On Linear Interpolation under Interval Data

S. Markov, E. Popova^1, U. Schneider, J. Schulze^2

Abstract. Some results related to the problem of interpolation of n vertical segments (x_k, Y_k) , k = 1, . . . , n, in the plane with generalized polynomial functions that are linear combinations of m basic functions are presented. It is proved that the set of interpolating functions (if not empty) is bounded in every subinterval (x_k, x_{k+1}) by two unique such functions η^−_k and η^+_k . An algorithm with result verification for the determination of the boundary functions η^−_k , η^+_k and for their effective tabulation is reported and some examples are discussed.

1 Formulation of the problem

Starting point of this presentation is a problem of system modeling: The structure of relation between quantities characterizing system behavior has to be quantitatively determined, being compatible with measurements of these quantities. The following hypotheses are assumed [7]–[11], [15], [17], [18]:

1. Assumptions on the modeling function.

The modeling function η(λ; ·) defined on some interval X = [x^−, x^+] ⊆ R depends linearly on m parameters:

η (λ; ξ) = m∑ i=1 λ_iφ_i (ξ) = φ (ξ)^⊤ · λ, x^− ≤ ξ ≤ x^+, ξ ∈ R, (1)

where λ = (λ_1, . . . , λ_m)^⊤ ∈ R^m is a vector of (unknown) parameters, and φ(·) = (φ_1(·), . . . , φ_m(·))^⊤ ∈ C(X, R^m) is a vector of m fixed functions continuous on X. (The dot ”·” for the inner product will be further omitted.) The vector φ(·) generates a matrix defined for (x^′_1, . . . , x^′_m), x^′_i ∈ X, i = 1, . . . , n, by

φ_1(x^′_1) · · · φ_m(x^′_1) . . ... . . φ_1(x^′_m)) · · · φ_m(x^′_m) (2)

1The first two authors are partially supported by the National Foundation for Scientific Research under contract No B210/92 and contract No MM10/91.

2The last two authors would like to thank Prof. Dr. E. Kaucher for support during the work on this problem and, particularly, for the lively discussions.

We shall assume that the determinant of (2) does not vanish for any x^′ = (x^′_1, . . . , x^′_m) such that x^− ≤ x^′_1 < . . . < x^′_m ≤ x^+. A set φ of functions satisfying the above assumption will be further called a system of basic functions. The class of all modeling functions of the form (1) using a system of basic functions is denoted by L_m(X).

2. Assumptions on the type of errors in the data.

If n is the number of the measurements, then J = {1, . . . , n} denotes the corresponding index set. The input data are error-free and the output data errors are unknown but bounded (UBB) [8], [9]. This means that there are n input data x_j , j ∈ J, in the real interval [x^−, x^+] such that

x_0 = x^− ≤ x_1 < x_2 < . . . < x_n ≤ x_n ≤ x^+ = x_{n+1},

and there are n output interval measurements Y_j = [y^−_j , y^+_j ], j ∈ J, which contain the correct values of the corresponding measured quantities.

Denote the input data by x = (x_1, x_2, . . . , x_n)^⊤ ∈ R^n and the output measurements by Y = (Y_1, . . . , Y_n)^⊤ ∈ IR^n. The pairs (x_j, Y_j ), j ∈ J, can be considered as vertical segments in the plane xOy.

Assume that m ≤ n and consider the problem of finding modeling functions η ∈ L_m(X) interpolating the vertical segments (x_j, Y_j ) , j ∈ J. More precisely we are interested in the set η(x, Y ; ξ) of values at ξ of all modeling functions η interpolating the segments (x_j , Y_j ), j ∈ J, that is in the set: η(x, Y ; ξ) = {η(λ; ξ) | η is such that η(λ; x_j ) ∈ Y_j , j ∈ J} , ξ ∈ X. (3) The requirement that the values of η at x_j range in the corresponding intervals Y_j

η (λ; x_j ) = φ(x_j )^⊤λ ∈ Y_j , j ∈ J, (4)

can be written in matrix representation as Φ(x)λ ∈ Y, (5) where

Φ(x) = φ_1(x_1) · · · φ_m(x_1) . . ... . . φ_1(x_n)) · · · φ_m(x_n) = φ(x_1)^⊤ . . φ(x_n)^⊤ .

