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Abstract We consider a linear algebraic system A(p)x = b(q), where the elements of the matrix and the right-hand side vector are linear functions of
uncertain parameters p, q varying within given intervals p, q. The so-called
parametric tolerable solution set Σtol (A(p), b(q), p, q) := {x ∈ Rn | (∀p ∈
p)(∃q ∈ q)(A(p)x = b(q))} is studied for unboundedness. Basing on a characterization of the parametric tolerable solution set as a convex polyhedron, we
present necessary and suﬃcient conditions (in both general and computable
forms) for a nonempty parametric tolerable solution set to be unbounded.
Every parametric tolerable solution set is represented as a sum of a linear subspace and a bounded convex polyhedron. The latter implies better estimations
(outer and inner) for the unbounded parametric tolerable solution sets. Numerical examples illustrate the discussed methodology and the solution sets.
Keywords interval analysis · linear algebraic equations · dependent data ·
tolerable solution set · unboundedness
Mathematics Subject Classification (2000) 65G40 · 65F05

1 Introduction
Consider the linear algebraic system
A(p)x = b(p),
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where
A(p) = A0 +

K


pk Ak ,

b(p) = b0 +

k=1

K


pk b k

(2)

k=1

for some numerical matrices Ak ∈ Rm×n and numerical vectors bk ∈ Rm , k =
0, 1, . . . , K, where Rn , Rm×n denote the set of real vectors with n components
and the set of real m × n matrices, respectively. The parameters pk , k ∈ K =
{1, . . . , K} are considered as uncertain and varying within given intervals
p ∈ p = (p1 , . . . , pK ) .

(3)

A real compact interval is a = [a, a] := {a ∈ R | a ≤ a ≤ a}. By IRn , IRm×n we
denote the sets of interval n-vectors and interval m × n matrices, respectively.
For a = [a, a], deﬁne mid-point ǎ := (a + a)/2 and radius â := (a − a)/2.
These functionals are applied to interval vectors and matrices componentwise.
Without loss of generality and in order to have a unique representation (2),
we assume that p̂k > 0 for all k ∈ K.
The parameter dependent linear system (1)–(3) presents a generalization
of the nonparametric interval linear system Ax = b, A ∈ IRm×n , b ∈ IRm ,
which was mainly studied until recently. Thus, a nonparametric interval system
Ax = b, where the elements of the matrix and of the right-hand side vector
are independent intervals, can be considered as a special case of a parametric
system involving mn + m interval parameters aij ∈ aij , bi ∈ bi , 1 ≤ i ≤ m,
1 ≤ j ≤ n. However, the practical problems, which require solving linear
algebraic systems, are usually described by complicated dependencies between
the uncertain model parameters. Therefore, the parameter dependent linear
system (1)–(3) usually provides a more precise setting and more precise results
for the real-life problems involving uncertainties, cf. [9].
The “solution” of a problem involving uncertain (interval) data can be
deﬁned in a vast variety of ways. Usually, the so-called united parametric
solution set
Σ p = Σuni (A(p), b(p), p) := {x ∈ Rn | ∃p ∈ p, A(p)x = b(p)}

(4)

is considered and its interval estimations (outer and/or inner) are sought.
However, various problems, e.g., in mathematical economy [2], [12], control
engineering and parameter identiﬁcation [19], [20], tolerance analysis [6], see
also [14] for an interpretation and applications, consider the so-called (parametric) tolerable solution set. The parametric tolerable solution set is deﬁned
for two disjoint parameter vectors p ∈ RKp , q ∈ RKq , Kp ∪ Kq = K, by
p
Σtol
= Σtol (A(p), b(q), p, q)

:= {x ∈ Rn | (∀p ∈ p)(∃q ∈ q)(A(p)x = b(q))}.

