On Linear Interpolation under Interval Data
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Abstract. Some results related to the problem of interpolation of n vertical segments
(vg, Yi), k= 1,...,n, in the plane with generalized polynomial functions that are linear
combinations of m basic functions are presented. It is proved that the set of interpolating
functions (if not empty) is bounded in every subinterval (xy, xx41) by two unique such
functions 5; and ni. An algorithm with result verification for the determination of the
boundary functions i; , 7 and for their effective tabulation is reported and some examples
are discussed.

1 Formulation of the problem

Starting point of this presentation is a problem of system modeling: The structure of
relation between quantities characterizing system behavior has to be quantitatively deter-
mined, being compatible with measurements of these quantities. The following hypotheses

are assumed [7]-[11], [15], [17], [18]:

1. Assumptions on the modeling function.

The modeling function n(A;-) defined on some interval X = [27,2%] C R depends
linearly on m parameters:

1O =Y hpi (O =0 -A e <E<at, ek 1)

where A = (Aq,.. .,)\m)T € R™ is a vector of (unknown) parameters, and ¢(-) =
(p1(-), .- ,c,om(-))T € C(X,R™) is a vector of m fixed functions continuous on X.
(The dot ”-” for the inner product will be further omitted.) The vector ¢(-) generates
a matrix defined for (af,... 20 ), 2l € X, i =1,...,n, by

pi(zy) o pm(ah)
: : (2)
pi(ar,)) o pml],)
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We shall assume that the determinant of (2) does not vanish for any @' = (2,..., 2/ )

such that 2~ <z} < ... <2/ < at. A set ¢ of functions satisfying the above as-
sumption will be further called a system of basic functions. The class of all modeling
functions of the form (1) using a system of basic functions is denoted by L,,(X).

2. Assumptions on the type of errors in the data.

If n is the number of the measurements, then J = {1,...,n} denotes the correspond-
ing index set. The input data are error-free and the output data errors are unknown
but bounded (UBB) [8], [9]. This means that there are n input data x;,5 € J, in
the real interval [z~, 2"] such that

:1;0::1;_§:1;1<x2<...<xn§xn§x+:xn+1,

and there are n output interval measurements Y; = [y, y;’], J € J, which contain
the correct values of the corresponding measured quantities.

Denote the input data by @ = (21, 22,...,2,)" € RB" and the output measurements
by Y = (Y1,...,Y,)" € IR". The pairs (2;,Y;), j € J, can be considered as vertical
segments in the plane zOy.

Assume that m < n and consider the problem of finding modeling functions n € £,,(X)
interpolating the vertical segments (x;,Y;), 7 € J. More precisely we are interested in
the set n(x,Y;€) of values at ¢ of all modeling functions n interpolating the segments
(x;,Y;), j € J, that is in the set:

W, Y56) = (N €) [ nis such that y(\zy) €Y, jeb, £€X.  (3)
The requirement that the values of n at z; range in the corresponding intervals Y;
n(Aej) =ela,) AeY;, je, (4)

can be written in matrix representation as

O(x)r €Y, (5)
where
e1(z1) o () 99(51/'1)T
O(x) = P = :
ei1(zn)) o Pmlan) plen)T

Since ¢ is a system of basic functions, rank ®(x) = m.

In (4) the input data @ and the output data Y are known, the parameter A is unknown.
We thus have a system of n algebraic inclusions for the determination of the m-dimensional
parameter A. Any A satisfying (4) is called a feasible parameter. Every feasible parameter
A generates a modeling function n(A;-) € £,,(X) which is called an adequate model.

2



Denote by A the set of all feasible parameters, by n(A;-) the set of solutions (solution
functions) and by n(A; &) the set of values of all solutions at £ € X, respectively

A={AeR"|®(x)) €Y}, (6)
={p()TA[ A e A} (7)
)={p(O)TA [N e A} (8)

The set n(A;€) is 0bV10usly another notation for the set (3) we are looking for, i. e.
n(x, Y€)= n(A;€) so that (3) and (8) are equivalent.

From ¢(-) € C(X,R™) it follows that the set n(A;¢) defined by (8) is an interval
for any fixed £ € X. Thus (8) defines an interval (interval-valued) function on X. In
this paper we shall be particularly concerned with characterizing and computing the
boundary lower and upper functions n~(z,Y;:), nt(z,Y;-) of the interval function (3),
resp. (8). The latter are also called the enveloping functions of the set of modeling
functions {n(X;-) | A € A} interpolating (x,Y") [14].