Since φ is a system of basic functions, rank Φ(x) = m.

In (4) the input data x and the output data Y are known, the parameter λ is unknown. We thus have a system of n algebraic inclusions for the determination of the m-dimensional parameter λ. Any λ satisfying (4) is called a feasible parameter. Every feasible parameter λ generates a modeling function η(λ; ·) ∈ L_m(X) which is called an adequate model.

Denote by Λ the set of all feasible parameters, by η(Λ; ·) the set of solutions (solution functions) and by η(Λ; ξ) the set of values of all solutions at ξ ∈ X, respectively Λ = {λ ∈ R^m | Φ(x)λ ∈ Y } , (6) η (Λ; ·) = { φ(·)^⊤λ | λ ∈ Λ } . (7)

η (Λ; ξ) = { φ(ξ)^⊤λ | λ ∈ Λ } . (8)

The set η(Λ; ξ) is obviously another notation for the set (3) we are looking for, i. e. η(x, Y ; ξ) = η(Λ; ξ) so that (3) and (8) are equivalent.

From φ(·) ∈ C(X, R^m) it follows that the set η(Λ; ξ) defined by (8) is an interval for any fixed ξ ∈ X. Thus (8) defines an interval (interval-valued) function on X. In this paper we shall be particularly concerned with characterizing and computing the boundary lower and upper functions η^−(x, Y ; ·), η^+(x, Y ; ·) of the interval function (3), resp. (8). The latter are also called the enveloping functions of the set of modeling functions {η(λ; ·) | λ ∈ Λ} interpolating (x, Y ) [14].

To include the set η(x, Y ; ·) at a point ξ, several approaches are known:

1. The bounds for the sought values are directly determined, e.g. by solving two linear optimization problems [15], [17] η (x, Y ; ξ) = [ min_{λ∈Λ} { φ (ξ)^⊤ λ } , max_{λ∈Λ} { φ (ξ)^⊤ λ }] . 2. The parameter set Λ is enclosed by an interval vector (box) Λ^I (cf. [18]). Then the following relation holds: η (x, Y ; ξ) ⊆ φ(ξ)^⊤Λ^I . 3. Suitable parameters λ^− = λ^−(ξ) and λ^+ = λ^+(ξ) from the set Λ are determined for given ξ, so that η (x, Y ; ξ) = [ φ(ξ)^⊤λ^−(ξ), φ(ξ)^⊤λ^+(ξ) ] . All these approaches deal with the set Λ and are not very effective for the determination of η(x, Y ; ξ) for ξ ∈ X. Numerically, the problem of finding the envelope (8) is quite different from the problem of finding the parameter set Λ defined by (6) (see [8]–[10], [11], [18]). The set Λ is an m-dimensional polytope, which is not easily representable, whereas η(x, Y ; ξ) is a closed one-dimensional interval that can be efficiently computed for arbitrary ξ. The computation of η(x, Y, ξ) can be of practical importance. It seems necessary to seek direct methods for the characterization and computation of η(x, Y ; ξ) in X. In what follows we propose a direct method for computing the values of the interval function η which does not use the feasible parameter set Λ or any particular values of λ as methods 1–3 above do. Our method uses the fact that the boundary functions are generalized Polynomials in each subinterval [x_k, x_{k+1}] (see Proposition 2). A computer program written in PASCAL-SC [5] is reported, which efficiently computs the interval function η(x, Y ; ξ) for arbitrary ξ ∈ X.