(5)

The nonparametric tolerable solution set and its interval estimations are
studied by many authors. The notion of tolerance solutions is motivated by
considerations concerning crane construction [7] and input-output planning
with inexact data [12]. J. Rohn gives in [13] two equivalent descriptions of the
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nonparametric tolerable solution set. Various authors prove that Σtol (A, b) is
a convex polyhedron1 in diﬀerent ways, e.g., [5], [13], [14]. Tolerance solutions
are studied since by [6], [5], [14] and others, see the references in the latter
work. The nonparametric tolerable solution set and its interval estimations
are also studied as a special case of the more general class of nonparametric
AE-solution sets. S. Shary develops a formal algebraic approach for ﬁnding
inner/outer estimations of the nonparametric AE-solution sets, see [15] for
a summary. This approach is further developed by A. Goldsztejn, e.g., [3].
O. Beaumont and B. Philippe apply linear programming techniques to solve
the nonparametric interval tolerance problem [1]. I. Sharaya studies in [16,
17] some criteria for a nonparametric tolerable solution set Σtol (A, b) to be
unbounded and proves that every tolerable solution set can be represented as
a sum of a linear subspace and a bounded convex polyhedron.
A recent progress in the explicit description of the more general class of
parametric AE-solution sets [9] resulted in explicit description of the parametric tolerable solution set, which allowed proving various properties of the
latter. In particular, it was proven in [9], see also [18], that every parametric
tolerable solution set is a convex polyhedron. In [11] some numerical methods for outer interval estimation of parametric AE-solution sets are presented
including special study of the methods for bounding the parametric tolerable solution set. Two methods for inner interval estimation of the nonempty
parametric tolerable solution set are discussed in [10].
The present article aims to complete the initial investigations on the parametric tolerable solution set by studying the unbounded solution set. In Section 2 we deﬁne null space of the parametric matrix related to a tolerable
solution set and prove necessary and suﬃcient conditions (in both general and
computable forms) for a nonempty parametric tolerable solution set to be unbounded. In Section 3 we generalize the theory of I. Sharaya [16,17] about
the structure of a nonparametric tolerable solution set as a sum of a linear
subspace and a bounded convex polyhedron to the more general class of parametric tolerable solution sets. Then, on some numerical examples we illustrate
the unbounded parametric tolerable solution sets and discuss how to obtain
more accurate inner and/or outer interval estimations for such solution sets.

2 Unboundedness of the Parametric Tolerable Solution Set
The following deﬁnition is well-known from linear algebra.
Definition 1 For a matrix A ∈ Rm×n , the set N (A) := {x ∈ Rn | Ax = 0} ⊆
Rn is called the null space2 of A.
1 Analytically, a convex polyhedron is expressed as the solution set for a system of linear
inequalities. A convex polyhedron may be empty, may coincides with the whole space Rn ,
or may be a nonempty intersection of a ﬁnite number of closed half spaces. It may be also
bounded or unbounded.
2 Some authors call the null space kernel of the matrix.
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Every null space is nonempty and trivially contains at least the zero vector.
Let us consider in more details the parametric tolerable solution set for
a linear system involving a numerical vector b ∈ Rm in the right-hand side
and an m × n matrix A(p) whose elements depend linearly on a K-tuple of
parameters p
Σtol (A(p), b, p) := {x ∈ Rn | (∀p ∈ p)(A(p)x = b)}.

(6)

An explicit description of this solution set can be obtained, see [9], by successive elimination of the universally quantiﬁed parameters pk , k ∈ K, from the
inequalities
A0 x − b +



pk (Ak x) ≤ 0 ≤ A0 x − b +

k∈K



pk (Ak x)

(7)

k∈K

p̌k − p̂k ≤ pk ≤ p̌k + p̂k ,

k ∈ K,

(8)

where (7) is equivalent to A(p)x = b and (8) is equivalent to pk ∈ pk . In
the elimination of each parameter we apply the distributivity of the universal
quantiﬁers over conjunction and the following two relations
λp̌k − |λ|p̂k ≤ λpk ≤ λp̌k + |λ|p̂k ,
λ∈R
(9)
⇔
(v1 ≤ min f (t)) ∧ (max f (t) ≤ v2 ), (10)
(∀t ∈ t : v1 ≤ f (t) ≤ v2 )
t∈t

t∈t

where t ∈ IR and f (t) is linear function of t. Thus, in the elimination of p1 we
apply relation (10), with t = p1 , to
A0 x − b +

