+qbm+q and replac-
ing again m + ¢ by m, the following important recurrent relation holds:

b
(12) Chm = b—k Chogqm—q  fork>gq, m>q.

m

Now this recurrent relation (12) will be used to express arbitrary coeffi-
cient ¢, k > q, m > g, by some coefficient c,, ,,, where either 0 < 32 < ¢ —1
or 0 < pu<qg-—1.

In the sequel, [A] will denote the integer part of a number A. In partic-

k k
ular, [—] is the quotient and k — [—} q is the remainder when k is divided by
q q

k k
In the case [—} < [@] , one can apply [—} times the recurrent formula
q q q
(12) and then

b  bibe
Ckom = E Ck—qm—q = bmbqu Ck—2q,m—2q
bkbk,q.. bk7< ]*1)(1

(13) = .=

k
In this case 0 < k — [—] q < qg—1, i.e. the first index is the remainder when
q

k is divided by g. Then by (11) the coefficient cki[k]qm [k]q must be zero.
a4
Therefore, using (13), one has

(14) Chom =0, for [E] < [T} .

q q
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k m m
In the other case, when [—} > [—}, one can apply [—] times the recurrent
q q q

formula (12) to get

Ckem = 7 Ck—qm—q —
’ bm ’ b

(15) = .= Alg c

m
This time the second index m— [—] q is the remainder when m is divided by gq.
q

Let us combine (14) and (15) as

Ob , b for [ﬂ < [%},
(16) cpm = FoR=a T ([m]-1)q . .
bmbmq...bm_(<[ ﬂ]]j)q b [2]gm-[m]g 1T H = H

q

This important formula shows that:

All coefficients ¢y, with 0 < m < g — 1 can be chosen arbitrarily, and
then all other coefficients cy,,, with m > q are either equal to zero or can be

m
expressed by some of the arbitrarily chosen c,,,, with »x =k — [—} qg>0,0<
q

po=m— [%]cﬂq—l-
The recurrent relation (16) allows a representation of Mz* as a polyno-

mial of degree at most <[ﬁ] + 1) qg—1:
q

q—1
(17) LzF = Z Chm2

m=0

i ﬂ; binbm—g - ”bm—(fﬂ]q)q Ckf[%]%mf[%]q 2™

q

(s wbeca- by (),

Finally, the action of an arbitrary operator L € Cy; on any polynomial

f(z) = i apz® is
k=0
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(18) Lf(z) = Liakzk = iakl)zk
k=0 k=0

2R PR M e R SIS R

Po(z]ge L

interchanging the summations, this can be written also as

N L U,

g—1 oo
(19) Lf(z) =) akckm?™
m=0 k=0
SRS I (i )
BN R

This is in fact the desired representation (7) of the commutant Cj; of
the operator M.

Thus, we proved the necessity, i.e. if L € C)y, then the operator L must
be of the form (7).

Now, let us check the sufficiency, i.e. if an operator L has the form (7),
then it commutes with the operator M, i.e. LM = ML. It is enough to verify
this for all powers 2*, k = 0,1,2,.... In fact, for arbitrarily fixed k we can use
the representation (17) instead of the general expression (7).

In the case 0 < k < ¢— 1 the representation (17) reduces to the first sum

q—1
Lk = Z ck,m?" and calculating ML2z* and LMz*
m=0 q—1 q—1 q—1
MLz =M Z Chm? " = Z ChomMz2™ = Z Ckm-0 =0,
m=0 m=0 m=0

LMzF = L0 =0,

one has M LzF = LM z* = 0. Here we used the second case in (2).

In the case k > ¢, if we apply M to (2), then the first sum in (17) will
vanish since (2) gives Mz™ =0 for 0 <m < ¢ —1.

Next, (2) and (17) used for k& > ¢ give

. ([ﬂgq‘l bkbk—q--'bk—[m]
(20) MLz* = “

m=q

q

. bm
buboa g1, - lglan(zle 0
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21 ([5]+1)a

It is suitable to separate the sum as Z + Z , 1.e.

m=q H=2q
2g—1
k . b b m—q
(21) MLz" = b Ch—gm—g - bm?
m=q "
[El1) a1 bbb
' ki k -

. 2¢—1 ([%]Jrl)qfl brbg—qg ... bk, [m]q
ML = b —q,m— m_q+ i m m m—q
z mz:q kCk—g,m—q% m;q broq - bmf [%]q C, [;]q,m— [;]qz

(22)
It is also suitable to replace m — ¢ by only one letter m:

q—1 [%]qfl bibr—q - .. bk ([m]Jrl)
k _ m - q
SR e M e S DS O R

(23)

Next, let us represent LM z¥ in the same case k > ¢:

24) LMzF = LbpzF9 = b L2+ =
( k k

g-1 ([552] +2) a0 g ay .. b e (2]q
m q m
T T, el
q

In fact, the right hand sides of (23) and (24) are one and the same. Thus
M Lz* = LMzF for arbitrary power z* and the sufficiency of (7) is also proved.
]

3. Minimal commutativity

In order to investigate the operator M, defined by (1), about minimal
commutativity in the sense of Rajchinov [1] (Definition 3), it is needed to de-
scribe the operators T' generated by M:
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[e.9]
Lemma 1. If T = Zan” € G is an operator, generated by the

n=0

operator M (defined by (1) or (2)), then its action on the powers z* has the

form

(25)

