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Abstract. In this paper we discuss an inclusion method for solving rect-
angular (over- and under-determined) dense linear systems where the in-
put data are uncertain and vary within given intervals. An improvement
of the quality of the solution enclosures is described for both indepen-
dent and parameter dependent input intervals. A fixed-point algorithm
with result verification that exploits the structure of the problems to be
solved is given. Mathematica functions for solving the discussed rectangu-
lar problems are developed and presented. Numerical examples illustrate
the advantages of the proposed improved approach.

1 Introduction

Consider linear systems (1) where A € S™*" b€ S§™ and S € {R,C},
A-z=0b (1)

For m > n, the linear system (1) is overdetermined and has no solution in general.
In this case we are interested in a vector & € S™ which minimizes the Euclidean
norm ||b — AZ|| of the residual vector. If m < n we have an underdetermined
system. In general, there are infinitely many solutions and we look for a vector
g € S™ for which Ay = b and ||g|| is minimal. If the rank of A is maximal, the
solution for both problems is uniquely determined. It is well known [9], that if

m >n and rank(A) =n then 7 is the solution of A" Az = AHp (2)
m <n and rank(A) =m then j= A"z where AA"z =0b. (3)
However, AT A and AAH are in general ill-conditioned and furthermore not
representable in the computer. In order to find guaranteed enclosures of the

solutions to the above non-square problems, S. Rump [6] proposes to consider
the following augmented square linear systems

(3 ;é) . (y) _ (g) for m > n, (4)
(AOH —AI) . (za;) _ (g) for m < n, (5)
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instead of solving (2), (3). It is shown in [6] as a direct consequence that Rump’s
fixed-point inclusion method for square systems can be used to verify solvabil-
ity of the over-/underdetermined problem, the maximum rank = min(m,n) of
the matrix A, and to produce guaranteed bounds for the uniquely determined
solution. The method is naturally extendable to interval and complex interval
matrices [A] € IS™*™ and vectors [b] € IS™.

Following this approach, over-/underdetermined linear system solvers with
result verification were implemented in the environments of PASCAL-XSC [2]
and C-XSC [1]. For problems with interval (real or complex) input data these
implementations are based on solving square interval linear systems (4), (5)
assuming that all the elements vary independently in their intervals. A close
look at the structure of the matrices in the systems (4), (5) shows that each
element of the matrix A appears twice in the augmented square matrix which
means that this matrix involves dependencies. As is well-known “the dependency
problem” in interval analysis causes severe overestimation of the corresponding
solution set and may lead to an interval iteration matrix involving singular ones.

In this paper we derive an algorithm for sharp enclosure of the solution
set to the square linear system used as a basis for the solution of an over-
/underdetermined interval (real or complex) linear problem (2), (3). The pro-
posed algorithm improves the approach used in [1, 2] by taking into account the
dependencies in the augmented matrix in order to improve the sharpness of the
solution enclosure, and by using block matrix computations, related to the spe-
cial structure of the matrix, to reduce the number of floating-point operations.

The following notations are used. IR, IC are the sets of real, resp. complex
intervals. We assume that the reader is familiar with basic results of interval
analysis (cf. [3]). For an interval [a] := [a™,a™] € IR, mid([a]) := (a™ +a™)/2 is
the mid point of [a]. By IS", IS™*" denote the sets of interval (real or complex)
n-vectors, resp. m x n matrices. For X C R™ the interval hull {(X) is defined
by O(X) := N{[w] € IR" | ¥ € [w]}. A denotes the Hermitian matrix of a
matrix A (i.e. the transposed matrix in the real, resp. real interval case). I is the
identity matrix. An interval matrix [A] has rank n if every A € [A] has rank n.