K


pk (Ak x) ≤ −p1 (A1 x) ≤ A0 x − b +

k=2

K


pk (Ak x)

k=2

and obtain
−(A1 x)p̌1 + |A1 x|p̂1 ≤ A0 x − b +

K

k=2

pk (Ak x) ≤ −(A1 x)p̌1 − |A1 x|p̂1 .

By rearranging the last inequalities and eliminating the next parameters we
come to



p̂k |Ak x| ≤ A0 x + k∈K p̌k (Ak x) − b ≤ −
p̂k |Ak x|
k∈K

k∈K

that is
|A(p̌)x − b| ≤ −



p̂k |Ak x|.

(11)

k∈K

The description (11) of Σtol (A(p), b, p) is a special case of the description of
Σtol (A(p), b, p) given by the following proposition.
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Proposition 1 ([9, Proposition 5.8]) For a K-tuple of parameters p involved in A(p) ∈ Rm×n and b ∈ IRm

Σtol (A(p), b, p) = {x ∈ Rn | |A(p̌)x − b̌| ≤ b̂ −
p̂k |Ak x|}.
k∈K

Proposition 2
Σtol (A(p), 0, p) =



N (Ak ).

k∈K∪{0}

Proof Since the two sides of the inequality (11) have diﬀerent signs, Σtol (A(p), 0, p)
is not the empty set if and only if

p̂k |Ak x|.
(12)
|A(p̌)x| = 0 =
k∈K

It is obvious that the trivial point x = 0 belongs to Σtol (A(p), 0, p) and therefore the latter is not empty. The right-hand sideequality in (12) holds true iﬀ
Ak x = 0 for all k ∈ K. Then |A(p̌)x| = |A0 x + k∈K p̌k (Ak x)| = 0 holds true
iﬀ A0 x = 0. The equality relation (12) implies also that

Σtol (A(p), 0, p) = {0} iﬀ
N (Ak ) = {0}.
k∈K∪{0}


Definition 2 For an m × n parametric matrix A(p) := A0 + k∈K pk Ak
involved in a parametric tolerable solution set, where p ∈ p ∈ IRK , the set
N (A(p), p) := {x ∈ Rn | (∀p ∈ p)(A(p)x = 0)}
is called null space of the parametric matrix.
From the deﬁnition of a parametric tolerable solution set we have
N (A(p), p) = Σtol (A(p), 0, p) and Proposition 2 implies the following

Corollary 1 N (A(p), p) = {0} iﬀ
k∈K∪{0} N (Ak ) = {0}.
Lemma 1 Let Σtol (A(p), b(q), p, q) = ∅. If N (A(p), p) = {0}, then
Σtol (A(p), b(q), p, q) is unbounded.
Proof By Deﬁnition 2, for all p ∈ p there exists c ∈ Rn such that A(p)c = 0.
This implies
∀t ∈ R, ∀p ∈ p, ∃c ∈ Rn , A(p)(tc) = 0.

(13)

Let x̃ ∈ Σtol (A(p), b(q), p, q). The latter implies
∀p ∈ p, ∃q ∈ q, A(p)x̃ = b(q).

(14)

We add (13) and (14) and get
∀t ∈ R, ∀p ∈ p, ∃q ∈ q, ∃c ∈ Rn , A(p)x̃ + A(p)(tc) = b(q).