[4]
T2 = do2* + " dpbrbr—g - .- by (n_1)g2" .

n=1

Proof. M"z* has the following expression:

Zk7 n = 0
ank = bkbk—q cee bkf(nfl)qzk_nqy I1<n< |:§]
k
07 n > |:5i| .
Therefore,
TZF = Z dp M™2F
n=0
= do2" + dibpF T 4 dobpby_g2F 4L
k— E]q
+d brbr—y ... b z [q
s e ([5] 1)
(5]
(26) = doz" + ) dubpbp_q - by_(n_1)g2" "

n=1

One can immediately describe the action on any polynomial y € S:

(o]
Theorem 2. If T = Z d, M™ is an operator, generated by the operator

n=0
M and y € S is a polynomial, then

(27)

Ty(:) = Zjo[%i—mm (0)dy

dm+sq

00 1 .
b ds m,
+ sz:; <(m + Sq)! dzm+sq y(O) g +tq> ] P
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Proof. From the lemma

k
Ty(z) — Zld *

waxd)
k
o | (4]
(28) = i 77v(0) oz + ) " dubibp—g . . by (n_1)g2" ™
k=0 n=1
1 k
Let ap = gﬂy(O), k =0,1,2,..., be a short notation of the coefficients of
2z

the polynomial y. One can gather the equal powers of z at one place as follows:

(29) Ty( ) = Z [amdo + Z (am—I—sq Hbm-i-tq) ]
m=0
This is in fact the desired representation (27). [

Theorem 3. The general operator M, defined by (1), is minimally
commutative if and only if ¢ = 1.

Proof. Instead of considering the action on an arbitrary polynomial,
given in Theorem 2, it is enough to fix arbitrarily an integer k and to compare
the representation (25) of Tz* from Lemma 1 with (17), which is an expression
of LzF from the description of the commutant:

q—1
(30) LZk = Z Ck,mZm
m=0
: 1)a=1 e
B S =
m=q bmbm—q ce bm,([%] 71>q k— [%]q,mf [%]q

If ¢ > 2, note that only one power of z between 0 and ¢ — 1 in (26) could be

_[&
different from zero, namely 2 [‘1 ]q, while all coefficients ¢, in the first sum
q—1
Z ck,mz" of (30) could be chosen arbitrarily, in particular different from zero.

m=0

This shows that:

If ¢ > 2, then the general operator M, defined by (1), is not minimally
commutative.

Hence M could be minimally commutative only the case ¢ = 1. In this
case we want to check whether Lz* has the form of T2* for arbitrary k. One
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has
k

bpbp_1 ... bg_
(31) L2k = C]g,()ZO + Z Pkl homtl Ck—m,0 - 2™,
m=1

bnbm_1 . ..b1
(32) T = ) d,M"2*
n=0
= do2® + dibpz" N + dobpbp_ 122 + ..+ dpbbr—1 . . . b1 2°.

Let us now equate the coefficients of the equal powers in (31) and (32):

(33) Cko = dkbkbk—l e b1
b
b_]; Ck—1,0 = dp_1brbr_1...b2
biby.—
hhl Ck—2,0 = dp2brbr_1...b3
b1bo _
brbr—1 .. bk—my1
o = dpbibit b
Dby b, Chomo - k—mbrbk—1 - bg—m41
bpbr_1...bo
_ = dib
b1by ... br_1 €10 1%k
bpbr_1...b1 . _ 4
biby ... by, 0.0 o

In fact, replacing k — m by n and solving with respect to ¢, o and d,, n =
0,1,...,k, we can write the following formulae which relate the arbitrarily cho-
sen coefficient ¢, o in the description of the commutant Cy; and the coefficients
dy, in the description of the generated by M operators in Gjy:

1

4 o =dybiby.. by, dy =y ————
(34)  eno 192 0y by by

n=20,1,2,...
These formulae do not depend on the arbitrarily chosen k and thus:

In the case ¢ = 1, any operator L from the commutant Cys can be treated
as an operator generated by M, i.e. L € Gy, Cpy C Gy and the operator M is
minimally commutative. u

4. Final remarks

This publication completes in some sense the investigation of the minimal
commutativity made in [6]. There the general operator increases or preserves
the powers, while here it decreases the powers. Combining the results from both
papers a general conclusion can be made:
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A general operator which changes the powers by a fixed number p, p =
0,+1,42, ..., is minimally commutative only ifp=1,p=0, or p = —1.

Another remark is that we made the description of the commutant only
in the space S of the polynomials and used infinite upper limit of the sums.
Thus it was not needed to specify the degrees of the polynomials. But in fact,

it is possible to make the same descriptions also in the space A of the functions
o0

flz) = Zakzk analytic in a neighbourhood of the origin. One can give at

k=0
least sufficient conditions which ensure the convergence of the power series in

the descriptions. For instance, a possibility is to suppose that

lim sup {/|bx| < oo,

k—o0

and then

lim sup {/|agby| < limsup v/]ax|. limsup {/|bx| < oo
k—00 k—o00

k—o0

guarantees the convergence in the space A.
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