2 Characterization and computation of the set of modeling functions

Every feasible parameter λ generates a vector y = (y_1, . . . , y_n)^⊤ ∈ R^n by y_j = η(λ; x_j ), j ∈ J, (9) in matrix form y = Φ(x)λ. The set of all vectors y defined by (9) can be written as Y^′ = { y = (η(λ; x_1), . . . , η(λ; x_n))^⊤ | λ ∈ Λ } . (10) Let us first consider the case n = m when the number of data equals the number of parameters. A modeling function from L_m(X), that is of the form η(λ; ·) = φ(·)^⊤λ, which interpolates a set of m data (x, Y ), satisfy a system Φ(x)λ ∈ Y of m algebraic inclusions for the m unknown parameters, or Φ(x)λ = y, y ∈ Y. Since det Φ(x) ≠ 0, for any y ∈ Y we have λ = Φ^{−1}(x)y. For the set of values of all modeling functions interpolating (x, Y ) at ξ we obtain respectively η(x, Y ; ξ) = { φ(ξ)^⊤λ | λ ∈ Λ } = { φ(ξ)^⊤ ( Φ^{−1}(x)y ) | y ∈ Y } = {( φ(ξ)^⊤Φ^{−1}(x) ) y | y ∈ Y } = ( φ(ξ)^⊤Φ^{−1}(x) ) Y, where the last expression uses interval arithmetic [1].

We thus obtain the following Proposition 1 For m = n we have for the solution set (3), resp. (8) η(x, Y ; ξ) = ( φ(ξ)^⊤Φ^{−1}(x) ) Y, ξ ∈ X. (11) The interval function (11) will be further called simple interval interpolation function. Proposition 1 shows that it can be computed for every ξ in interval arithmetic using (11). Such an exact presentation can not be given for Λ because of the so-called wrapping effect. Indeed for the set Λ of feasible parameters we have Λ = { Φ^{−1}(x)y | y ∈ Y^′ } ⊆ { Φ^{−1}(x)y | y ∈ Y } , where Y^′ is defined by (10). From this using interval arithmetic we obtain the inclusion Λ ⊆ Φ^{−1}(x)Y = Λ^I , which may be very rough. This is due to the fact that Λ is a convex polytope, whereas Y , resp. Λ^I , is a box (orthotope), n-dimensional interval.

We now consider the general case m ≤ n. We first give a definition which will be used in the next proposition.

Definition 1 (see [16]) A l-face of Λ is a subset of Λ defined by y^−_j ≤ φ(ξ_j )^⊤λ ≤ y^+_j , j ∈ J, where m − l of the above linear independent inequalities transform into equalities.

The following proposition holds [12], [13]:

Proposition 2 Let η(x, Y ; ·) be the envelope for the set of all modeling functions from L_m(X) which interpolate (x, Y ). If Λ ≠ ∅, then for all k ∈ {0, 1, . . . , n} = {0} ∪ J the upper and lower boundary functions of η (x, Y ; ξ) are unique elements of L_m(X) for every ξ ∈ (x_k , x_{k+1}). In other words, there exist parameters λ^−_k , λ^+_k ∈ Λ such that

η^− (x, Y ; ξ) = η(λ^−_k ; ξ) = φ(ξ)^⊤λ^−_k , ξ ∈ (x_k, x_{k+1}) ,

η^+ (x, Y ; ξ) = η(λ^+_k ; ξ) = φ(ξ)^⊤λ^+_k , ξ ∈ (x_k, x_{k+1}) .

Proof. We show the correctness only for the upper function — for the lower function the proof is analogous.

Let the assertion of the proposition be wrong. Then a point ξ_s ∈ (x_k, x_{k+1}) and two parameters λ^1, λ^2 ∈ Λ exist such that

η^+(x, Y ; ξ_s) = φ(ξ_s)^⊤λ^1 = φ(ξ_s)^⊤λ^2

and λ^1 ≠ λ^2. On the other hand we have

η^+(x, Y ; ξ_s) = max_{λ∈Λ} φ(ξ_s)^⊤λ. (12)

Because the set of optimal points of the linear programming problem (12) is convex all points of the segment [λ^1, λ^2] are optimal points. The set of all optimal points of (12) is a l-face of Λ, where l ≥ 1 and the vector φ(ξ_s) is perpendicular to this l-face of Λ.

The l-face is an intersection of (m − l) hyperplanes with linear independent normal vectors a^1, . . . , a^{m−l} ∈ {φ(ξ_j ), j ∈ J} because they are linear independent (the modeling function is from L_m (X)). Thus the vector φ(ξ_s) is a linear combination of a^1, . . . , a^{m−l}. This is a contradiction to the assertion that φ is a system of basic functions.