To include the set n(x,Y;-) at a point £, several approaches are known:

1. The bounds for the sought values are directly determined, e.g. by solving two linear
optimization problems [15], [17]

RS T T
n(w,Y58) = [gnelg{w (OT A}, max{e (€) A}]
2. The parameter set A is enclosed by an interval vector (box) Af (cf. [18]). Then the
following relation holds:

(2, Y;6) C (€ TAL

3. Suitable parameters A~ = A7({) and AT = AT () from the set A are determined for
given £, so that

n (@, Y36 = [p(OTA(E), 9(©)TAN(E)].

All these approaches deal with the set A and are not very effective for the determination
of n(z,Y;¢) for £ € X. Numerically, the problem of finding the envelope (8) is quite
different from the problem of finding the parameter set A defined by (6) (see [8]-[10],
[11], [18]). The set A is an m-dimensional polytope, which is not easily representable,
whereas n(x,Y;€) is a closed one-dimensional interval that can be efficiently computed
for arbitrary £. The computation of n(x,Y,€) can be of practical importance. It seems
necessary to seek direct methods for the characterization and computation of n(x,Y;¢) in
X. In what follows we propose a direct method for computing the values of the interval
function n which does not use the feasible parameter set A or any particular values of
A as methods 1-3 above do. Our method uses the fact that the boundary functions are
generalized Polynomials in each subinterval [xy, 2x41] (see Proposition 2). A computer
program written in PASCAL-SC [5] is reported, which efficiently computs the interval
function n(x,Y; ) for arbitrary £ € X.



2 Characterization and computation of the set of mod-
eling functions

Every feasible parameter A generates a vector y = (y1,...,y,)' € R" by
yi =n(\z;), g€ (9)

in matrix form y = ®(x)A. The set of all vectors y defined by (9) can be written as

{y = (n(A;x1), n()\;xn))T | A e A}. (10)

Let us first consider the case n = m when the number of data equals the number of
parameters. A modeling function from £,,(X), that is of the form n(A;-) = ¢(-)" A, which
interpolates a set of m data (x,Y), satisfy a system ®(x)\ € Y of m algebraic inclusions
for the m unknown parameters, or

dz)h =y, yeV.

Since det ®(z) # 0, for any y € Y we have A = ®~(a)y. For the set of values of all
modeling functions interpolating (z,Y) at £ we obtain respectively

(2, Y16 ={e©TA A eA} = {o@ (07 (a)y) |y Y}
= {(¢0T0 @)y lye Y}
= (plOTo7(2)) Y,

where the last expression uses interval arithmetic [1].
We thus obtain the following

Proposition 1 For m = n we have for the solution set (3), resp. (8)

n(w,Vi€) = (9707 (2)) Y, € X (11)

The interval function (11) will be further called simple interval interpolation function.
Proposition 1 shows that it can be computed for every ¢ in interval arithmetic using (11).
Such an exact presentation can not be given for A because of the so-called wrapping effect.
Indeed for the set A of feasible parameters we have

A={o )y lyev'}c{o (a)y |y Y},

where Y is defined by (10). From this using interval arithmetic we obtain the inclusion
A C &~(2)Y = AL, which may be very rough. This is due to the fact that A is a convex
polytope, whereas Y, resp. Al is a box (orthotope), n-dimensional interval.

We now consider the general case m < n. We first give a definition which will be used
in the next proposition.



Definition 1 (see [16]) A [-face of A is a subset of A defined by
vi <e(&)TA<yf, jel
where m — [ of the above linear independent inequalities transform into equalities.
The following proposition holds [12], [13]:

Proposition 2 Let n(x,Y;-) be the envelope for the set of all modeling functions from
L (X) which interpolate (x,Y). If A #£ 0, then for all k € {0,1,...,n} = {0} U J the
upper and lower boundary functions of n (x,Y;€) are unique elements of L,,(X) for every
£ € (x,2p41). In other words, there exist parameters A\; , Af € A such that

n (J?,Y,f) :77()‘1;,5) :99(5)T)‘Za 56 (xk7$k+1)7
77+ (J?,Y,f) :77()‘:,5) :S‘Q(f)—r)‘:v 56 (xkvxk-l-l)‘

Proof. We show the correctness only for the upper function — for the lower function the
proof is analogous.