(15)

Since A(p)x̃+A(p)(tc) = A(p)(x̃+tc), by the deﬁnition of Σtol (A(p), b(q), p, q),
the line x̃+Rc ∈ Σtol (A(p), b(q), p, q), that is the parametric tolerable solution
set is unbounded.
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Lemma 2 If Σtol (A(p), b(q), p, q) is unbounded, N (A(p), p) = {0}.
Proof By [9, Theorem 5.11], Σtol (A(p), b(q), p, q) is a convex polyhedron. Every orthant Ort in Rn , deﬁned by
δi xi ≥ 0, δi ∈ {−1, +1}, i = 1, . . . , n,
is a convex polyhedron. The intersection 
of convex polyhedra is a convex polyhedron. Therefore, Σtol (A(p), b(q), p, q) Ort is a convex polyhedron. Since
 such that the
Σtol (A(p), b(q), p, q) is unbounded, there exists an orthant Ort

convex polyhedron Σtol (A(p), b(q), p, q) Ort is also unbounded. Therefore,
there exists a ray

 where c ∈ Ort,
 c = 0, t ∈ R+ .
x̃ + tc ∈ Σtol (A(p), b(q), p, q) Ort,
Since x̃ + tc ∈ Σtol (A(p), b(q), p, q), by the deﬁnition of this solution set,
 c = 0, A(p)(x̃ + tc) = b(q).
∀t ∈ R+ , ∀p ∈ p, ∃q ∈ q, ∃c ∈ Ort,
The latter implies A(p)x̃ + tA(p)c = b(q) and also t(A(p)c) = 0. Since t may
be arbitrary large,
∀p ∈ p, A(p)c = 0,
which means that N (A(p), p) = {0}.
By Lemma 1 and Lemma 2 we prove the following theorem.
Theorem 1 Let a parametric tolerable solution set Σtol (A(p), b(q), p, q) be
nonempty. This solution set is unbounded if and only if N (A(p), p) = {0}.
Theorem 1 and Corollary 1 give the following computable criterion for a
nonempty parametric tolerable solution set to be unbounded.
Theorem 2 Let a parametric tolerable solution set Σtol(A(p), b(q), p, q) be
nonempty. This solution set is unbounded if and only if
k∈Kp ∪{0} N (Ak ) =


{0}, where Kp Kq = ∅, Kp Kq = K.
3 Structure of the Parametric Tolerable Solution Set
Lemma 3 N (A(p), p) is a linear subspace of Rn .
Proof The proof is trivial via the three properties of a subspace.
It is well-known that every linear subspace of Rn is a convex polyhedron.
Theorem 3 The parametric tolerable solution set can be represented as
Σtol (A(p), b(q), p, q) = N (A(p), p) + V (p, q),
(16)
 
3

where V (p, q) := Σtol (A(p), b(q), p, q) N is a polytope and N is a complementary subspace to N (A(p), p) in Rn .
3

A convex polytope is a bounded convex polyhedron.
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Proof The proof follows that one given in [16]. We present it here for completeness.
For arbitrary vectors x ∈ Rn and c ∈ N (A(p), p) we have
∀p ∈ p,

A(p)(x + c) = A(p)x + A(p)c = A(p)x.

p
p
:= Σtol (A(p), b(q), p, q) implies that (x + c) ∈ Σtol
. The
Therefore x ∈ Σtol
p
p
latter means that Σtol + N (A(p), p) ⊆ Σtol . Since 0 ∈ N (A(p), p), we have
p
p
p
p
Σtol
⊆ Σtol
+ N (A(p), p). Therefore, Σtol
= Σtol
+ N (A(p), p).

Let N be an arbitrary linear subspace which is complementary to N (A(p), p)
p
p
p
in Rn . Then Σtol
= N (A(p), p) + (Σtol
∩ N  ). Denote V (p, q) := Σtol
∩ N .
p
p


Since both Σtol and N are convex polyhedrons, Σtol ∩ N is also a convex
polyhedron. We will prove that V (p, q) is bounded.
Assume that V (p, q) is unbounded. Then V (p, q) contains a ray. Let c
denote its direction. The intersection of the ray with the orthant containing c
p
∩ N  having the same direction and another
is again a ray from V (p, q) := Σtol
p
origin. Denote by x the origin of the new ray. The new ray (x + R+ c) ∈ Σtol
and therefore
∀p ∈ p, ∃q ∈ q, A(p)(x + R+ c) = b(q).