We thus proved that for every point ξ_s ∈ (x_k, x_{k+1}) the optimum value of φ^⊤(ξ_s)λ is reached for an unique λ. This λ is a 0-face (that is a vertex) of the polytope Λ (if λ is an l-face with l ≥ 1, it will not be unique). Now, take ξ^′ ≠ ξ”, such that ξ^′, ξ” ∈ (x_k, x_{k+1}). We shall show that ξ^′ and ξ” generate same solutions of the optimization problem (12).

Indeed, assume that the corresponding solutions are two different vertices λ^′, λ”. Let ξ^∗ = (1−α)ξ^′ +αξ” and let λ^∗ be the optimum corresponding to ξ^∗. Since φ is continuous there is at least one α ∈ (0, 1) such that ξ^∗ is an l-face with l ≥ 1. This is a contradiction.

2_{Proposition 2 shows, that under the given assumptions the upper and lower boundary}

functions η (x, Y ; ξ) for all ξ ∈ (x_k, x_{k+1}) are themselves elements of L_m (X), and, therefore, to find η (x, Y ; ξ) for ξ ∈ [x_k, x_{k+1}] we have to determine expressions for these two functions.

Let the index set Q be a subset of the index set J with m elements: Q ⊆ J, card (Q) = m. Let Q be ordered in increasing order and let q (i) be the i-th element of Q. Denote by x^Q = ( x_{q(1)}, . . . , x_{q(m)} )_⊤ the vector x reduced to the index set Q. Analogously Y^Q = ( Y_{q(1)}, . . . , Y_{q(m)} )_⊤ is the vector Y reduced to Q.

To find the set of functions from L_m(X) interpolating a reduced set of m data (x^Q, Y^Q) we consider the corresponding system of m algebraic inclusions for m unknown parameters: Φ(x^Q)λ ∈ Y^Q, and applying (11), obtain for the corresponding simple interpolation polynomials η(x^Q, Y^Q; ξ) = ( φ(ξ)^⊤Φ^{−1}(x^Q) ) Y^Q. Proposition 3 The value of η(x, Y ; ·) at a point ξ is given by [6] η(x, Y ; ξ) = ⋂ Q⊆J η(x^Q, Y^Q; ξ) = ⋂ Q⊆J ( φ(ξ)^⊤Φ^{−1}(x^Q) ) Y^Q. Proposition 3 shows that the value of η(x, Y ; ·) at ξ can be determined by an intersection of ( n m ) simple interval interpolating functions.

Definition 2 The set of data (x, Y ) is said to be compatible (with the basic functions φ_1 (ξ) , . . . , φ_m (ξ)), if Y_j = η (x, Y ; x_j) , j ∈ J. In other words, for a compatible set of data (x, Y ) the interval Y_j is the projection of the set Y^′ defined by (10) on the j-th coordinate axis.

If the set of data (x, Y ) is not compatible, it can be reduced to a compatible set (x, Ỹ ), generating the same solution set η(x, Y ; ·) = η(x, Ỹ ; ·), using the following Proposition 4 For the compatible intervals we have Ỹ_j = Y_j ∩ ⋂ Q⊆J j /∈Q η(x^Q, Y^Q; x_j ).

The next proposition shows that, if the set of data (x, Y ) is compatible, then η (x, Y ; ξ) may be determined by an intersection of a reduced number of simple interval interpolating functions.

Proposition 5 If the set of data (x, Y ) is compatible with the basic functions, then for every k ∈ {0} ∪ J the following formula holds η (x, Y ; ξ) = ⋂ Q(k) η(x^{Q(k)}, Y^{Q(k)}; ξ) for ξ ∈ [x_k, x_{k+1}],

where Q(k) ⊆ J, card(Q(k)) = m, is such that k, k + 1 ∈ Q(k), if 0 < k < n, 1, n ∈ Q(k), if k = 0 or k = n.

Proof. We shall prove that for each index set Q there exists an index set Q (k) such that η ( x^{Q(k)}, Y^{Q(k)}; ξ ) ⊆ η ( x^Q, Y^Q; ξ ) , if ξ ∈ [x_k, x_{k+1}].