2 Theory and Algorithm

Let [A] € IS™*", [b] € IS™, where S € {R,C}, and m # n.
If m > n and rank([A]) = n, define the set

Ymsn ={2€S"|JA € [A],3be b, &= argmin,s.||b — Az||}
= {zeS"|3A€[A],Ibe b], ATAx = ATb}. (6)
If m < n and rank([A]) = m, define the set
Ymen 1= {g] eS" | (FA € [A])(3b € [b])(y = argmin, . ||y, Ay = b)}
={yesS"|BAeA)Fbe b)) (y=A"z, AATz =1b)}. (7)
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We are interested in finding verified enclosures of the solution sets (6), (7)
whenever they are bounded, that is interval vectors [z],[y] € IS™ such that
[2] 2O (Zmsn) and [y] 2 O (Xm<n). The following theorems permit to calculate
very sharp bounds to the solution sets (6), (7) and to estimate the sharpness of
the calculated bounds. Define

© = (1 ) = )
w =10 = )

Theorem 1. Let [A] € IS™*", [b] € IS™, m > n. Define [B] € ISt Hm)x(m+n),

[v] € IS™" to be the square matriz, resp. the vector in (8) and let R €
S(m+n)x(m+n)7 @ € Smtn,

1) Let [2] € IS™™ be defined by

n

m m
[21“731% = Z Tiu([bu] + an+u) - Z (riuav + ri,m+van+u)Re([a/w])
n=1 p=1v=1

n

=33 ity = i) Ifa]) - (10)

p=1v=1

then [z] = O {R- (v — Ba) | B € [B],v € [v]}).
2) Let [C] € ISt X(m+n) s defined by [C] := I — R - [B] and let [u] € IS™".
Define [w] € IS™™™ by

[wil 723" = {[=] + [C) - [wulbi, where [uu] := ([wi],. ., [wi—a], [wal, -, [umsn]) |

If [w] G [u], then every matriz A € [A] has a full rank n, and for every A € [A],
b € [b] with & minimizing ||b — Az||, the unique solution I satisfies & € & + [z],
where T and [x] are the first n components of 4, resp. [w].
3) With [A] := [C] - [w] € IS™™™ and [za] € IS™ defined by

[za:] == [inf([zi]) + sup([Ai]), sup([zi]) + nf([A])], 1=i=mn,
the following inner and outer estimations hold true
T+ [x2] & O (Zm>n) € T+ [2].
Proof. 1) Let us represent R by a block structure R = (R', R?), where

R =(r},) = (rip), R®=(r},) = (rimiv), 1<p<m, 1<v<n, (11)
1<i<m+n.

Since for arbitrary A € [A], b € [b] we have
z:=R(v—-B-a) = R'-b— (R',R?). ( AH 2

At — @2
(@2TA)T

Aut — 112>

—Rl.b—(Rl,RQ).(
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:Rl.b_Rl. _RQ'
m m m n m
+
Al = D rba =2 Zu +Zw 2k ) T
p=1 p=1 = v=1 n=1
m m n
= Z Tip(by + Untp) — Z Z(Tiuﬁu + TimtvUnp) Re(apw )
p=1

p=1 =1lv=1
m
pn=1

NE

(szau — Ti,m+uan+u)1m(auu)

I
—

v

then 1) follows by a Theorem by Moore [3] because in (10) each interval variable
occurs only once and to the first power. 2) follows from the fixed-point verifi-
cation theory for non-square systems [6] and for parametric systems [8]. 3) is a
consequence of the theory for estimating the quality of an outer enclosure [7].

Define another block structure for R = (R3, R?), where 1 <i < m +n and
R? = (r;-o’l,) = (ry), R*= (rf“) = (Pijnypn), 1<v<n, 1< pu<m. (12)

Deriving analogously the expression which gives the exact range for the residuum

Hl ~2
2= Rw—B-i) = R*-b— (R* RY)- A “)

~2
EH 1 alwu —1 Quvly
= R*b-R* : :
V= =1,...,m
n m n m n
m-‘rn 3 3 ~2 4 ~2
E rv,pb E Tiv E :a’lﬂ’u § :rwuy - E riu E :G’MVU’V
p=1 v=1 p=1 v=1 p=1 v=1
m n
= E T n+u w § E (Til/au + Ti,n-l—uam-i-l/) Re(aHV)
n=1 p=1v=1

m

n n
+ Z riuﬁerV + Z Z (riuﬁp, - ri,ner,ﬁeru) Im(auu);

we proof the following theorem for the underdetermined case.