Since A(p)(x + R+ c) = A(p)x + A(p)(R+ c) = A(p)x + R+ (A(p)c),
∀p ∈ p, ∃q ∈ q, A(p)x + R+ (A(p)c) = b(q)
implies A(p)c = 0, which means that c ∈ N (A(p), p). The latter contradicts
the choice (x + R+ c) ∈ N  . Therefore, V (p, q) is bounded.
Theorem 3 describes the parametric tolerable solution set Σtol (A(p), b(q), p, q)
more precisely than the description of Σtol (A(p), b(q), p, q) as a convex polyhedron. This is because some convex polyhedrons cannot be represented as a
sum of a linear subspace and a convex polytope. Examples of 3-dimensional
convex polyhedrons which cannot have the latter representation are given in
[16,17]. In the examples discussed in the next section Theorem 3 is used for
graphical visualization of nonempty unbounded parametric tolerable solution
sets.
Note, that Theorems 1 and 2, which deﬁne conditions for Σtol (A(p), b(q), p, q)
to be unbounded, assume that the solution set is not empty. Verifying that a
parametric tolerable solution set is empty or not can be done by ﬁrst ﬁnding
explicit description of the solution set by means of inequalities (cf. [9]), or interval inclusions, and then solving these inequalities/inclusions. However, this
might be a diﬃcult task. On another hand, we may apply Theorem 3 in combination with Theorems 1 and 2 to obtain some computable suﬃcient conditions
for Σtol (A(p), b(q), p, q) to be bounded. Since N (A(p), p) is always nonempty
and N (A(p), p) is bounded iﬀ N (A(p), p) = {0}, from the representation (16)
and Theorem 3, which says that V (p, q) is always bounded, we obtain
(Σtol (A(p), b(q), p, q) is bounded) ⇐⇒
((N (A(p), p) = {0}) or (V (p, q) = ∅)) .
Thus, we proved

(17)
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Kp
Proposition 3 If N (A(p), p) = {0}, respectively if k=0
N (Ak ) = {0}, then
Σtol (A(p), b(q), p, q) is bounded (in particular, Σtol (A(p), b(q), p, q) might be
empty).
The logical negation of the expression (17) gives
(Σtol (A(p), b(q), p, q) is unbounded) ⇐⇒
((N (A(p), p) = {0}) and (V (p, q) = ∅)) .

(18)

Since Σtol (A(p), b(q), p, q) = ∅ in Theorem 3 is equivalent to V (p, q) = ∅, we
obtain
Kp
Proposition 4 If N (A(p), p) = {0}, respectively if k=0
N (Ak ) = {0}, then
Σtol (A(p), b(q), p, q) is unbounded or empty.
Since the interval vectors are bounded sets, interval estimations (outer
and/or inner) are suitable for bounded nonempty solution sets. Theorem 3
allows also a way for obtaining more accurate outer and/or inner estimations
for a nonempty unbounded parametric tolerable solution set. In the representation (16) V (p, q) is bounded and describes a parametric tolerable solution
set. Therefore, an outer or inner interval estimation z of V (p, q) can be found
by methods for nonempty and bounded parametric tolerable solution sets.
For example, [10] discusses the so-called parametric centered (Neumaier’s)
approach and the vertex approach for inner estimation of the parametric tolerable solution set, [11] presents a parametric single step method, the vertex approach and a linear programming approach for outer estimation of the
bounded parametric tolerable solution set. Then, the corresponding estimation
of Σtol (A(p), b(q), p, q) has the form N (A(p), p) + z.
4 Numerical Examples
Example 1 Consider the parametric linear system A(p)x = b, where
⎞
⎛ 1 3⎞
⎛
[− 2 , 2 ]
1 + p1 2 − 3p2 1 + p1
4
2 − p1 + p2 ⎠ , b := ⎝[− 41 , 34 ]⎠
A(p) := ⎝2 − p1 + p2
[− 23 , 52 ]
3 + p2 6 + 7p2 3 + p2