We construct such a suitable index set Q (k) for a given index set Q as follows. There are four cases:

1. x_{k+1} ≤ x_{q(1)} and k ≠ 0. We take Q (k) = {k, k + 1, q (2) ..., q (m − 1)} .

2. x_{q(m)} ≤ x_k and k ≠ n. We take Q (k) = {q (2) , . . . , q (m − 1) , k, k + 1} .

3. k = 0 or k = n. We take Q (k) = {1, q (2) , . . . , q (m − 1) , n} .

4. x_{q(1)} ≤ x_k and x_{k+1} ≤ x_{q(m)}. Let l = max { i : x_{q(i)} ≤ x_k } , then x_{q(l)} ≤ x_k and x_{k+1} ≤ x_{q(l+1)}. We take Q (k) = {q (1) , . . . , q (l − 1) , k, k + 1, q (l + 2) , . . . , q (m)}.

We see that the sets Q and Q(k) have at least m − 2 common points. We show that η ( x^{Q(k)}, Y^{Q(k)}; ξ ) ⊆ η ( x^Q, Y^Q; ξ ) only for the upper function. The case of lower function can be proved analogously.

Because the data (x, Y ) are compatible with the basic functions we have η^+ ( x^Q, Y^Q; x_k ) ≥ η^+ ( x^{Q(k)}, Y^{Q(k)}; x_k ) = y^+_k and y^+_{k+1} = η^+ ( x^{Q(k)}, Y^{Q(k)}; x_{k+1} ) ≤ η^+ ( x^Q, Y^Q; x_{k+1} ) . Let for some ξ_s ∈ (x_k, x_{k+1})

η^+ ( x^{Q(k)}, Y^{Q(k)}; ξ_s ) > η^+ ( x^Q, Y^Q; ξ_s ) . (13)

Then in the interval [x_k, x_{k+1}] there are at least two intersection points ξ_1 and ξ_2 of η^+ ( x^{Q(k)}, Y^{Q(k)}; · ) and η^+ ( x^{Q(k)}, Y^{Q(k)}; · ) . The graphs of the latter functions have m common points. Thus they are identical. This is a contradiction to (13).2 For m = 2 there is only one possible set Q(k). Namely for ξ ∈ [x_k, x_{k+1}] , 0 ≤ k ≤ n, Q(k) = { {k, k + 1}, if 0 < k < n, {1, n}, if k = 0 or k = n. η (x, Y ; ξ) = η(x^{Q(k)}, Y^{Q(k)}; ξ) for ξ ∈ [x_k, x_{k+1}].

Propositions 1–5 provide possibilities for piecewise computation of η (ξ; x, Y ) in the segments (x_k, x_{k+1}). The interval function η (ξ; x, Y ) may be determined at ξ ∈ (x_k, x_{k+1}) by intersecting the values of certain simple interval interpolating functions at ξ.

Numerical algorithm. Propositions 1–5 above suggest two possible algorithms for the effective computation of η(x, Y ; ·) at ξ ∈ X, which can be used for the tabulation of η (that is computation of η in a given number of points ξ_i, i = 1, . . . , l).

A. Compute η(x, Y ; ·) at ξ by means of Proposition 3. If a tabulation in a series of knots ξ_1, . . . , ξ_l is needed, then the computation can be reduced using the following approach based on Proposition 2. When evaluating η at a point ξ which is the first point to be computed in a new interval [x_k, x_{k+1}], store the information about the expressions for the boundary functions η^−, η^+. For instance, store the end-points of Y_i, lying on η^−, resp. η^+, such as Y^{α1}_1 , Y^{α2}_2 , . . . , Y^{αn}_n , α_i ∈ {+, −}). According to Proposition 2 the functions η^−, η^+ produce the values of η(x, Y ; ·) for all ξ in the subinterval [x_k, x_{k+1}], so that once we find functions η^−, η^+ for a fixed ξ ∈ [x_k, x_{k+1}] we can use these functions when tabulating η(x, Y ; ·) in the whole subinterval [x_k, x_{k+1}].