Theorem 2. Let [A] € IS™*", [b] € IS™, m < n and define [B)] € IStm+m)x(m+n),
[v] € IS™™ to be the square matriz, resp. the vector in (9) and let R €
S(m+n)><(m+n)’ i e Smtn,

1) Let [z] € IS™™™ be defined by
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m n m n
[sz):{n = Z Tintpby + Z TivUmtv — Z (Tiv Uy + it plm+v) Re(auw)
p=1 v=1 p=1v=1

+ Z Z (Tiuﬁu - Ti,nJruﬂeru) Im(a/w)v (13)

p=1lv=1

then [z] = O {R- (v — Ba) | B € [B],v € [v]}).
2) Let [C] € ISt >(m+n) s defined by [C] := I — R - [B] and let [u] € IS™".
Define [w] € IS™™™ by

m—+n

[will 3" := {21 + (O] [uul}i, where [uu] := ([wn), .. wima], fua), . [men])
If [w] G [u], then every matriz A € [A] has a full rank m, and for every A € [A],
b € [b] with Aj =b and § = min ||y||, the unique solution § satisfies § € § + [y],
where § and [y] are the last n components of G, resp. [w].
3) With [A] := [C] - [w] € IS™™ and [yy] € IS™ defined by

[yyi] := [inf([z:]) + sup([Ai]), sup([zi]) +inf([A:])], m+1=i<m+n,
the following inner and outer estimations hold true

g + [yy] g <> (2m<n) g Zj + [y]

Now, the following algorithm computes guaranteed enclosures of the solution
sets (6), (7), for [A] € IR™*", [b] € IR™, m # n.

1. Initialization. b:= mid ([b]); A := mid ([A]);
Compose B corresponding to (4), (5); Compute R ~ B~ € R(n+n)x(m+n),
Decompose R into blocks defined by (11), (12).

2. Compute the approrimate mid-point solution © = Rv, where

(0) i = R'D, (u) i = R.

3. Enclosure for the residuum, where for 1 <i<m+n

(0) [’z’b] = Z r’iu([by«] + ﬁnJru) - Z Z(Tzﬂﬂu + Ti,erVﬂner,)[ap,u];

p=1v=1
m n m n
(u) [z1] = Z Tin+p [bu] + Z TivUmtv — Z (Tiuau + Ti,n+uam+l/)[a/w]-
p=1 v=1 p=1v=1

4. Enclosure for the iteration matriz:
(0) [C]=TI—(R'[A], R*[A]T = R"), (uw) [C]=1-(R*A]", R*[A]-R®).
5. Verification

[uu] == [2];
repeat
[Unew] := [uu] := blow([uu],€)
for i=1tom+ndo [uw]:= [z]+ [Ci]- [uy]

until [uu] & [unew] or max iteration exceeded

C
=
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6. If [uu] G [unew] then
a unique solution u exists and v € @ + [uu], hence
O(Xm>n) C Z+][z], where & and [x] are the first n components of @, resp. [uu];
O(Xm<n) C §+[y], where § and [y] are the last n components of @, resp. [uu].

else algorithm fails, matrix [B] is ill conditioned or singular.

The above algorithm can be rigorously implemented on a computer. Function
blow([uu], €) (for the definition see [1,2,4]) does the so-called e-inflation which
blows up the intervals somewhat, in order to catch the nearby fixed point. Some
modifications of the above algorithm can be done in order to make it more robust
in the case of almost singular matrices [2]. A cheap method for computing an
estimation of the sharpness of the calculated outer bounds is presented in [4].

3 Parameter Dependence

Let us suppose now that the elements of the matrix A and the vector b depend
affine-linearly on a parameter vector p = (p1,...,pr)', p € [p] € IR*. In this
case A(p) and b(p) have the following factored representation

A(p) = A© 4+ AWp, .o AW AW g RTX (14)
b(p) = b +bWpr+ - 400y, DD €R™, j=0,1,.. k. (15)

For 1 <i < m + n we have the following exact ranges for the residuum

(0) [2:] = Z <Tiyﬂn+u + rmb,(f)) — Z(rwﬂ,, + ri,er,,ﬂnJm)aLO,,))

p=1 v=1
k m m n
+ Z[PJ] <Z riub;(j) - Z Z(Twﬂv + Ti,eruﬁnJru)a,(fB) )
j=1 pu=1 p=1v=1
m n m n
(W) (2] =) i b+ Tivtimgy = 3 Y (il + Tipg i) all)
p=1 v=1 p=1v=1

k m m n
3 (Sl = 355t i) )
Jj=1 p=1

p=1v=1

The improved enclosure of the iteration matrix C, for m > n e.g., is
(€] =1 | R'A© + 3 [pj] (R1AD), R2AOT — R 4+ 3" [p;] (R2A0)T)
j=1 j=1