(19)

and p1 ∈ [ 12 , 32 ], p2 ∈ [ 12 , 52 ].
First, we are interested to check if Σtol (A(p), b, p) is bounded or unbounded. By the methods of linear algebra we ﬁnd
N (A0 ) = {u(−1, 0, 1), v(−2, 1, 0) | u, v ∈ R}
N (A1 ) = {u(−1, 0, 1), v(0, 1, 0) | u, v ∈ R}
N (A2 ) = {u(−1, 0, 1) | u ∈ R}.

Thus, N (A(p), p) := k∈{0,1,2} N (Ak ) = {u(−1, 0, 1) | u ∈ R}. Since
N (A(p), p) = {0}, if nonempty, Σtol (A(p), b, p) is unbounded. As a subspace
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in R3 complementary to N (A(p), p) we take N  = {(x1 , x2 , x3 ) | x3 = 0}.
Then the polytope V (p, b) = Σtol (A(p), b, p) ∩ N  is the parametric tolerable
solution set for the linear system with the same right-hand side vector and
a new parametric matrix B(p) = (A•1 (p); A•2 (p)), where A•j denotes the jth column of a matrix A ∈ Rm×n , that is V (p, b) := Σtol (B(p), b, p) for the
system
⎛
⎞
⎛ 1 3⎞
[− 2 , 2 ]
1 + p1 2 − 3p2
x
⎝2 − p1 + p2
4 ⎠ 1 = ⎝[− 14 , 34 ]⎠
(20)
x2
3 + p2 6 + 7p2
[− 32 , 52 ]
with the same values for the parameters p.
Applying Proposition 1 we ﬁnd an explicit description of V (p, b) by the
inequalities


 1

− + 2x1 − 5 x2  <= 1 − |x1 | − 3|x2 |
 2
2 
2


 1 5

1
3
− + x1 + 4x2  <= − |x1 |
 4 2

2 2


 1 9

33
− + x1 + x2  <= 2 − |x1 + 7x2 |
 2 2
2 
If we ﬁnd the explicit description of Σtol (A(p), b, p) by Proposition 1 and
replace x3 by zero, we will get the same inequalities. The equivalent description
of V (p, b) by interval inclusions is
⎛ ⎞
⎛⎛
⎞
⎛⎛
⎞
⎞
⎞ ⎛ 1 3⎞
12
1 0
0 −3
[− 2 , 2 ]
x
x
x
1
1
1
⎝2 4⎠·
⎠+p2 ⎝⎝1 0 ⎠ ·
⎠ ⊆ ⎝[− 1 , 3 ]⎠ .
+p1 ⎝⎝−1 0⎠ ·
4 4
x2
x2
x2
36
[− 23 , 52 ]
0 0
1 7
In order to compute inner or outer estimations of the parametric tolerable
solution sets that are considered below, we apply the so-called vertex approach
which is deﬁned by the following proposition.
Proposition 5 (special case of [11, Theorem 1])
Σtol (A(p), b, p) =



Σuni (A(p̃), b),

p̃∈B

where B is the set of all vertices of the interval box p, that is B := {p̌1 +
δ1 p̂1 , . . . , p̌Kp + δKp p̂Kp | δ1 , . . . , δKp ∈ {−1, +1}}, Kp is the dimension of p.
In the special case of interval systems Ax = b with point matrices A ∈
Rm×n , the Neumaier’s centered approach [6] yields xin ⊆ Σuni (A, b) using
xin := x̃ + η e,
η ∈ R,