Let the assertion of the proposition be wrong. Then a point & € (a, ¥x41) and two
parameters A\', A\? € A exist such that

77+($,Y;fs) = 99(55)-'—)\1 = 99(55)—'—)‘2
and A' # A% On the other hand we have

(@, Y5 6) = maxp(€,)" A (12)
Because the set of optimal points of the linear programming problem (12) is convex all
points of the segment [A!, A?] are optimal points. The set of all optimal points of (12) is
a [-face of A, where [ > 1 and the vector ¢(&;) is perpendicular to this [-face of A.

The [-face is an intersection of (m —[) hyperplanes with linear independent normal
vectors at,...,a™ " € {p(&;),7 € J} because they are linear independent (the modeling
function is from L, (X)). Thus the vector ¢(¢,) is a linear combination of a',...,a™".
This is a contradiction to the assertion that ¢ is a system of basic functions.

We thus proved that for every point &, € (24, 2x41) the optimum value of ¢ (£)A is
reached for an unique A. This X is a 0-face (that is a vertex) of the polytope A (if A is an
[-face with [ > 1, it will not be unique). Now, take ¢ # £7, such that £,£” € (xk, Tpq1)-
We shall show that ¢ and £” generate same solutions of the optimization problem (12).

Indeed, assume that the corresponding solutions are two different vertices A, \”. Let
&= (1—a)f’ +a&” and let A* be the optimum corresponding to £*. Since ¢ is continuous
there is at least one o € (0, 1) such that £* is an [-face with [ > 1. This is a contradiction.
O

Proposition 2 shows, that under the given assumptions the upper and lower boundary
functions n (x,Y; ) for all £ € (xg, xp41) are themselves elements of L., (X), and, there-
fore, to find n (z,Y;€) for & € [xk, xx41] we have to determine expressions for these two
functions.



Let the index set ) be a subset of the index set .J with m elements: Q C J, card (Q) =
m. Let () be ordered in increasing order and let ¢ (¢) be the i-th element of (). Denote

-
by 2@ = (xq(l), ey xq(m)) the vector  reduced to the index set ). Analogously Y% =

(Yq(l), e ,Yq(m))T is the vector Y reduced to ().

To find the set of functions from £,,(X) interpolating a reduced set of m data (29, Y?)
we consider the corresponding system of m algebraic inclusions for m unknown parame-
ters:

P29\ €YY,
and applying (11), obtain for the corresponding simple interpolation polynomials
1Y %6 = (#7072 9) YO,
Proposition 3 The value of n(x,Y;-) at a point £ is given by [6]
(e, Y56) = () (2%, Y% = ] (9707 (29)) Ve,
Qcy QCJ
Proposition 3 shows that the value of n(x,Y’; ) at £ can be determined by an intersection

of ( 7:2 ) simple interval interpolating functions.

Definition 2 The set of data (x,Y) is said to be compatible (with the basic functions

@1(5)7"'7¢W1(€))}if
Yi=n(2,Y;2;), je ]

In other words, for a compatible set of data (x,Y) the interval Y} is the projection of
the set Y’ defined by (10) on the j-th coordinate axis.

If the set of data (z,Y") is not compatible, it can be reduced to a compatible set (z,Y"),
generating the same solution set n(x,Y;-) = n(z,Y;-), using the following

Proposition 4 For the compatible intervals we have
Vi=vin () n?Y%a).
QCJ j¢Q

The next proposition shows that, if the set of data (x,Y") is compatible, then n (x, Y )
may be determined by an intersection of a reduced number of simple interval interpolating
functions.

Proposition 5 If the set of data (x,Y) is compatible with the basic functions, then for
every k € {0} U J the following formula holds

n(2,Yi€) = () (@ yoWig) for €€ oy, wpnl,
Q(k)

where Q(k) C J, card(Q(k)) = m, is such that

kk+1eQ(k), if 0<k<n,
Lne k), if k=0 ork=n.



