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Interval Analysis in the Extended Interval Space [
E. Kaucher, Karlsruhe

Abstract

This paper shows, how the extended Tnterval Space IR can be used to write formulas, theorems, and
proofsin a closed form, e, without using the left and right interval bounds. So a basic generalization and
mareaver & simplification and improvement of the theorems and proefs B achieved,

0. Introduction

The extension to generalized intervals (with negative widih) retaining all important
properties of interval analysis like isotoneness ete. is leading to a more closed space
in algebraic as well as in lattice-theoretic sense, These advantages enable us to write
formulas and proofs in a closed form without using the left and right interval
bounds. So the theorems and their proofs can be shortened in many cases, the
statements are more general and extended to generalized intervals. Furthermore the
Interval Analysis resembles with classical analysis because the ideas of norm, metric
ete, can be handled more easily. Some recently appeared papers show that this
extended interval analysis facilitates or makes possible formulation and solving
problems as described in [47], [8]. [13], [14]. Moreover the extended interval space
allows to “underestimate™ interval expressions, that means a rounding “lo the
inner”, and to transform this into the usual interval analysis. This problem occurs in
salcty problems, where a minimum set for the solutions instead of an inclusion is
asked for,

1. The Extended Interval Space

In the following we regard only the interval analysis IR over the field of real
numbers, We can do this w.l.o.g., because the formulas in IR", IC ete. are of
analogous form as showed in [3] and [6].

The algebraic structure (IR, +,#, =) is a regular commutative semigroup with
respect to addition, It can be embedded in an isotone group (IR, +, =) asshown in
[4], [5] and [6]. Moreover (IR, =, <) satisfies all assumptions requested in [8], so
that (IR, +, *, =) can be embedded in the high algebraic structure (1R, +,#, =) to
be intreduced now. Furthermore, (IR, =) can be extended to (IR, =) so that
(IR, 7, w, =) turns out to be a complete lattice. For special details see also [47, [5],
[6], [7] and [%]. To shorten this paper some proofs and properties are neglected
which are summarized in [7] and [9].

In'the following 4, B, C, ..., Z =R are clements of the extended interval space and
a = [a,a] IR is the with g identified interval. With 4 = [a, &] the left and right
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bounds of A are denoted by A(4):= a and p(A) := b whereas the midpoint and
a+b b—

radius of 4 are denoted by w(4) : = e and §{A):= Tﬂ . The latter yields a so-

called midpoint-radius designation of A = (u(4), 5(A)). Furthermore, we define:

Fr=Fu=-8 & ={AcIR|0SIAA0< oA} — F:m{—A4|de}
Fr=FuF T:={AeIR|I4d <0< pd) F = {A|deF)

F=F v Fi:={delR|l4d=0} Fyi={delf|pd =0}

(10) A =Bi==id =18 n pd = pB
A= Bi=lB<ld » pAd = pB
A+ B:=[ld + 1B, pA + pB] = (uA + pB,54 + 68)
A—Bi=A+(—B) with — B:=[— pB, — pB] = (— uB.58)
A-B:=[14-iB pA - pBE] = (uApuB + 545B, uASB + nuBsA)
{the so-called hyperbolic product *-*),
A=+ B:= Table 1

AfB:=A+1/BforBe ¥*%and1/B:=[1/pB, /18] = B

AR B=inf(4,B) = [AA L AB, pA pB]

" AwB=sup(4,B) = [Ad B, pd L pB]
A:=[pA, 14] = (u(4), — HA)) (conjugation)
jfﬂ[—],'[], j_:= [5= 1]
HA)i={TelR|A=TcAv A Tc AL

1

ey

T

e

w(By — &8y

Tuable |
. Bes Bey Be— % BeF
Aes# A B pldy- 8 - A8 W4y B
AedF A - p(B) [A{ A ) plAALE), A-UB) 0 N
A AVLCE) 1 o AN Y]
Adg=5 A-B MA)- B A-B pld) - B
Agd A - M) L] A plB [ALAVAL ) i pf A}o( B,
HAyp(B) M pA)EY]

So we get the following properties in (IR, +, ./, -, ~, u, S):
Theorem 1.1.

1) A+ B=RB+ 4

(M) A+ B+ C=A+(B+ O

I3 0+4=4

(M) A+ (D=0

(I5) A= Be=d+CcB+C
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(AuB) +C=(4+ C)u(B + C)
A+ BuC=(du(C—B)+ 8
AN A+B=A+B A+ Ach
(I8) 4+B=PRBwud
I (A+ B« C= A+ (B=x()
(I10) 14 A=A, 06d=0
fI11}) A ljd = 1l dcsr® &
(I A= B=AeC= Bs+C

i15) } {analogously for ~)

013} () A (AuB)sC=AsCyB+C
1o (ds B)uC = (4 w(C/B)+B
ingeneral: (AU B« CS A+ CUBsC,(AABsCodxCrdsC

iy A\ AsB= A \/A+urBrvc A+xc B

A felf wrol te R

} {analogously for m)

(114) AwB=A+5 AsAch

(I15) AsBeF w=dcF v Bed
AwBeF = AeT v BeF

(16) N as(d+ B =a+Ad+awh

A Beia
ael

M7 N dsfa+ B =Asa+ Awh
abak
arhal

(T18) (i) A As{B+C)cAwB+ AsC

A, 8,CelR

(i) A A«(B+C 2 d«B+ dsC
AB.CelR

(i) A A A%(B+C2A4«B+4d+0

A, CslR 84+ CelR

M9) A 1{AsB)=1/d+1/B

A, Feim

(1200 A 1{4/B)=RB/A

A Bewng

(121} A 1/d = d/(4+ )
A=

(I22) A IN4uB)=1/Ay /B
e INAARB) = 1/AA 1/B
(I123) A-B=8- 4