η := min

1≤i≤m

where

min{|bi − Ai• x̃|, |bi − Ai• x̃|}
,
|Ai• |1

(21)
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x̃ is a given interior point for Σuni (A, b)4 , usually x̃ = A−1 b̌, e := ([−1, 1],
. . . , [−1, 1]) ∈ IRn , 1 := (1, . . . , 1) ∈ Rn , Ai• is the i-th row of A, the
absolute value is applied to vectors/matrices componentwise.
First, we look for an inner estimation of Σtol (B(p), b, p) and apply the
vertex approach to the system (20). For every vertex p̃ ∈ B we compute
(if possible) xin (p̃) ⊆ Σuni (B(p̃), b) following the above methodology. Every
−1
x
in (p̃) is computed using a ﬁxed x̃ = B (p̌)b̌ obtained by least squares. Then
p̃∈B xin (p̃) yields the following inner estimation of V (p, b) := Σtol (B(p), b, p)
([0.177, 0.199], [−0.034, −0.012]),
where (and below) the exact interval values are rounded inward to the third
place after the decimal point. Note that other choices of x̃ in (21), for example
x̃(p̃) = B −1 (p̃)b̌ if it is an interior point for the corresponding solution set or a
combination of the two choices, usually yield diﬀerent inner estimations, see a
discussion in [10]. A combination of the two choices of x̃ yields a larger inner
estimation
([0.116, 0.164], [−0.048, 0.022]) .
Thus, an inner estimation of Σtol (A(p), b, p) is the unbounded interval vector
⎧ ⎛ ⎞ ⎛
⎫
⎞
−1
[0.116, 0.164]
⎨
⎬
u ⎝ 0 ⎠ + ⎝[−0.048, 0.022]⎠ | u ∈ R
⎩
⎭
1
0
and its edges parallel to N (A(p), p) = {u(−1, 0, 1) | u ∈ R} are drawn
in Fig. 1 b). For comparison, the vertex approach for inner estimation of a
parametric tolerable solution set applied to the original system (19), with the
same choice x̃ = A−1 (p̌)b̌ for every p̃ ∈ B, gives the bounded interval vector
([0.087, 0.101], [−0.031, −0.016], [0.087, 0.101]), while a combined choice of
x̃ yields the interval vector
([0.041, 0.088], [−0.036, 0.010], [0.041, 0.088]),

(22)

which is presented also in Fig. 1 b) for comparison.
Since we have found an inner estimation of Σtol (B(p), b, p) we are sure
that the latter and resp. Σtol (A(p), b, p) are not empty. In order to ﬁnd an
outer interval estimation of Σtol (B(p), b, p) we may follow the methodology
presented in [8] and take the ﬁrst two components of the outer estimation for
the parametric tolerable solution set of the square augmented system
B(p) −I
z =
0 B  (p)

b
.
0

Outer estimation of the tolerable solution set to a square parametric system
can be found by the parametric single step method presented in [11]. However, the above augmented parametric matrix is not strongly regular on p
4 Suﬃcient conditions for a point to be in the topological interior of a solution set are
presented in [6], [10].
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(b)

x2
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0.3

0.4

x1

x30.05

0.00

-0.05
0.05

-0.1

0.2
0.0
0.2
0.4
x1

Fig. 1 (a) Σtol (B(p), b, p) for the system (20) from Example 1 and its inner and outer
interval estimations. (b) The edges of the unbounded inner and outer interval estimations
(that correspond to (a)) of Σtol (A(p), b, p) together with the bounded inner estimation (22).