Proof. We shall prove that for each index set @) there exists an index set () (k) such that
n (xQ(k)va(k)af) - n (vayQ;f) ) lff € [xk7$k+1]-

We construct such a suitable index set () (k) for a given index set @) as follows. There
are four cases:

L. 2pp < wgqy and k # 0. We take Q (k) = {k, k+1,¢(2)...,q(m —1)}.
2. gy < wp and k #n. We take Q (k) = {q(2),...,q(m —1),k k+1}.
3. k=0or k=n. Wetake Q(k)={1,¢(2),....¢(m—1),n

4. gy < o and Tpg < Tym).  Let [ = maX{i

}
a(4) } then x,;) < 23 and
Try1 < Tg(41)- We take Q (k) = {q(1),...,q(l - 1) k, L,

q(l+2),...,q(m)}.

We see that the sets () and Q(k) have at least m — 2 common points. We show that

n (J}Q(k), Yy o). f) Cry (:L'Q, Y9, f) only for the upper function. The case of lower function
can be proved analogously.
Because the data (z,Y") are compatible with the basic functions we have n* (:L'Q, Y9, l’k) >

pt (290, YOW ) =yt and gy, =t (290, YO ) <t (02, YY)
Let for some &5 € (xg, Tpq1)

pt (290 Y OW ) st (22,798 (13)

<z
k+

Then in the interval [y, xg11] there are at least two intersection points ¢ and & of
nt (:L'Q(k),YQ(k); ) and n* (:L'Q(k),YQ(k); ) The graphs of the latter functions have m
common points. Thus they are identical. This is a contradiction to (13).0

For m = 2 there is only one possible set Q(k). Namely for £ € [xg, xx41], 0 < k < n,

) {k k1), 0 <k <n,
Q(k)_{ {I,n}, itk=0 or k=n.

7 (2,Y;6) = p(a?W YW &) for € € [y, wppa]-

Propositions 1-5 provide possibilities for piecewise computation of n (&;x,Y) in the
segments (g, xx41). The interval function 5 (£; 2, Y") may be determined at € € (xg, ¥411)
by intersecting the values of certain simple interval interpolating functions at &.

Numerical algorithm. Propositions 1-5 above suggest two possible algorithms for the
effective computation of n(z,Y;-) at £ € X, which can be used for the tabulation of 7

(that is computation of 1 in a given number of points &, ¢ = 1,...,1).
A. Compute n(z,Y;-) at & by means of Proposition 3. If a tabulation in a series
of knots &;,...,& is needed, then the computation can be reduced using the following

approach based on Proposition 2. When evaluating n at a point ¢ which is the first point
to be computed in a new interval [xy, x5 41], store the information about the expressions
for the boundary functions n~,n%. For instance, store the end-points of Y;, lying on
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n~, resp. nt, such as Y™, Y32 ... YV «; € {4+,—}). According to Proposition 2 the
functions 5=, n* produce the values of n(z,Y7-) for all £ in the subinterval [z, xf41], sO
that once we find functions 5=, 5t for a fixed & € [z, x511] we can use these functions
when tabulating n(x,Y’;-) in the whole subinterval [z, ©g41]-

B. Compute first the compatible intervals Y; generating the same solution set n(x, Y; )=
n(x,Y;-) by means of Proposition 4, that is by intersection of (interval) values of snnple
interval interpolating polynomials. The latter are computed by means of Proposition 1.
Then use Proposition 5 to compute n(x,Y;-) at arbitrary £. If a tabulation of n(x, Y )
in several points from a subinterval [z, 2411] is needed, then the same approach as in A.
can be exploited.

3 The polynomial case

If the basic functions are polynomials of (¢ — 1)-th degree of the form ; (z) = ', i =
1,...,m, then the determinant of (2) is the Vandermond’s determinant:
det () = [T (i o).
i>]

which does not vanish and therefore {;}7, is a system of basic functions. In this section
we take for L£,,(X) the class of polynomial functions of (m — 1)-st degree of the form
Nn-1(AE) = A+ XAl + oo + A E™ Y which are defined on X = R.

In the case n = m formula (11) for the simple interval interpolation function obtains
the form

Nm—1 (J?,Y,f) :l(x;f)—r Y, lz(x,f) = H f_xk

k=1,...,m, k#i * i~ Tk

(see [3], [4]). An explicit evaluation without using interval arithmetic is given in [2].
If n > m using Proposition 3 we can present the value of n,,_1(x,Y;£) at a point £ by

intersecting ( :l ) simple interval interpolating polynomials [6]

R R SR OE R, g s

QCJ k=1,....m, k=i La() (k)‘
The intervals Y; can be reduced to compatible intervals f/] generating the same solution
set Np-1(x,Y; ) as follows [6]
- T
Y, =Y, N ﬂ l(xQ;xj) Ve,
QCJ, j¢Q

For m = 2 applying Proposition 5 we obtain that there is only one possible set Q(k),
therefore for every ¢ € [zy, 2441], 0 < k < n, the following expression holds [6]

£—l’k+1y_|_ =y Yk-l—la if 0<k<n7

k
Y. — Tp—Tk41 xk+1 Tk
771(:1?, 75) { E—xn Y, _I_ xl Yn7 it k=0 or k= n,

Tr1—Tn




where again (x,Y") is assumed compatible.