B. Compute first the compatible intervals Ỹ_i generating the same solution set η(x, Ỹ ; ·) = η(x, Y ; ·) by means of Proposition 4, that is by intersection of (interval) values of simple interval interpolating polynomials. The latter are computed by means of Proposition 1. Then use Proposition 5 to compute η(x, Y ; ·) at arbitrary ξ. If a tabulation of η(x, Y ; ·) in several points from a subinterval [x_k, x_{k+1}] is needed, then the same approach as in A. can be exploited.

3 The polynomial case

If the basic functions are polynomials of (i − 1)-th degree of the form φ_i (x) = x^{i−1}, i = 1, ..., m, then the determinant of (2) is the Vandermond’s determinant:

det Φ(x^′) = ∏ i>j (x_i − x_j ) ,

which does not vanish and therefore {φ_i}^m_{i=1} is a system of basic functions. In this section we take for L_m(X) the class of polynomial functions of (m − 1)-st degree of the form η_{m−1}(λ; ξ) = λ_1 + λ_2ξ + ... + λ_mξ^{m−1}, which are defined on X = R.

In the case n = m formula (11) for the simple interval interpolation function obtains the form η_{m−1} (x, Y ; ξ) = l (x; ξ)^⊤ Y , l_i(x; ξ) = ∏ k=1,...,m, k≠i ξ − x_k x_i − x_k , (see [3], [4]). An explicit evaluation without using interval arithmetic is given in [2].

If n > m using Proposition 3 we can present the value of η_{m−1}(x, Y ; ξ) at a point ξ by intersecting ( n m ) simple interval interpolating polynomials [6] η_{m−1} (x, Y ; ξ) = ⋂ Q⊆J l ( x^Q; ξ )_⊤ Y^Q, l_i(x^Q; ξ) = ∏ k=1,...,m, k≠i ξ − x_{q(k)} x_{q(i)} − x_{q(k)} . The intervals Y_j can be reduced to compatible intervals Ỹ_j generating the same solution set η_{m−1}(x, Y ; ·) as follows [6]

Ỹ_j = Y_j ∩ ⋂ Q⊆J, j /∈Q l ( x^Q; x_j )_⊤ Y^Q.

For m = 2 applying Proposition 5 we obtain that there is only one possible set Q(k), therefore for every ξ ∈ [x_k, x_{k+1}] , 0 ≤ k ≤ n, the following expression holds [6]

η_1(x, Y ; ξ) = ξ−xk+1 xk^{−x}k+1 Y^k + ξ−xk xk+1^{−x}k Y^{k+1}, if 0 < k < n, ξ−xn x1−xn Y1 + ξ−x1 xn−x1 Y^n, if k = 0 or k = n,

where again (x, Y ) is assumed compatible.

We next give two examples for polynomial functions. The computations were performed by a program written in PASCAL-SC [5], based on approach A. described at the end of the previous section.

Example 1. Let the following set of data be given

(x, Y ) = 1, [1, 3] 2, [1, 2] 4, [1.5, 2.5] 6, [2, 3]

Let the modeling functions be second order polynomials of the form

η_2(λ; ξ) = λ_1 + λ_2ξ + λ_3ξ^2.

The graph of the interval function η_2(x, Y ; ·) is presented on Fig. 1. For comparison the simple interval polynomial η_3(x, Y ; ·) is also presented. In order to recognize both interval interpolating functions we should keep in mind that η_2 ⊆ η_3.

. . . .

.

. . . . .

.

. . . . .

.

. . . . .

.

. . . . .

.

. . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. .

.

. . .

. .

.

. . .

. .

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

-

6

-1.92

2.95

-0.70

4.17

0.52

5.39

1.73

6.60

1.00 4.00

2.00 6.00

Fig. 1

The program gives the following results for η_2(x, Y ; ·).