and the parametric single step method fails. That is why, we apply again
the vertex approach either to the above square augmented system or to the
overdetermined system B(p)x = b. For each p̃ ∈ B, xout (p̃) ⊇ Σuni (B(p̃), b) is
−1
obtained as xout (p̃) = B −1 (p̃)b,
 where B (p̃) is the Moore-Penrose pseudoinverse of B(p̃), cf. [4]. Then, p̃∈B xout (p̃) yields an outer interval estimation
of V (p, b) := Σtol (B(p), b, p), which gives the unbounded interval vector5
⎧ ⎛ ⎞ ⎛
⎫
⎞
−1
[−0.137, 0.395]
⎨
⎬
u ⎝ 0 ⎠ + ⎝[−0.142, 0.115]⎠ | u ∈ R
⎩
⎭
1
0
as an outer estimation for Σtol (A(p), b, p); its edges parallel to N (A(p), p) =
{u(−1, 0, 1) | u ∈ R} are drawn in Fig. 1 b).
Note that the available methods for inner (or outer) estimation of a parametric tolerable solution set may fail in obtaining the corresponding estimation. However, this does not imply that the parametric tolerable solution set
is empty. The following example gives an illustration.
Example 2 Consider the parametric system from Example 1, where the parameter p1 is set to zero and b3 = 14 . The null space of the parametric matrix
is nontrivial and it is the same as that in Example 1. However, since b3 = 14
the parametric tolerable solution set will be degenerate if it is nonempty. In
this case, neither the approaches from [10] for inner estimation work, nor we
can ﬁnd a point which belongs to the solution set. The polytope V (p2 , b) which
corresponds to the parametric tolerable solution set of the system
⎞
⎛ 1 3⎞
⎛
[− 2 , 2 ]
1 2 − 3p2
x
1
⎝ 2 + p2
4 ⎠
= ⎝[− 41 , 34 ]⎠
x2
1
3 + p2 6 + 7p2
4
5 Here, the exact numerical intervals are rounded outward to the third place after the
decimal point.
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will be also degenerate if it is not empty. We may try to ﬁnd an outer estimation
of V (p2 , b) if the latter is not empty. The parametric Bauer-Skeel method
from [11] applied to the corresponding augmented system does not work since
the corresponding parametric system is not strongly regular. Fortunately, the
vertex approach gives the outer interval enclosure
([−0.115, 0.341], [−0.080, 0.040]),
which means that the parametric tolerable solution set is not empty. Then,
the outer estimation of the original unbounded parametric tolerable solution
set is
⎧ ⎛ ⎞ ⎛
⎫
⎞
−1
[−0.115, 0.341]
⎨
⎬
u ⎝ 0 ⎠ + ⎝[−0.080, 0.040]⎠ | u ∈ R .
⎩
⎭
1
0
Finding explicit description of the initial parametric tolerable solution set and
1
7
, 60
− u) | u ∈ R}, which is
solving the inequalities we obtain the line {(u, − 60
presented in Figure 2 together with its outer estimation.

Fig. 2 The unbounded parametric tolerable solution set (the line in the middle) for the
system from Example 2 and its outer estimation.

Examples of nonempty and bounded 2-dimensional parametric tolerable
solution sets can be found in [9]–[11].
In the special case of nonparametric interval systems, the unboundedness
of the tolerable solution set is expressed in [16,17] by the existence of linearly dependent degenerate (point) columns in the matrix. Despite of this
simple result, the parametric approach presented here can be also applied to
a nonparametric tolerable solution set if we consider an equivalent parametric tolerable solution set, where the matrix involves column dependencies, as
presented in [10, Section 5.1].
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5 Conclusion
Given are necessary and suﬃcient conditions (in both general and computable
forms) for a nonempty parametric tolerable solution set to be unbounded.
The representation of every parametric tolerable solution set as a sum of a
linear subspace L(A(p), p) and a bounded convex polyhedron V (p, q) allows
obtaining of suitable inner and outer estimations for the unbounded parametric
tolerable solution sets. Although the methodology for inner estimations [10]
can be applied to the original parametric system, the obtained bounded interval
vector is much smaller than the unbounded tolerable solution set. On the other
hand, unbounded solution sets cannot be estimated outwardly by bounded
interval vectors. That is why, the unbounded estimation L(A(p), p)+z, where z
is the corresponding inner/outer interval estimation of the bounded parametric
tolerable solution set V (p, q), is more accurate. The numerical examples, given
in Section 4, illustrate how to apply the discussed methodology.
Developing a suitable methodology that proves the unboundedness of a
general parametric AE-solution set (in particular, for the united and the controllable solution sets) is an interesting open problem.
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