An implementation of the methods/algorithm, presented in Section 2, which
exploits the above given expressions for the exact ranges of the residual and the
iteration matrix will produce very sharp bounds for the solution sets to over- and
underdetermined linear systems which elements depend on parameters varying
within given intervals.
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4 Mathematica Software, Numerical Examples

Methods and algorithms discussed in this paper are implemented in the environ-
ment of Mathematica [10]. The Mathematica package IntervalComputations
‘LinearSystems‘ contains a collection of functions which compute guaranteed
inclusions for the solution set of a square interval linear system [5]. The par-
ticular solvers differ upon the type of the linear system to be solved and the
implemented solution method. Now, this package is extended by functions that
find guaranteed enclosures to the solutions of over- and underdetermined real
linear systems which do or do not involve parameter dependencies.

ILinearSolve[A, b] computes guaranteed bounds for the solution sets of a
square interval linear system and for the solution sets (6), (7), where all elements
vary independently in their intervals. The input elements can be either numerical
intervals or elements from the domain Real.

ParametricSSolve[Ap, bp, parLst] computes guaranteed enclosures for
the solutions of over- and underdetermined real linear systems whose elements
depend on interval parameters. The parameters and their interval values should
be specified by a list of rules parLst. Mathematica [10] allows convenient sym-
bolic description of the parametric matrix and the right hand side vector.

All the iterative solvers can take options affecting the computational pro-
cess and/or the output of the particular function. The three options, associated
with everyone of the iterative solvers are InnerEstimation, Refinement, and
Statistics. InnerEstimation, when set to True, specifies the computing of
component-wise inner approximation of the solution set in addition to the outer
enclosure. Inner estimations allow to obtain the very important measure for the
degree of sharpness of an outer solution set enclosure [7]. Refinement set to
True implies the application of an iterative refinement procedure for the outer
solution set approximation. Statistics set to True implies output of the num-
ber of iterations and the relative improvement by the refinement procedure. The
three options are set to False by default.

A web access to the above solvers for interval linear systems can be found at
http://cose.math.bas.bg/webComputing/.

Ezample 1. Consider the (6 x5)-matrix M3, taken from [11, p.143], with rank= 4
and depending on a real parameter a. The following matrix A(a) with full rank
is obtained by deleting the fourth column in Mj3. The right-hand side vector b
is constructed so that for every a the exact solution of A(a)" A(a)r = A(a) b is
ex = (1,—-1,1,—1)7 (see [12]), thus

a a+la+2 a 3

a a+2a+3a+1 1 1
Ala) = a+la+2a+3a+2 b— —2 or — -1

a+2a+3a+4a+3|’° =31’ 1

a+3a+4a+5a+5 0 -1

a+5a+5a+6a+7 0

Matrix A(a) is ill-conditioned with conds(A) ~ 2602 for a = 1.0. We solve the
system [A]z = b, where [A] = O0({A(a) | a € [0.999,1.001]}) by the improved
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algorithm and get the following inclusion intervals

<> (2m>n) g (16)
([0.8629, 1.1371], [ 1.8273, —0.1727], [0.4924, 1.5076], [-1.2742, —0.7257]) "

The linear solver for the corresponding augmented square system which does not
accounts for the particular matrix structure gives a solution enclosure overesti-
mating the enclosure (16) by 6-10%.

Ezample 2. We solve an overdetermined parametric system A(a)z = b, where
A(a) and b are defined in Example 1, and a € [0.99,1.01]. Our parametric solver
found in 1 iteration a sharp enclosure (the numbers have 16-digits mantissa)

([0.9...97440,1.0...02573],[~1.0...016600, —0.9 . . .983394],
[0.9...989643,1.0...010354], [1.0...05294, 0.9 ...94715]) "

of the exact solution ex = (1,—1,1,—1) T which actually does not depend on a.

The main application of the improved methods and algorithms presented
in this paper is for parameter identification in approximation and interpolation
when there are errors (uncertainties) in both the output and the variables.
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