Bounding Functions Compatible Subinterval Lower Upper Intervals

[x_{−∞}, x_1] Y^−_1 Y^+_3 Y^−_4 Y^+_2 Y^−_3 Y^+_4 Y_1 = [1, 3] [x_1, x_2] Y^−_1 Y^−_2 Y^+_4 Y^+_2 Y^−_3 Y^+_4 Y_2 = [1, 2] [x_2, x_3] Y^−_2 Y^−_3 Y^+_4 Y^+_2 Y^+_3 Y^−_4 Y_3 = [1.5, 2.5] [x_3, x_4] Y^+_2 Y^−_3 Y^−_4 Y^−_1 Y^+_3 Y^+_4 Y_4 = [2, 3] [x_4, x_∞] Y^−_1 Y^+_3 Y^−_4 Y^+_2 Y^−_3 Y^+_4

We see that the computed compatible intervals coincide with the input intervals, that is the input data are compatible.

Example 2. For the same set of data and for the set of linear modeling functions η_1(λ; ξ) = λ_1 + λ_2ξ we obtain

Bounding Functions Compatible Subinterval Lower Upper Intervals [x_{−∞}, x_1] Y^−_1 Y^+_4 Y^+_2 Y^−_4 Y_1 = [1, 2] [x_1, x_2] Y^−_1 Y^−_4 Y^+_2 Y^−_4 Y_2 = [1.2, 2] [x_2, x_3] Y^−_1 Y^−_4 Y^+_2 Y^+_4 Y_3 = [1.6, 2.5] [x_3, x_4] Y^−_1 Y^−_4 Y^+_3 Y^+_4 Y_4 = [2, 3] [x_4, x_∞] Y^+_2 Y^−_4 Y^−_1 Y^+_4

The interval function η_1(x, Y ; ·), comprising the set of linear modeling functions is presented on Fig. 2. For comparison the function η_2(x, Y ; ·) is given (the latter also appears in Fig. 1). To recognize both functions on Fig. 2 recall that η_1 ⊆ η_2.

.

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. .

. . . .

. .

. . . .

. .

. . . .

. .

. . . .

. .

. . . .

. .

. . . .

. .

. . . .

. .

. . . .

. .

. . . .

. .

. . . .

. .

. . . .

.

.

.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . .

. . . . . .

-

6 2.19

0.04

2.73

0.58

3.27

1.12

3.81

1.65

4.00

1.00 6.00

2.00

Fig. 2

Remark. To demonstrate the advantages of our method of direct computation of the interval function η_2(x, Y ; ·) let us compute the solution set through the parameter set Λ. Assume that we have computed Λ exactly. We then optimally enclose Λ to obtain an interval vector Λ^I . Then the best result for the upper function is

η^+_2 (Λ^I ; ξ) = 4.5 + ξ + 0.25ξ^2,

and for the lower function

η^−_2 (Λ^I ; ξ) = −0.1 − ξ − 0.15ξ^2 .

The width of η_2(Λ^I ; ξ) at ξ = 6 is ω(η_2(Λ^I ; 6)) = η^+_2 (Λ^I ; 6) − η^−_2 (Λ^I ; 6) = 31, whereas the width of η_2(Λ; 6) = η_2(x, Y ; 6) as computed by our method is

η^+_2 (x, Y ; 6) − η^−_2 (x, Y ; 6) = 1.

Example 3. We next consider an example using 6 knots

(x, Y ) = 0, [1, 1.02] 1, [0.99, 1.25] 2, [1.04, 1.06] 3, [1.07, 1.09] 4, [1.16, 1.18] 5, [1.23, 1.25]

Fig. 3 presents the corresponding polynomials η_5(x, Y ; ·) and η_4(x, Y ; ·). Of course, we have η_4 ⊆ η_5.

4 Conclusion

Our approach and programing tools can be used from experimental scientists, when checking various hypotheses with respect to the type of the modeling functions. Suppose that an interval interpolating function is found which interpolates a given data set and that in the course of experiment some new data are obtained. The new data can be easily checked whether they intersect the available interval solution set. If some of these intersections are empty then it follows that the chosen family of modeling functions is wrong. Then another family of modeling function (possibly involving more parameters or other set of basic functions) should be taken in consideration.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . . . . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

. .

. . .

.

-

6 1.11

0.95

1.15

0.99

1.19

1.03

1.23

1.07

3.00

0.00 4.00

1.00 5.00

2.00

Fig. 3

References

[1] Alefeld, G.; Herzberger, J.: Introduction to Interval Computations. Academic Press, 1983.

