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Abstract

In C-XSC the elementary functions are typically implemented using
an argument reduction to rather small intervals containing the origin.
For the Special Functions of Mathematical Physics such argument re-
ductions are not available. So in wider intervals best approximations
(Remes algorithm) using rational functions are recommended. Guaran-
teed upper bounds of relative approximation errors can be calculated, see
[1],[2]. However, the relative evaluation error of such a rational function
R(z —x0) = Pu(z—x0)/Qn(z — x0) is often too large. To avoid this dis-
advantage R(x —xzo) can be converted to a finite continued fraction, where
principally two different results are possible. For example with 2o = 0 and
the simple rational function R(z) := (3+4x—22%+23)/(1+x —22% —22°)
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and the second possible finite continued fraction for R(x) is given by
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It holds CF5(x) — 3 for x — 0 and CF3(x) — —1/2 for || — +o0,
so CFs(x) and CF3(x) deliver only small evaluation errors for x — 0
and |z| — 400, respectively. However, the advantage of the last term
CFs(x) is that for its evaluation only nine elementary operations are
needed whereas C'F5(z) and R(x) require twelve and thirteen operations,
respectively.



To use this advantage of CF3(z), a rational approximation R(u) with
w:= (x —x0)*, k € N is first calculated with a computer algebra system.
Then with the transformation
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a new rational approximation function R(1/v) =: T'(v) is available, and
for x — xo it holds |v| — co. Then calculating the associated continued
fraction, for example with the length 5, delivers
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The advantage of K5(v) is now the relatively small evaluation error for
r — xo and the smaller number of necessary elementary operations in
comparison to the original rational approximation function R(u).

For calculating a guaranteed upper bound of the relative approxima-
tion error first an inclusion of K5(v) by a rational function R(u) is needed
and can be realized using the recursion formulas in [3, pp. 176], and with
R(u) again the approximation error is computable, [1].
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