We next give two examples for polynomial functions. The computations were per-

formed by a program written in PASCAL-SC [5], based on approach A. described at the
end of the previous section.

Example 1. Let the following set of data be given
[1,3]
(12
, [L.5
[2,3]

Y

2.5]

Sy = DN =

Y

Let the modeling functions be second order polynomials of the form

N2(A;€) = A 4 A€ + A%

The graph of the interval function ny(x,Y’;-) is presented on Fig. 1. For comparison
the simple interval polynomial ns(x,Y;:) is also presented. In order to recognize both
interval interpolating functions we should keep in mind that ny C 3.

6.60

5.39 r
] \,

4.17

2.95

1.73

0.52 ,
.,
-0.70 |

-1.92 ]

Fig. 1

The program gives the following results for nz(x, Y -).

Bounding Functions | Compatible
Subinterval Lower ‘ Upper | Intervals
[tocco ] [ YU YSTY [ YSTYSTY V) = (1, 3]
21, 22] YWYV VYTV Y, = (1,2
as] | ViYiVi | VYYD | s = (15,2
[23, 24] VYV YUYV Y = (2, 3]
[24; 7] YIVEY | Y Ye Y




We see that the computed compatible intervals coincide with the input intervals, that
is the input data are compatible.
Example 2. For the same set of data and for the set of linear modeling functions

771()‘35) = A1 + A€ we obtain

Bounding Functions | Compatible
Subinterval | Lower ‘ Upper Intervals
[toccrn] YUY | YYD | Yi=(12
A L I E R
enas] | VY | Y — [1.6,2.5
[1’371} ] 1/1_5/4_ 1/3+5/4+ :[ ) ]
[74, Too] LYo vy

The interval function ny(x,Y;:), comprising the set of linear modeling functions is
presented on Fig. 2. For comparison the function ny(x,Y;-) is given (the latter also
appears in Fig. 1). To recognize both functions on Fig. 2 recall that n; C n,.

\\ p e

3.81
3.27 |
2.73 |

2.19 | /—

1.65

112 /

0.58 |

0.04 |

Fig. 2

Remark. To demonstrate the advantages of our method of direct computation of the
interval function ne(x,Y’;-) let us compute the solution set through the parameter set A.
Assume that we have computed A exactly. We then optimally enclose A to obtain an
interval vector A’. Then the best result for the upper function is

nF (AT €) = 4.5 4+ € 4 0.25¢%,
and for the lower function
ny (A1 €) = —0.1 — & — 0.15€2.

The width of ny(AL;€) at € = 6 is w(n2(AL;6)) = nf (A1;6) — 9y (A;6) = 31, whereas the
width of 72(A;6) = n2(x,Y;6) as computed by our method is

03 (@,Y56) —n; (z,Y;6) = 1.
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Example 3. We next consider an example using 6 knots

[1,1.02]

0.99,1.25]
[1.04,1.06]
[1.07,1.09]
[ ]
[ ]

1.16,1.18
1.23,1.25

U= W N — O

Fig. 3 presents the corresponding polynomials ns(x,Y;-) and na(z,Y;-). Of course,
we have ny C ns.

4 Conclusion

Our approach and programing tools can be used from experimental scientists, when check-
ing various hypotheses with respect to the type of the modeling functions. Suppose that
an interval interpolating function is found which interpolates a given data set and that in
the course of experiment some new data are obtained. The new data can be easily checked
whether they intersect the available interval solution set. If some of these intersections
are empty then it follows that the chosen family of modeling functions is wrong. Then
another family of modeling function (possibly involving more parameters or other set of
basic functions) should be taken in consideration.

1.23
1.19
1.15
1.11 |
1.07

1.03 |

0.99 |

0.95 |

Fig. 3
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