[2] Crane, M. A.: A Bounding Technique for Polynomial Functions. SIAM J. Appl.

Math., 29, No. 4, 1975, pp. 751-754.

[3] Garloff, J.: Optimale Schranken bei Intervallinterpolation mit Polynomen und mit Funktionen ax^b. Z. Angew. Math. Mech., 59, 1979, T59–T60.

[4] Herzberger, J.: Note on a Bounding Technique for Polynomial Functions. SIAM J.

Appl. Math., 34, No.4, 1978.

[5] Kulisch, U.(Ed.): PASCAL–SC: A PASCAL–Extension for Scientific Computation.

Information Manual and Disks for IBM PC, Wiley-Teubner Series in Computer Science, Wiley-Teubner, Chichester, 1987.

[6] Markov, S. M.: Polynomial Interpolation of Vertical Segments in the Plane. In Kaucher, E.; Markov, S. M.; Mayer, G. (Eds.): Computer Arithmetic, Scientific Computation and Mathematical Modeling. IMACS 1991, pp. 251–262.

[7] Markov, S. M. and Popova, E. D.: Estimation and Identification Using Interval Arithmetic. Proc. of the 9th IFAC/IFORS Symposium on Identification and System Parameter Estimation, Budapest 8-12 July, 1991, pp. 769-772.

[8] Milanese, M.: Estimation and Prediction in the Presence of Unknown but Bounded Uncertainty: A Survey. In Milanese, M.; Tempo, R. and Vicino, A. (Eds.): Robustness in Identification and Control. Plenum Press, New York, 1989, pp. 3–24.

[9] Milanese, M.; Belforte, G.: Estimation Theory and Uncertainty Intervals Evaluation in Presence of Unknown but Bounded Errors. Linear Families of Models and Estimators. IEEE Trans. Autom. Control, AC-27, 1982, pp. 408–414.

[10] Mo, S. H.; Norton, J. P.: Recursive Parameter-Bounding Algorithms which Compute Polytope Bounds. Proc. 12th IMACS World Congress, Paris, 1988.

[11] Norton, J. P.: Identification and Application of Bounded Parameter Models. Automatica, 23, 1987, pp. 497–507.

[12] Schneider, U.: Modellierung unscharfer Daten - Intervallinterpolationsproblem.

Diplomarbeit TH Merseburg, Fachbereich Mathematik und Informatik, Merseburg, 1992.

[13] Schneider, U.; Schulze, J.: The Graph of the Linear Interval Interpolation Function in the Plane. In Markov, S. M. (Ed.): Scientific Computation and Mathematical Modelling. DATECS Publishing, Sofia, 1993, pp. 173–176.

[14] Sotirov, G.: Interval Identification of Linear Systems with Bounded Noise: The Envelope Approach. In: Markov, S. M. (Ed.): Scientific Computation and Mathematical Modelling. DATECS Publ., Sofia, 1993, pp. 31–36.

[15] Sotirov, G. R.; Voshinin, A. P.: Optimization with uncertainties. Moscow, Moscow Energetic Institute, Sofia: Technic, 1989 (in Russian).

[16] Tschernikow, S. N.: Lineare Ungleichungen. Berlin. Deucher Verlag der Wissenschaften, 1971.

[17] A.P.Voshinin, A. P.; Dyvak, N. P.; Simoff, S. J.: Interval Methods Theory and Application in Design of Experiments, Data Analysis and Fitting. In: Letzky, E. K. (Ed.): Design of Experiments and Data Analysis: New Trends and Results. Antal, Moscow, 1993.

[18] Walter, E. (Ed.): Parameter Identification with Error Bounds. Math. Comput. Simulation 32 1990, 5& 6, pp. 447–608.

Addresses of the Authors:

Svetoslav Markov Uta Schneider Jörg Schulze Evgenija Popova Inst. of Biophysics, Dahler Heide 58 Breite Str. 33/34 Acad. G. Bonchev str., bldg. 21 Paderborn-Dahl Luckenwalde BG-1113 Sofia, Bulgaria Germany 33100 Germany 14943